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Abstract 
 

This paper is concerned with time-dependent random vibrations 
and dynamic buckling of a finite deterministically imperfect column resting 
on “softening” nonlinear (cubic) elastic foundations but trapped by a 
stochastically random, zero-mean, time-dependent load. The random load is 
imbued with certain statistical characterizations including a correlated 
exponential cosine autocorrelation which confers some form of randomness 
on the response statistic. Assuming the mean square lateral displacement to 
be a suitable statistical characterization of the random response, the dynamic 
buckling load of the nonlinear structure is determined asymptotically via 
regular perturbation procedures. It is found out that the dynamic buckling 

load is of order 2

1
 - 

0R , where 
0R  is the variance of the random load. It is 

also established that the value of the dynamic buckling load, in the case 
where the buckling modes are strictly in the shape of imperfection, is less 
than its value in a similar case where the buckling modes are not strictly in 
the shape of imperfection. 

 
 
 

1.0 Introduction 
Stochasticity in respect of the stability of elastic structures has, over the years, been discussed in 

connection with geometrical imperfections, but seldom with respect to  the time-dependent loading history. Such 
were the cases in earlier investigations such as those by Elishakoff [1], Amazigo [2,3] , Boyce [4] , Fraser [5] and 
Hansen and Roorda [6] ,among others. While most of the cited investigations addressed the subject matter from 
the static point of view, Spanos et al [7] delved into the realm of dynamical consideration in a heuristic spectral 
estimate of bivariate non-stationary process. Worthy of mention is the work of Lin and Cai [8] where 
investigations of stochasticity from the dynamical point of view were also given some level of prominence. In 
general, investigations on stochasticity in relation to strictly time-dependent random loading histories in the 
landscape of dynamic buckling are rare.  In this investigation, we discuss stochasticity in a dynamical system 
involving the dynamic stability of a damped finite simply-supported and time-dependent randomly loaded 
column in which a random vibration is produced in response to a deterministic dynamical system. 
 
2.0 Formulation 

The dimensional equation satisfied by the lateral displacement W(X,T) of a damped finite simply-
supported column lying  on a deterministically imperfect  non-linear (cubic) elastic foundation [9] is  

2

2
3

31X X X X 0T 0 )( ,)(,,,
dX

Wd
TPWkWkWTPEIWWcWm XXTT −=−+++++ α  (2.1) 

where m0 is the mass per unit length, c0 is the damping constant  per unit length per velocity, EI is the bending  
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stiffness , P(T) is a zero-mean stationary Gaussian  load function of the univariate time variable T and of known 
autocorrelation Rf(t), E and Iare the Young’s modulus and moment of inertia respectively , ( )XW  is a stress-

free time-independent  twice-differentiable imperfection function of the space variable X; k1 and k3 are constants 
such that k1 > 0, k3 > 0, while α is the imperfection-sensitivity parameter which is such that if α=1, the non-linear 
elastic foundation  is said to be a “softening spring”  where as if α = -1, the non-linear foundation is said to be a “ 
hardening spring” .The finite column rests on a nonlinear elastic foundation that produces a restoring force per 
unit length of k1W – αk3W

3. Since we are considering a column resting on a “softening” foundation, we shall 
automatically set α =1.  In this formulation, we shall neglect axial inertia as well as nonlinearities higher than the 
cubic. A subscript following a comma shall indicate partial differentiation and homogeneous initial conditions 
are assumed .We now assume the following non-dimensional quantities: 
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3.0 Solution of the problem 

We assume 0 < c < 1, 0 < λ < 0, 0, 1,0 <<< ξ  so that the non-dimensional form of equation (2.1), 

together with the homogeneous initial conditions, becomes 

( ) ( ) ,x0  , 0 t,   tf  2-  w,  2,,  2,
2

2
3

x x x x x t πξλλ <<>=−++++
dx

wd
wwtfwwcw xtt  (3.1a) 

