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Abstract

Mathematical models describing the effects of noise on the level of
hearing were formulated. It is shown that sound above 85dB affect the
position or orientation of the Hair Cells on the basilar membranein theinner
ear. This change in the orientation of HC affects the ionic exchange at the
foot the HC. This allows the release of neuron transmitters, which set up
potentials that will transmit impulse to the auditory nerve. The noise so
received and transmitted as impulse signal to the auditory nerve is sent to the
hypothalamus section of the brain, for interpretations.

1.0 Introduction

We defined noise as that sound made by an objécsevpeak is above the normal peak, which should
normally be received by the ear. When an objeatéshanically or otherwise made to produce this dptire
sound could be classified as low-pitched, normedhgid or high-pitched sound, and it is this typeadind that
we shall call noise.

Noise has two major aspects: the frequency ohpited the intensity or amplitude. The frequency is
determined by how rapidly the sound wave vibratetia measured by the number of its waves passgigea
point in one second. The nuisance effects of ndégeend on many variables including: duration, patpitch,
distance of noise source, time of the day andrt&idual disposition of the affected person.

In order to understand clearly the mathematicalaaiion of this mechanism, we shall introduce some
vital theoretical concepts.

20 The model

The stereocillia (microvilli) in the Basilar membare interconnected with cross-links, in suchag w
that displacement of the bundle by the energy efitttoming wave, changes the stain in it, thuscéffg the
transduction opening probability. Usually, ther@sexyotential differences across the cell membraares on
displacement of the villi, there will be depolatiza [Bell Holmes (1986)], thereby setting up ioar@nt in the
base of the villi.

Right in the endolymph of this inner ear at thetdea is an elastic structure called the Basilar
membrane. At this membrane are distributed thesilof the auditory nerve. These fibres are caliechiir cells
(HC). These hair cells’ orientations are usuallgtalited when the wave passes through the endolythmth
surrounds them. This distortion allows for ion exiche at the foot of the fibres. It is this ion exche that
actually relays the sound to the auditory nervesétying up a potential at the foot of the HC, vbhiill be
transmitted to the brain. It has to be furtherestathat the HC is believed to have a bundle of owidf,
protruding out of it to the surrounding endolymgthese microvilli are here assumed to be Hooke ielast
which case there is an amount of energy which wéserted on it causes it to be partially or permégen
distorted or damaged. It is this particular behawriof the microvilli, and also the Basilar membratieat
actually determines the level of hearing of anvidiial.

It might be very important to state that it is mctually the wave peak or nature that concernsatiser
the energy that these waves exert or immerse owlifexts along their channel of flow should be major
concern.

This compliance structure of the Basilar membravigich is measured as volume displaced per unit
length, per unit pressure difference, increasesmamptially with distance. This length variatiomi®st important
within the first 7mm distance of its length, sirtbe Basilar membrane is long and narrow. Now, thehiea is
very shallow, about 2mm for each of the half. VogkBsy (1960 [10]) showed that the wave propagatidhe
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cochlea is not necessarily that of the shallow wateve phenomenon. This is because change in aéptte
cochlea model, does not elicit much change in ¢ fof wave in it.

In developing the theories concerning hearingnitellts (1954), suggested that each part of therinne
ear is tuned to a particular frequency and thereliscsystem of resonators. However, modern theofieschlea
mechanism are derived from the observation of VekeBy (1960 [10]), which are:

i For a pure tone, there is a traveling wave irgtldh the cochlea. The amplitude of this wave hpsak

at a position that varies linearly, with the freqag of the tone.

ii. The compliance of the Basilar membrane increag®reentially, with distance from the base of the
cochlea;
iii. The Basilar membrane is not under tension andnvtheas a load, it resists being bent.

The theory of the Basilar membrane in the endplyns not necessarily a simple one; thus we shall
place our conditions reasonably enough so as t@makstudy a bit simple and meaningful. We theeefave
the following conditions:

a. The cochlea is long and narrow and thus, we slwaisider it to be in two-dimensions, so that itl wil
appear only as a line or narrow plate.

Each point of this membrane shall respond likgsaem with mass and density.

Elasticity to external forces is such that is tsps the membrane and, thus, the villi from elitim.

The flow of wave in the cochlea is consideredtational and inviscid.

The motion of the flow is of low amplitude.

