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Abstract

The sole aim of this work is to develop a mathematical model for
calculating certain parameters like velocity, angle of incidence, lift
coefficient and geometric characteristics like maximum thickness and
camber for both same and related aerofoils using Prandtl-Glauert [1, 2] and
Gothert [3] similarity rules. Themodel is extended to include pressure at any
point on the aerofoil profile as well as other geometric characteristics like
chord, wing area and span. Applying the model to a numerical example,
based on flight problem, these parameters are determined in compressible
flow and compared with those in incompressible flow. Furthermore, the
model which includes ratios of geometric characteristics of aerofoil like
thickness/chord ratio and camber/chord ratio is extended to include wing
area/span ratio, and these parameters are also determined in the example
and compared for both same and related aerofoil.

Keywords: Mathematical model, two-dimensional aerofoils, isnity rules, small angles
of attack.

1.0 Introduction

Aerodynamics is a branch of fluid dynamics thatascerned with the study of gas flow. On the othe
hand, an aerofoil is a streamlined body designegréaluce lift when placed in a fluid stream, elge wing
section of an aircraft, Massey [4]. Various inigations have been done in the area of aerodynanfcs
instance, Elcrat and Bassanini [5], in their stofifree streamline boundary layer analysis for satga flow
over an aerofoil, pointed out that the steady floast a lifting surface at high Raynolds numbers aodiest
angle of attack can be thought of as consistingvof parts, the exterior flow in which the flow issentially
invisicid and a thin region near the body in whighcosity is important, the boundary layer. By doning
boundary layer computation with a free streamlimteptial flow they obtained pressure distributiom @an
aerofoil section in which partial separation hasused. The method proposed worked for anglestatlaup to
stall. Other contributors to the discussion ofwfoaround aerofoils include, notably, Euler [6], &ds [7],
Thomson and Bradley [8], Turkyilmazoglu [9] HafezdaWahba [10], Hafez et al. [11], Ansari et al.][2&ald
et al. [13], Winckelmans et al. [14], Peters [1&F.

In this work we shall use mathematical model ttedmine certain properties of aerofoils at small
angles of incidence in compressible flow and camghem in incompressible flow. We shall also datee
geometric characteristics and compare them for bathe and related aerofoils. In doing this we rassthe
flow to be two-dimensional and also potential.

2.0 Mathematical Model
The aerodynamic performance in compressible flaay ive related to that in the incompressible flow
by the factor (see Prandtl [1] and Glauert [2])
1

A =(1-Ma2)> (2.1)

Journal of the Nigerian Association of Mathematical Physics Volume 13(November, 2008)179- 182
Two-dimensional aerofoils at small angles of attack  U. D. Akpan and A. E. Eyo J. of NAMP



**Corresponding author.

whereMa is the Mach number of the free stream and factor. Throughout, we shall use the suffixtod
denote compressible flow while the suffixdenotes incompressible flow.
2.1 Same aerofoll
For the same aerofoil, if, is the velocity at any point on its profile in amtompressible flow and the
velocity at the same point in the compressible fisw, then by Prandtl — Glauert similarity rule [1, 2].
1
Y - 1-Ma?)2 =
or U, (2.2)

u, = Ay

L
2

Similarly, ((C: e _(1 Ma ) =Aor (C)). =A(C)), (2.3)

L/i
a 1

for lift coefficient C, , and—= = (1— Maz) 2=, ora, =Aa, (2.4)
a;

for angle of incidence. Extending this rule to include pressure p, e fi

1
&:(1— Maz) 2=)or p, =Ap, (2.5)
P,

2.2 Geometric characteristics of two (or related) erofoils

For two aerofoils, one in an incompressible flosuffix i) and the other in the compressible flow
(suffix c), their geometries are related by (see]1

(Camber)=A(Camber) (2.6)
and (Maximum thickness¥ A(Maximum thickness) (2.7)
This rule is extended to include other geometrieh s
0] ChordC
(Chord) = A(Chord) (2.8)
(ii) Wing areaA
(Wing area) = A(Wing area) (2.9)
(i) Span$S
(Span) = A(Span) (2.10)
2.3 Ratios of geometric characteristics for related aafoils
Maximum thickness
For same aerofoll, let the ratie; =p3 (2.12)
Chord
~ Camber
and the ratio———— =) (2.12)
Chord
_ ‘Wing area
Also, by extension, let the ratleﬁ =7 (2.13)
an
Then, for the related aerofoil, this ratio woulccome
Maxi mumthicknes L
s= ,8(1— Maz) 2 = BA (2.14)
Chord
Camber L
and y( Ma? ) 2 =)4) (2.15)
“Chord
Wing area 1
Similarly, ngarea _ rTl-Ma) > =174 (2.16)
Spand
2.4 Gothert’s rules for related aerofoils

For such related aerofoils, similarity rules doéthert [3] are
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(C). =A°(C)), (2.17)

for lift coefficient. For velocities, angles of iidence and pressures the rules are respectivekathe as in

(2.2), (2.4) and (2.5). Thus, the expressions)(2.12.17) constitute the model for simulating flawer
aerofoils.