( ) ( ) ππ <<==≥=== x0  ,00,,x,0   w,  0 t,   0,at  x 0,  x xwww tx   (3.1b) 

Here, λ is the amplitude of the random load f(t) while ξ  is the amplitude of imperfection function .w   We 

stress that f(t) is a non-dimensional zero–mean Gaussian random load function of the univariate time variable t 
with correlated exponentially decaying harmonic autocorrelation Rf(t), given by  

( ) ( ) ( ) 1R,0  0  , 10 ,    cos  0
  

0 <<Ω<<<Ω=+= − ατττ ταeRtftfR f  (3.2a) 

where Rf(0) = R0, is the variance of the load f(t) and ,Λ  is the Mathematical expectation defined as follows : 

  ( )       dt 
T̂

1
  ˆ  

ˆ

0 











∞→= ∫
T

TLim ΛΛ     (3.2b) 

In our quest for solution, we are to determine a particular value of the load amplitude λ, designated as 
λD, called the dynamic buckling load, for which the damped structure buckles dynamically.  We define λD as the 
largest load amplitude for which the problem (3.2a,b) has a bounded solution for all time t > 0. 

For solution, we let ξλ∈= , 10 <∈< ,and with this, we recast (3.1a) vividly as 

( ) ( ) π
ξ

<<>∈=−+∈+++ x0  , 0 t,  tf 2- 
 w,  2

,,  2,
2

2
3x x

 x x x t dx

wd
ww

tf
wwcw xtt  (3.3) 

We shall now solve (3.3), using (3.1b) and (3.2b) and so we let 

( ) ( )( )∑
∞

=

∈=
1

i ,,
i

i txwtxw     (3.4) 

and substitute  same into (3.3) and (3.1b) and  equate the coefficients of Λ1,2,3, i , =∈i to get the following 

equations 
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( ) ( ) ( ) ( ) ( )
2

2
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1
t,

1
 t t,

1 2,cw 2
dx

wd
tfwwwLw xxxx −=+++≡    (3.5) 

 
 
 

 

( ) ( ) ( )

ξ

1
 x x,2  w2 tf

Lw −=        (3.6) 

( ) ( ) ( )
( ) 3 1

2
 x x,3  w2

w
tf

Lw +−=
ξ

      (3.7) 

( ) ( ) ( )( ) ( ) ( ) Λ1,2,3,i , 00,0, w; 0,at  x 0  x,
i

 x, ====== xwxww i
x

i
x

i π  (3.8) 

Based on the boundary conditions in (3.8), we let   mxaw m sin=    (3.9) 

To solve equations (3.5) - (3.9), we let 

( )( ) ( )∑
∞

=

=
1

nxsin  ,
n

n
i tAtxw      (3.10) 

We substitute (3.9) and (3.10) into (3.5), for 1=i ,  and get 

( ) ( ) ( ) ( )[ ] ( ) mxsin  2nxsin  A 12 2

1

1
n

41
 t,

1
 t t, tfmancAA m

n
nn =+++∑

∞

=

                (3.11a) 

The only non-zero solution of (3.11a) is for the case mn = , in which case we have 
( ) ( ) ( ) ( ) ( )tfmamcAA mmm

21
m

41
 t,

1
 t t, 2A 12 =+++                  (3.11b) 

( )( ) ( ) ( ) 00A , 00 1
t, m

1 ==m                 (3.11c) 

On solving (3.11b,c) we get 

( )( ) ( ) ( ) ( ) 24

0

c 
21 1  ,  

sin
h  , d 2 cm

e
tfhmatA m

t

m

m
mm −+==−= ∫

−

ϕ
ϕ

τϕττττ
τ

 (3.12) 

Thus, we conclude that  
( )( ) ( ) ( )  mxtAtxw m sin , 11 =     (3.13) 

If we substitute for terms on the right hand side of (3.8), we have 

( ) ( ) ( )( )
 mx

tAtfm
Lw m sin

2 12
2

ξ
=    (3.14) 