The last condition here will enable us neglect tloa-linear terms, as well as apply the boundary
conditions associated with the Basilar membranethie un-distorted position. For further study ok th
mathematical work of the cochlea and Basilar membrdneories of hearing in man, see Bell and Holmes
(19864, 1986b, 1996c¢ [6]) Brinley (1978 [2]), Carm and Reese (1981 [3]).

Having explained all these, let us now look améthematically: The equation of sound wave in ihe a
which transmits the sound to the ear, when theerisisnade, is given as:

0’y _ 19%y
ox* coot?
wherey is the displacement, and it is a function of dista traveled by the wave and then time, i.e.

oPap o

2.1)

y= y(x,t) ,C is the speed of wave. In solving this equatioroediog to Pain (1968 [8]), we have:

y(xt) = f (ct—x)+ f,(ct+x) (2.2)

If we consider the motion of the Basilar membranthe fluid as vibrational, then we can consider t
wave motion past the villi as oscillatory, so tha displacement of these villi will be that ofienple harmonic
oscillator. Consequently, we get the explicit fasfrequation (2.2) as:

y(xt)=asin(at-¢)=asin 27 /A(ct-x) (2.3)
where 271 /A =w and@= 21x /A , andl is the wave length, whiléa' is the amplitude of the wave.

From the literature, it is this wave that hits thmpanic membrane, thereby transferring certagrgn
to it. It is this energy that vibrates the tympamembrane. Let us therefore consider the reflecéod
transmission of energies at the tympanic membraoedbary.

3.0 Reflection and transmission of energy at the tympanic membrane todary.

Usually, when an wave meets a boundary, it tragsfe energy to the boundary — Pain (1968 [8])sTh
boundary will ordinarily be between two media offelient impedance values. Like our own case sttiy,
impedance values at the outer and middle ear,@reetessarily equal and therefore it satisfiectrlition for
energy transfer, at the boundaries.

Since air can be considered as a continuum fowally sound wave to travel, and this wave travels i
straight line. Let us consider the mass of a uoitme of air ap, and the maximum amplitude of this air strip
simple Harmonic oscillator as A. then the totalrggecarried by a unit mass of this air is:

:% o’ A (3.1)
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where wW27TC [ A is the wave frequency. Now the wave travels aglacity C such that each unit volume of
airstrip takes up oscillation with the passagehefwave. Thus, the rate at which energy is beingechalong a
particular airstrip is:

Energy X velocity :% paf A% (3.2)

suppose that the masses of the air at the outemaaldle ear arg, and p,, then the energy arriving at the
boundaryx = 0 arrives with the incident wave which is givan

% PWCA = —; ZW*A; (3.3)

where Z, = O,C, and is called the impedance, since the mass oéithaffects the rate of air arriving at the

boundary. Now as the wave hits the boundary, raifat passes through the boundary. Some of iieflected,
while some is transmitted; thus, the rate at whictergy leaves the boundary through the reflectedi an
transmitted wave is:

1 2_1 272
SPCWA =2 PLgOA; (34)
as against the total energy of the wave given aton (2.1), now, this energy is transmitted te thaleus in

the middle ear, as the tympanic membrane vibrdtesrefore, 0, will now be denoting the unit mass of the

maleus. This is because, though wave is generatdteimiddle ear due to the pressure of air, we firat the
wall enclosing the middle ear and beyond is rigidch that wave generation due to this vibrationthsy
tympanic membrane cannot set up a wave in airdaateffect any appreciable change in the orientaifothe
cochlea. It is only the energy transmitted to thelems that causes it to vibrate, via the incus stages. The
vibration rocks the foot of the stapes and thuscib&hlea, thereby setting up a wave in the fluiid@ymph),
enclosed in the cavity of the inner ear. Becausyg redatively loud noise does not destroy our heasystem,

we envisage a situation where the impedance is leaegg, going by the size gb,. However, we know that

extremely very loud noise can damage our hearistesy.

Now, let us see what happens in the inner earlwlsictually filters and compile the sound the way w
hear it. We should also note that energy reflecéibthe tympanic membrane boundary somewhat atpdate
the level of the noise (sound) that actually getsur brain for interpretation.

4.0 The inner ear—effects of the wave generated

Ross and Wilson (1981 [9]) gave clear and usedskdption of the inner ear structure that relates
the mechanism of hearing. When the cochlear isewdly the vibration of stapes, it sets up a tragelvave in
the endolymph where the Basilar membrane is immderaed this wave travels along the length of this
membrane. The nerve fibres or the microvilli oaré effected by this wave by distorting their oté&ion, since
the wave carries some energy with it; and the & elastic and, thus, can bend when force idexken it. At

the foot of the microvilli (stereoallia), there sts the ionk™, Na® andCa’™" .

