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Abstract

In this paper, sufficient conditions are established for the relative
controllability of a special class of nonlinear neutral systems in which the
base is strongly nonlinear and with time varying multiple delays in control.
Theresults are established by using the Schauder fixed point theorem.
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1.0 Introduction

It is well known that the future state of realistivodels in the natural sciences, economics and
engineering depend not only on the present buherpast state and the derivative of the past SSateh models
which contain past information are called hereglitaystems. Neutral functional differential equatioare
characterized by a delay in the derivative. Equmstiof this type have applications in many areaspylied
mathematics. There are simple examples from biolpggdator-prey, Lotka-Volterra, spread of epidesyic
from economics (dynamics of capital growth of gloleaonomy), and from engineering (mechanical and
aerospace: aircraft stabilization and automatierstg using minimum fuel and effort, control of mlrspeed
closed air circuit wind tunnel; computer and elieafrengineering: fluctuations of current in lingard nonlinear
circuits, flip-flop circuits, lossless transmissitimes), (see Chukwu [6]). A good guide concerriing literature
for neutral functional differential equations igtHale and Verduyn Lunel book [12] and the refeesrtberein.
Some of the authors who have contributed to theéystdi the theory of neutral functional differentedjuations
include Chukwu [5], Hernandez and Henriquez [13laBhandran and Dauer [2], and Fu and Ezzinbi [10].

Controllability is the property of being able test between two arbitrary points in the state space
using a set of admissible controls. The contrdlitgbof neutral systems has been studied by sewveuttiors
including Balachandran and Anandhi [1], Balachandrad Sakthivel [3], Bouzahir [4], Umana [15], ] and
Li et al [14].

The main purpose of this paper is to examine thaive controllability property of a special clask
nonlinear neutral systems described by

%D(t,x[)= f(tox,u9)+ Y Bt XD, ut) | w))

in which the base is strongly nonlinear. Our apphpasimilar to one used by Do [8] for nonlinear mal
systems, is to define the appropriate control éndadrresponding solution by an integral equatidns equation
is then solved by applying the well known Schadderd point theorem.

However, it should be stressed that the most titeean this direction has been mainly concernetth wi
controllability problems for nonlinear perturbatsoaf linear neutral functional differential systemswhich the
base system is inherently linear and controllable] the perturbations are assumed to satisfy somsthy
conditions. In contrast to these studies, our ciipaper assumes tHate nonlinear.
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2.0 Preliminaries
Supposé > 0 is a given numbeE = (<o,x0), E"is a reah-dimensional linear vector space with norm |.|
and C = C({h,0] — E") is the space of continuous functions froi,Q] — E" with sup norm. LetX be a

function from[g —h,t] - E". Let t [0, t,] O E. We use the symba to denote the function orH,0]

defined byx(s) = x(t + s) for s€ [-h,0].
We consider systems of nonlinear functional diffti@d equations of neutral type with time varying
multiple delays in control having the form

£ D(,x)= 1 (t.x,u) + . Bt X0, ut) o W) .1

where X0 E", uis anm-dimensional control function with € C([ot],E™, Bi(t,x,u).i=0, 1, ...Naren xm
matrix functions, continuous ir,X,U) andf:E x C x E" — E" is continuous and uniformly Lipschitzian in the
last two arguments. The continuous strictly incig@gunctionswi(t):[c,t]] — E, i = 0, 1, ...,,N, represent
deviating arguments in the control, thatigt) =t — h;(t), whereh;(t) are lumped time varying delays fior 0, 1,
...,N. The operatob, D: E x C — E" is atomic at 0 and uniformly atomic at 0 in theseeof Hale [11]. Instead

of the atomicity assumption db, we may assume thBtis of the formD(t, ¢) = @(0)— g (t,@) whereg: E

x C — E"is continuous and is uniformly nonatomic at zemd=ox C in the following sense:
Definition 2.1

Forany (t, @ HExXC,and £#=0, s=0, let
Qt,pu,9)={#p0C:(t#)0 Ex Clp-¢f< 11, @)= 9©)6 <~ sO0 | ho}.

We say that a continuous functignE x C — E" is uniformly nonatomic at zero dax C if, for any
(t,@ OExC, there exists, >0, £ >0 independent oft,), and a scalar functiop(t, @, i/,S), defined
and continuous foft, @) HEXC, 0<s< §, 0< (/< 14, nondecreasing it/ , S such that

Po = P(EXC, 1y, §) = SURc P L@ 1y »§ )< “and|g(t,#)— 9(L.¢)|< 0, |[# — ¢ for tDE,

pUQ(t, @, 1,S) andall0<s< §, 0< < Yy,
Definition 2.2
Given o E, @l0C, we sayx(0, @) is a solution of2.1) with initial value @ at O if there

existsa > 0 such thatX[] C([J— ho+a E"), X, =@ and D(t, x,) is continuously differentiable on