On solving (3.14), using (3.10) and (3.8), for i = 2, we get 

( )( ) ( ) ( ) ( )( ) ( )
 

4
A  ,mx sin  ,

4
2

m
22

ξ
tFma

ttAtxw m
m ==                (3.15(a) 

( ) ( ) ( ) ( ) ( ) 2121

0 0

121

1

 t F τττττττ
τ

ddtftfhh
t t

−−−= ∫ ∫
−

            (3.15b) 

We now substitute into (3.7) for 
( )1w  and 

( )2w from (3.135) and (3.15a,b) respectively and get 

( ) ( ) ( ) ( )
( )3mxsin -mx sin3

4

mxsin  tF tf8
3 1

 
2

6
3 mm Ama

Lw +=
ξ

  (3.16) 

We now solve (3.16) subject to (3.8) and (3.10), for i = 3, and get  

( ) ( ) ( )[ ] ( ) ( ) ( )
( )3mxsin -mx sin3

4

mxsin  t F a8
nxsin  12

31

1

6
m34(3)

 t, 
3
t t, 

m

n
nnn

Atfm
AncAA +=+++∑

∞

= ξ
   (3.17a) 

For n = m in (3.17a), we  
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( ) ( ) ( ) ( ) ( ) ( ) ( )

4

3tF tf 8
12

31

2

6
343

 t, 
3

t t, 
mm

mmm

Ama
AmcAA +=+++

ξ
               (3.17b) 

( )( ) ( ) ( )00 3
t, 

3
mm AA =                  (3.17c) 

 
 

 

However, when mn 3=  in (3.17a), we get  ( ) ( ) ( ) ( )
( )

4
1812

3 1
3 

 3
43

 t,  3
3

t t,  3
m

mmm

A
AmcAA −=+++          (3.17d) 

( )( ) ( ) ( )00 3
t, 3

3
3 mm AA =               (3.17c) 

On solving (3.17b,c), we have 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) τττττττ
ξ

dh
ma

tA
t t

m
m ∫ ∫+=

0 0

3 1
m2

6
3  -tA h

4

3
d -tF -tf 

8
               (3.18a) 

On further simplifying (3.18a) , we have 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 432143424143

0 0 0

21

0

32

3213213133

0 0 0

212

6
3

4 4 4

3 31

6

8

dτdτdτdττt-τ fτt-τ fτt-τ fτ hτhτhτh  ma
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m

t τt ττt
m

m
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−−−=

∫ ∫ ∫ ∫
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− −

− −−

   (3.18b) 

On solving (3.17d,e), we have 

( )( ) ( ) ( ) ( ) ( ) 24
3m

3

3
c 

31

0

3
3 181 ,  

sin
h
~
 ,   h

~
 

4

1
cm

e
dtAtA

m

m
m

t

m −+==−−=
−

∫ ϕ
ϕ

τϕττττ
τ

         (3.19a) 

On further simplifying (3.19a) ,we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 414342414

0 0 0 0

321

323
3

~
2

4 4 4

dτdτττtfττtfττtfτhτhτhτ hmatA
t τt τt τt

mm Λ−−−−−−−= ∫ ∫ ∫ ∫
− − −

  (3.19b) 

Hence, we write the displacement component 
( )3w  and the overall displacement ( )txw ,  as 

( ) ( ) ( ) mx, A mxAw mm 3sinsin 3
3

33 +=     (3.20) 

( ) ( ) ( ) ( ) ( )( ) Λ++∈+∈+=∈ mx A mxA mxA mxAx,tw mmmm 3sinsinsinsin 3
3

33221   (3.21) 

We note that the random load f(t) confers some element of randomness  on the lateral displacement ( )txw , , 

whose maximum mean square 
2
a∇  we shall next determine subsequent upon which we [2,3] determine the 

dynamic buckling load Dλ from the maximization  0
2

=
∇ ad

dλ
   (3.22) 

3.1 Maximum mean square displacement 2
a∇  

We first determine the mean displacement ( ) ,txw  which is necessary in the determination of the 

maximum displacement, thus: 