Lewis and Hudspeth (1982 [7]), Evans at el (1989, [Furnes and Hackey (1985 [5]), stated that, a
displacement of the microvilli bundle changes thiais in it, thereby affecting the transduction ojpg
probability for the ionsk™, Na* and Ca™™ . In this study, we shall measure the displacerireform of a

deflection of the villiary membranes, which we $ima¢asure in terms of certain andfe

5.0 Effect of cilliary deflection in the level of transmission

Theoretically, it is known that when one is pladada noisy environment for a long time and is
suddenly brought to a noiseless place, one find#fitult to hear any sound that has pitch loweart the pitch
of the sound in the former place.
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We have assumed that the Basilar membrane andhbuwdlliary membrane are elastic; and can deflect
or bend when force or slight energy is exertedto®ur focus on this first part is the effect ofstideflection in
the level of excitation that the auditory nerveaiges. Now these hair cells (HC) bathe in the fleiehtained in

the inner ear. The apical surface of the microislik™ rich, while the surrounding fluid itNa" - poor.
As a result of this, there is a potential differenacross the cilliary membrane. Thus, when the
microvilli deflect, it opens up the channel at it®t, such that there is current flow due to ioekchange

(9> O) and we say that, the HC depolarizes. If howevél,> 0, then the HC hyperpolarizes. In these
situations, mechanical stimulation alters the remepotential of the HC. By study, it was discovktbat the
fluid at the peribasal space, in contrast to thdogmph, which wasNa" - poor, is Na" - rich, andk™ - poor.
Thus, during depolarization of HC, the basolateratrents contain two outward flowinh+ current — as ‘A’
type, and another that €a’" activated. Lewis and Hudspeth, 1983 [7] showed tthere is inward flowing of

Ca'" current on depolarization of the HC. It is thisvard flow of the Ca™ current, that increases the intra-
cellular calcium concentration in the pre-synaptiembrane and this, in turn triggers off the releafseeuron
transmitters into the synaptic cleft. These tratems will then bind with the post — synaptic sitésereby
producing excitatory potentials by changing the feme and ion permeability. We, for now, have ghatwe
wanted for this aspect, and one can see thathitifending action of the HC’s that enables thal#ishment of
the excitatory potential at the synaptic sites,ohhgives room for membrane ion permeability to gfearThus,
let us now establish an expression for the disphece of the orientation or position of the Basitaembrane,
and then the microvilli or the HC from where we nimyable to look at angular deflection effect @&f HiC.

6.0 The energy equation

The cochlea has canals filled with the fluid—endgd. The vibration in the middle ear establishes a
wave motion in the fluid enclosed in these canHiese waves can be viewed as traveling waves herkfore
it exerts energy or forces on the (HC) throughBhsilar membrane.

Let us consider the Basilar membrane as a two-diineally clamped elastic plate. The undisturbed

plate occupied the stripco < X <00, = < z<bin the planey = O, the displacement are given as
y=h(xzt) (6.1)

We regard the displacement as small, and we thereémarddXdz as the element of area on the
plate. Along the boundariez = +b. We assume that

y=0,h=0 (6.2)
The later condition corresponds to the word “cladip&Ve assume thafl and axh - 0, sufficiently as rapid
as: |X| =00,
Finally, we assume that the elastic energy starétlé deformed plate is given as

E_—kje,;,gfe h)'d,d, (6.3)

where A = ai +0§. The integral sign means, we have summed umttieidual energies in each of the (HC).
Thus, the energy stored in each of the (HC) wilghen as:

E = % Ke™ (Ah)* (6.4)

Now, let us define the force per unit area (i.eeheHC) applied to the plate ds(X, Z), wherel >0 implies
force in the negativey —direction. Then, the equation of motion of the plistgiven as:

KA(e™ah)+1(x,zt)=0 (6.5)
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where we have neglected the mass of the basilarbnee® and thus the HC. We shall assume, for siitplic
that the effect of the width of the basilar memierémthe level of hearing is small; then we have:

h(x, zt) =ae™ (1— sinH(x)) cosut (6.6)
Hence, whend =0, we haveX as being very small, while whefl =90, then X is large. (Recall that the
stiffness of the hair cells (HC) decreases w)(l(x - oo) so that, for a reasonable distance Xf then

6 =90 and at such a point, the hair cells (HC) in teigion contributes relatively nothing to hearing.