(0,0 +a) and satisfieg2.1)on (0,0 +a).
It is known ([7] and the references therein) thader the prevailing assumptions onfpg, B; andu for
each@l1C there is a unique solution of (2.1) with initialue ¢ at 0 . The solution is continuous with

respect to initial data and paramaier
Definition 2.3

The setz(1) ={ XD, X, q} is said to be the complete state of the sygget)at timet .
Definition 2.4
The system (2.1) is said to be relatively conttittaon [T, '[1] if for every initial complete state

z(o) and every vectorx, JE", there exists a controUDC([J, t], Em) such that the solution

X(t) = X(t, 0,9, u) of (2.1) satisfiex,, (Lo, p,u) =@, X(t,0,¢p,u)= X.
A function X is a solution of (2.1) throughd, @) if and only if there exists & > O such thatX

satisfies the equation D(t,x)=D(o,¢ + J-; f(s,x,u(s))ds

Journal of the Nigerian Association of Mathematical Physics Volume 13(November, 2008)261 - 266
Neutral functional differential systems with nonlinear base R. A. Umana J. of NAMP



. N
+ L X (t,s,%U)>_ B (s, x,u)u(w (s))ds, tO[o,7] (2.2)

i=0
X, = @ where X (1, S, X U) is ann x n matrix function defined foo < S< t+ h, continuous isS from

the right, of bounded variation & X(t,s,x,J = 0,t <s<t+ h. SinceD(t,x) = X(t) —g(t,x). We deduce that the
solutionx(t) of (2.1) isgivenby ~ X(t+0)=¢t), tO[-hO0],

X(t)= D@, +9(tx) + [ (s, u(s)ds

+ ff X(t,s, X, u)ZN: B, (s, x,u)u(w (s))ds, tU[o, 7], t=20. (2.3)

The functionwi:[c,t;] — E, i =0, 1, ...,N, are twice continuously differentiable and stgidgticreasing in ¢,ty].
Furthermorewi(t) <t fort € [o,t4], i =0, 1, ...,N. Let us introduce the following time lead functr; with

ri():[wi(o), wi(ty)] — [o,t], 1 =0, 1, ....N, such that;(wi(ty)) for t € [o,t;]. Without loss of generality, it can be
assumed thatiy(t) =t and the following inequalities hold for

t =t = Wy(t1) S Wia(t) < oo S Wipa(ts) <o = W (1) < w L, (B) S o wi(h) S wy(t)=t. (2.4
Using the time lead function and the inequalit@gd) we havex(t+0) =¢(t), tO[-hO0]

X(t) = D(0,)+ 9(t%) + [ (sx,uSds+ D [7 X(t,5%U)B(5(9, % WM (S)ds

* iLfiﬁ)x@’sx,u)a(n(s),xu)vgf(s)n(s)dsij(:)x(t,sx,u)a(n(s),x,u)ef(s)u(s)ds (25)

i=m+l

whereu(s) =n(s) fors € [c —rg]. Define, p(t,x,u) = D(o,@) +g(t,x) + _r f (s, x,,u(s))ds,

i m) X (t,S %, U)B (1, (9), X U)&(s)7(s)ds

i=mHl

e xn)=3[" X5 xUB(O, xRS +

S8 %) =Y XS XWB (9 X D&D

t

and then x n-dimensional controllability matri}VV/ (o, t,, X, uj 1S('[l, S, X, U)SD(tl, S, X,u)ds where the star
ag

denotes matrix transpose. Then equation (2.5)mesX(t+0) =¢{t), tU[-h0]

X(t) = Pt U+t %)+ = [ St s x Wu(9ds @6
It is clear thak; can be obtained if there exist continuausdu such that
u® =St t x YW (@, £ x [ % Bt x ¥ (Gt #) 2.7)
and
X(t) = p(t, x,u) +q(t;, x7)+= L St,s x uu(s)ds (2.8)

Now we will find conditions for the existence ofcuX andU. If a; [JL o, t],i=12,..0, the ||a, ||

is the L * norm of @, (S) . That is,”a'i || = j:|a, (S)| ds.

3.0 Main Results
Theorem 3.1
In (2.1)assume that
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0] the function g:E x G- E" is uniformly nonatomic at zero on E x C and f: EOxE™ — E" x is
continuous
(ii) the continuous functioR;:E" x C™" —»E" andL’ functionso;:E — E',i =1, 2, ...q are such that

q
| f (t,w,u)| < Zai (t)F (@,u) forevery (t,g,u)DEx Cx E",
i=1

where lim sudr - Zq:clsudﬁ(q),u):||(¢,u||s r})=oo.
r-e i=1

Then system (2.1) is relatively controllable @, t;] with t, > +h if there exists a positive constagt
such that for each pair of functiofX, U) ] Jo, {]x E"[g, {] detW (o ,t ,x,u)= d.