3.0 Numerical illustration
Consider, for example, a two-dimensional aerdfaWing span of 10m, chord of 1.2m and mean chord
of 2m. It has a ratio of maximum thickness to chequal to 0.035, camber to chord ratio equal @ ®.and
wing area to span ratio equal to 2. It is tested low-speed wind tunnel at 100frend pressure 2000 Nhand
gives a lift coefficient of 0.35 at an angle ofiifence of 8& We wish to determine (a) the velocit) ¢he lift
coefficient (c) the angle of incidence (d) the gree of this aerofoil dla = 0.5. We also wish to determing (
the velocity {) the lift coefficient §) the angle of incidencén) the pressura)the geometric characteristics like
maximum thickness, camber, chord, wing area, span({athe ratios like thickness/chord ratio, camberfdho
ratio and wing area/span ratio for a related adrafdvla = 0.5.
3.1 Solution
3.1.1 Same Aerofoil
Assume that the conditions at low-speed wind tuioerespond to incompressible flow. From the
problemu; = 100ms™, (C.); = 0.35,a; = 3, p = 2000Nm?, Ma = 0.5 giving A = 1.1547 (see (2.1)). Substituting
these data in the model expressions (2.2) — (M8psgespectively, = 115.4Ms™, (C.) = 0.4041, a, = 3.464,
Pe = 2309.4m’>
3.1.2 Related aerofoll
From the problem [see (2.11) — (2.1%} 0.035,y = 0.015;1 = 2. Using the values @ y with chord
= 1.2m respectively in (2.11), (2.12), and the gabf T with span = 10m in (2.13) we have (thickness)
0.042m, (camber)= 0.018m, (wing areg¥ 20nf. Also, from the problem (chord¥ 1.2m and (span¥ 10m.
Substituting the above in (2.6) — (2.10) we find
(camber) = 0.02078m, (thickness¥ 0.0485m,
(chord), = 1.3856m, (wing area¥ 23.094m
(span) = 11.547m
Again, =0.035y=0.015,t=2.
Substituting these in the expressions (2.14) -6)2(asingA = 1.1547) we find respectively, for the
related aerofoil, thickness/chord = 0.04041, carieberd = 0.01732, wing area/span = 2.3094
Finally, using [3], its lift coefficient is obta@d by substituting the appropriate data aboveemtbdel
expression (2.17), while its velocity, angle ofidence and pressure are obtained respectively tstisuting the
appropriate data in (2.2), (2.4) and (2.5). Thussobtain
C). = 0.4666, y=115.47m$, 0. = 3.464, p. = 2309.4 Nnf
3.3 Result
The new parameters (a) — (j) that are determineddme aerofoil are shown in Table 3.1 and can be
compared with their counterparts for the relatedfad in Table 3.2.

Table 3.1:Result for same aerofoil

Same aerofoil
Parameters Incompressible| Compressible
flow flow

Velocity 100ms 115.47ms
Lift coefficient 0.35 0.4041
Angle of incidence 3 3.464
Pressure 2000 Nfm 2309.4Nn¥
(Camber) 0.018m
(Thickness) 0.042m
(Chord) 1.2m
(Wing area) 20nt
(Span) 10m
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Thickness/chord ratio 0.035
Camber/chord ratio 0.015
Wing area/span ratio 2

Table 3.2 Result for related aerofoil

Related aerofoil
Parameters Incompressible| Compressible

flow flow
Velocity 100mg 115.47m3
Lift coefficient 0.35 0.4666
Angle of incidence 3 3.464
Pressure 2000 Nfi 2309.4NnT
(Camber) 0.02078m
(Thickness) 0.0485m
(Chord), 1.3856m
(Wing area) 23.094M
(Spany 11.547
Thickness/chord ratio 0.04041
Camber/chord ratio 0.01732
Wing area/span ratio 2.3094

4.0 Discussion and conclusion

Tables 4.1 and 4.2 show respectively the resuti®fnalysis of the flow problem for same andtegla
aerofoils. Comparison of the two Tables indicdted certain parameters, namely, velocity, anglenodlence
and pressure for same aerofoil are the same ae thoghe related aerofoil in compressible flowhisTis in
agreement with the model (2.2), (2.4) and (2.5)eetvely. On the other hand, the lift coefficiéot the related
aerofoil is numerically greater than its countetrfpar same aerofoil in compressible flow. Thiscatgrees with
(2.3). Furthermore, it is observed from the tvablEs that certain geometries like camber, maxirthiokness,
chord, wing area and span together with geomatiog like thickness/chord ratio, camber/chordoratid wing
area/span ratio for the related aerofoil are greatenerically than those for same aerofoil. Thigustified
respectively by the expressions (2.6) — (2.10) @n4) — (2.16).

Finally, comparison of the parameters in compldssand incompressible flows shows that, generally,
parameters in compressible flow are numericallyagmethan those in the incompressible flow in the Tables.
For instance, the high pressure in compressible flothe two Tables implies a high lift force agion the

aircraft wing, and hence a higher aerodynamic pevémce in the compressible flow than in the incaapible
flow.
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