7.0 Analysis of the energy equations
Now let us consider analyzing the energy equdiof)

E :%Ke‘“ (ah)*
1 o[ e ’
:EKe A {W[ae A (1— sm@(x))]}
1

=3 ke 2 [-dae™ (1-sin6(x)) - ave cose(x)]}z

=%Ke’“{Azae’“(1—sint9(x))—/]cr6?e”X cogx)

~Aaf'e” cosf(x)-ad*e™ sind(x)-ad'e™ coﬁ(x)}2

=%Ke‘“{[[—2)la€' cosh(x)+A°a ~(6° + %) a sird(x) |
-a6" cos&’(x)] e’“} ’

If 0" =0, then

E= % K (e‘“)g{—Z/laH' cosA(x) +/]Za—(6’2 + 2)0' sirﬁ(x)}2

K (e‘“)g{4/]2026?’zcos6?(x) - 2% cof(x)+A0?

N[

+2/]a26?’(6?'2 +/12) co(x) sird(x) - 2°a°0' cod(x)
—A2a2(6'2+/1 2)sin6?(x)+ 2Aa %@ cod(x) sif(x)
~¥a*(0%+27)sind(x)+ (6 2+ 17 a’sin’6(x)
= % K (e‘“)g{4/]2a249’2 cos’d (x)+A‘a*+ (6?' &) 2)2 a ?sin®d(x)
—20%a? (0% + A?)sind(x) + Ma’e' (6 *+ 1 7) cod(x) sifix) —44°a8 cod(x)}
For Simplicity, let A be very small, so thadl of order = 3 will be sufficiently small enough to be negligible
Similarly, we shall Iet(ﬁ'2 + A 2) to be small so tha(tﬁ'2 + A 2)a25in20(x) = 0. Thus

E:%K(e‘”x){4)lza26'200392(x)— 2120'2(6' %+ 2) sid( ) +4/1026(62+/12) cos(X) sirﬁ(x)}
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The forcel is a function of@ and thus
| =1(8.t) =1t8(x) .t =—Be*n{8(x)t} =-28e"{ae™(1-sing(x)) coso }  (7.0)
further analysis of this result on the equatiomaofion (6.5)

KA (e ah)+1(x 2)=0 (7.2)
Substitutingh(ﬁ(x) ,t) =ae™ (1— sin@(x)) COSv |, we obtain
Ah =[—2/1a€' cosd(x) +/12a—(e'2 + 2)a sirﬂ] o
Hence€ *Ah ={—2)la0’ cosf(x) + A’a - (0’2 + 2)a sin9(x)} (e‘“)z_

Now KA(e_AXAh) is given as

or|{ 2o cosp )+ {2+ 47)or sivo ) (e ]
::_3[{20'/19'2 sind(x) - 2Aa8" COfﬁ(x)—(g'?.,./]z)a coé()

20 sind(x)+{~ 418" cod(x)~ 2 ~Aa (6 +4%)sing(x)} ()’

={2(1-1a0? sinp(x)~(0%+ 4%~ 40 )ar c08(x) +24a(g>+¥) sine(x) (™)']

since A is very small andd' is also small, we find thadl ’d'2 will be very negligible, so thaaA°€'? can
be neglected. Thus, we have

%[{a@’sin&(x)—dcosﬁ’(x) - 20 sid(x)} (e‘“)z}
whereo =20 (A =1) and = a (6% + A?)
=K|[(06°cosd(x) -85 sird(x) - 236 si(x))~ 2(af” sifi(x)
+5cos8(x) - 245 sir(x))(e‘“)z}
=K(e™)'{-6sin6(x) - 2106 cod(x)- A08* sifl(x) 24 cos(x)+ 423 sirf(x)}
=K (e™){(41°0- 21007 -05) sind(x) - (1-6) 200 cod(x)} 3

From equation (7.1), we had thaE { =2y + 2y sind ( X)} { e‘“} * cosut (7.4)

where )y = a,B. Substituting (7.3) and (7.4) into (7.2) gives
2 _ . _ix)\2
K(e™) {(4/125—2/10672—55) sing(x)-(+-6) 2 coé(x)} (—2y+ 2ysm9(x))(e ) =0
={(416-2100% -05) sind(x) 1+ &) 25 cod") ~2y + 2y sind(x) =

Let us consider the boundary conditionéae O, then, we obtain
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~(1+6) 243k, - 2 = @
2y =-(1+8) 245k,
y=(1+8)Adk,