Proof
Let Q=Clo,t]x Eo, t] and define the nonlinear continuous oper&toQ — Q by

T(xU=(yY,
where V) =S(LEtXOW o, & x U % bt x¥ Gt &) (3.1)

and V() = p(t, x,u) +q(t, x,7)+ =L8(t,axu)WS)ds (3.2)

By our assumption, the operafbis continuous. Clearly the solutionsandx to (2.7) and (2.8) are fixed points
of T. Our immediate aim now is to establish the existenf such fixed points by using the Schauder figeiht

theorem. Indeed, leF, (1) = sup[Fi eu)|eu)s< r} . Since the growth conditian (i is valid,

q q

there exists a constang> 0 such thatr, — ZCi F(r,)=dor ZCI F(r,) +d <r, for somed. With this
i=1 i=1

ro, defineQ = Q(rp). Now introduce the following notations

K=max{|X t.s.xu] o< s & §,
kzggsgﬁ{S(Ls,xu)lt,},

a =3kmaq| S’ (¢t uf| W ot x ] Xt tx e}
=3l

¢ =max{g ,b} .

dlzi%k(r)ggl S](;,t,x,uw Wlb,lt,xLﬂU K|t ox O gt a ),

d, =3[| p(t, x Ul +| o1, 7],
d =max{d, ¢}
Now let Q_ :{(X, ud Q”( X lj” < g} - 1f (X, u) 1 Q , then from (3.1) and (3.2) we have

Ms<[S e x o[ Wi &ox Y[ &+ Bt x| Gt )
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RS a9t = S+ 3 2R 0) % DR () | s <

and|y| <| p(t, x,u)| +|at,, X,7), +L||S(t,s x,u)[Mds+ JZ”X (t,s, X, u)||Z a (s)F.(x,,u(s))ds

<+l K3 Ja F(6) <5 e <3 d+ Ser() | ek <2 +2={
3 T3 3T /Y 3 3 13

HenceT maps Qro into itself. Further, it is easy to see tA4Q,) is equicontinuous for all > 0 [8]. By the

Ascoli-Arzela theorem',I'(Qro) is compact irQ. SinceQr is closed, bounded and convex, the Schauder

fixed point theorem guarantees tfthas a fixed poin(X, U) ] Q_ such thafT (X, U) = (X U). Hence, for

(x,u) = (Y, V), we havex(t) = p(t, x,u) +q(t, x, h)+ :fS(t,s X, uu(s)ds. Thus the solutions of (2.7)

and (2.8) exist. Hence the system (2.1) is reltiventrollable on[T, t,] with t, > +h.
Inspired by the above ideas we have the followimigkaries.

Corollary3.1
For the system (2.1) assume
0] condition(i) of Theoren8.1holds,
f(t,pu
(i) —| (.o )|= (3.3)

e T
uniformly int, t [, t,] . Then(2.1)is relatively controllable of 0, t,] with t, > & +h if there exists a
positive constand such that for each pair of functiof, u) J ([g, 1] x E"[ g, 1]

detW (o .t ,x,u)= d.

Proof
Let F(gu) =sup{|f tpu) tOp 4 }. Then
!i[rl(r - iclsup{l:i (pu):|(@u)|< r}): 0 (3.4)
if lim mf( jsup{F (pu):|(gu) <a}j (3.5)

But condition (3.3) implies (3.5) by a modificatiohan argument of Do [8]. The required modificatie the
proof that if the corresponding sequer{c(ﬂ{, q} is bounded we can assume it compact. Therefof i€3.

valid and Theorem 3.1 can be concluded. Recall frét, @,U) is said to be locally bounded U if for any
M >0, there is anL >0 such that” f (t,¢,u)|| < L forall (t,g9) HExC and for aII”u” <M.

Corollary 3.2
For the system (2.1) assume
0] condition (i) of Theorem 3.1 holds,
(ii) f :ExCx E" is locally bounded iru,

Journal of the Nigerian Association of Mathematical Physics Volume 13(November, 2008)261 - 266
Neutral functional differential systems with nonlinear base R. A. Umana J. of NAMP



Giy  lim —” ft.ou)
o= |u]

uniformly in (t, @) JE X C. Then (2.1) is relatively controllable 7, t,] , t, > 0 + h if there exists a

=0 (3.6)

positive constand  such that for each pair of functiof, U) J J o, {]x E'[ g, {] detw @t ,x,u)= d.
Proof

Let F(pu)=suf{|[f t pu] tO P &} Then
|| f (t,w,u)||s F(@,u) forevery (t,g,u)d[o,t]xCx E".

Because of (3.6) the following is valid:

||nl(%j sup{F (@u) | (gu)|<1})=0

As a consequence (3.5) holds, and the result fallow

4.0 Conclusion

In the paper, sufficient conditions for the relatisontrollability of neutral systems in which thaske is
strongly nonlinear and with time varying multipleldys in control have been formulated and provdwe T
approach used here was to define the appropriatieot@nd its corresponding solution by an integeliation.
This equation was then solved using the well kn@ehauder fixed point theorem.
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