~(1+86') A0k,

Recall that y=fBa=—(1+6)Adk, L= But | =-286"h{6(x).t}.

a
AX
Therefore,h(@(x)) =-lels = %eﬁ')ﬁd . Substitutingd = 0'(0'2 +A 2) , We obtain
le™
h(e(X)) = k02/] (1+€,)(912 +A2)

We shall note that certain assumption were madetado &', 8" even 1°6'%. These assumptions

will definitely affect the final result but actugllead to reasonable simplification of the probldrom the last
result therefore, we can get expression for digptemnt for the basilar membrane which we have censitas a

narrow plate and therefore have assumed #hat<1 and | =1 {H(X) ,t} the effective consequence of the

distanceX, is a function of the hair cells. Therefod, is the angular deflection of the hair cells.
Force on the wave, which is also equal to the gneof the wave, is given as

I{H(x),t} = —2y(1— sinH(x))(e‘“)Z COSut .
But when the sound is very loud, it generates wewsith small A and vice versa. So for a noise, our

choice of A should be small. To see the behaviour of the &nasiembrane for a given choice df, we then
vary the A and see how the hair cells react to the energlyeofvave. For simplicity,

et 1{6(x),t} =100,y = 50,w= C
1-100(e™)’
Then,d =sin™ % , which reduces t(H:Sin_l(l—(e_’]X)z)

And we obtain the following graphs as in the Figurel to 7.2.

7.1 Variation of angular deflection at 4 differentpoints with the same wave lengtix
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8.0 Discussion

Figure 7.1, shows the graph of angular deflectmnfour different points with various values df,
while figure 7.2, shows the graph of the 7mm lengithin the basilar membrane and it increases esxptaly

with distance. Figures 7.3, 7.4, 7.5 and 7.6 shmplts of different values ofl , which obeys the exponential
increase with distance.

Now, when the wave exerts its force on the basilembrane and thus on the HC, it deflects the HC.
Again, we have to note that it is not all the egeggnerated by the wave that is absorbed by the HC.
It is the excess of the energy generated by theeveand the energy absorbed that gives rise to the

deflection. Thus, if we denote the deflection@sthen & will be seen to be dependent on these two funstion
ie. «9( E', E) , where E' is the energy generated by the wave, &nds the energy absorbed by the HC. We

notice that whenE' >> E |, some form of permanent damage may be done tbl@s such that they will not
return to their former position, even when the wgeaeration stops or the noise stops. On the dihwed, if

E' >> E, there will be no deflection of the hair cells,aning that no noise will be heard. From the models
(the energy equation), equation (6.5) establishesguilibrium position of the basilar membraned(érus, HC)
such that, the force on the membrane equals tlsécetmergy that is stored by the HC. Thus, relgutinis force
on the basilar membrane implies relaxing the H@nfetress, as it returns to its former position.oAkpplying
larger forces imply that the force exerted on th& Mill be greater than the elastic energy stotleds, the HC

will respond to this extra force by bending or defing. Therefore, for one to hear a sould, is usually
greater to a large extent than the elastic end¢oggd by the HC.

Concluding this point therefore, it might be nexzgy to state that the elasticity of the basilaminene
and then the HC has a limit. If force is exerteditoto a very large extent and for a long time,réhes the
tendency that it will lose this elasticity. Wheristlis done, and it the noise or sound eventuatipsta non-
reclaimable damage has already been done to thetist and orientation of the HC, so that it cametdrn to
its normal position and orientation. This is whyemhsuch a person eventually finds himself in aglegs zone,
and sound is made in a low pitch, such sounds/maisenot exert enough force on the present orientaf the
HC, so as to cause any further change in the fémeftection.
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When this is the situation, then there will beiow current established at the foot of the HC, sdoa
allow for the release of the neurotransmitters Wice supposed to set up a potential that will senpailse to
the auditory nerve, informing the brain that a sbbhas been made.

In another situation, the sound made, may nobbdaud as to exert so much force on the HC, thereb
causing no permanent damage. Rather, it may cangmtary damage which may be reclaimable, meahixly t
the elastic limit of the HC has not been brokemeacched. For this kind of situation, we discoveit tthen one,
with such condition, finds oneself out of this nomne, one will be temporarily deaf with the sasitaation as
discussed above, until the HC reclaims its usu@ntation. When the usual orientation is reclaimég
sound/noise can now be heard by the normal proaedss been discussed in this study.
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