( ) ( ) ( ) ( ) ( )[ ] Λ++∈+∈+=∈ 3mxsin  Amxsin  A mxsin  Amxsin  A tx,w 3
3m

3
m

32
m

21
m  (3.23) 

We shall now evaluate each of the terms in (3.23) where the upper limit of every integral hereafter is to be 
evaluated at infinity by virtue of the limiting process in equation (3.2b).Thus we have  

( ) ( ) ( ) 0d  2
0

21 =−= ∫
∞

τττ tfhmaA mm                 (3.24a) 
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where (3.24a) follows because f(t) is a zero-mean Gaussian function characterized by ( ) 0 =tf .Similarly, 

we have 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )ξϕϕ
τττττ

ξ

τττττττ
ξ

22
10

4

212f2

0 0

1
0

4

211212

0 0

1

4
2

2
R h h 

4

 h h 
4

c

SRma
dd

Rma

ddtftf
ma

A
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m
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+
==

−−−=

∫ ∫

∫ ∫
∞ ∞

∞ ∞

                (3.24b) 

 
 
 

( ) ( ) ( ) ( ) 







++Ω−
Ω−+

++Ω+
Ω+= 22221 αϕ

ϕ
αϕ

ϕ
cc

S
m

m

m

m             (3.24c) 

Using (3.18b), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫ ∫
∞ ∞ ∞ ∞

−−−−−−=
0 0

321321313

0 0

321

6
2   

8 ττττττττττττ
ξ

dddtftftfhhh
ma

A m
m

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 41

0 0

434241

0 0

4321

32   6 ττττττττττττ ddtftftfhhhhmam Λ∫∫∫∫
∞ ∞ ∞ ∞

×−−−−−−+        (3.25a) 

The averaging process in each of the two three-point iterated integrals in (3.25a) easily takes the form 

( ) ( ) ( ) 321 tftftf  which is simplified [10] in terms of a product of lower level correlations as 

( ) ( ) ( ) ( ) ( ) ( ) 0   321321 == tftftftftftf                 (3.25b) 

The result (3.25b) follows because ( ) 0 =tf .We therefore conclude that 

( ) 0 3 =mA                   (3.25c) 

We now evaluate ( )3
3mA  , using (3.19a), as  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0  h
~
 h h h 2 41434241

0 0 0 0

4321

323
3 =×−−−−−−−= ∫∫∫∫

∞∞ ∞∞

ττττττττττττ ddtftftfmaA mm Λ  (3.26) 

The result (3.26) follows because the integrand is a three-point average, just as the case in (3.25a).  We therefore 
conclude, using (3.25b,c) , that 

( ) ( )ξϕϕ 22
10

42
 ,

c

SRma
txw

mm

m

+
=      (3.27) 

3.2 Mean square displacement, ( )tx,2∇   

To determine ( )tx,2∇ , we first determine the autocorrelation ( )txRw ,  of the displacement ( )txw ,  

in the following way 

( ) ( ) ( ){ } ( ) ( ){ }[ ]      ,,xw   ,,xw    ,, 221121 τττ +−+−= txwttxwtxxRw    (3.28a) 

The mean square displacement ( )tx,2∇  easily follows by setting 0  , 21 === τxxx , to yield 

( ) ( ) ( ) ( ){ } ( ) ( ){ }[ ] ( )( ) ( ) 222  ,  ,     tx,wtx,w   tx,wtx, w  0,, txwtxwxRtx w −=−−==∇    (3.28b) 

While , we can easily evaluate the term ( ) 2
 ,txw  in (3.28b) by using equation (3.27), we shall however now 

determine in detail the term ( )( )    , 2 txw  arising from (3.28b) by using (3.23). We note, using (3.23) 



Journal of the Nigerian Association of Mathematical Physics Volume 13 (November, 2008), 105 - 118

 

Forcing and buckling of a damped elastic foundations  A. M. Ette J of NAMP 
 

that  
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3
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2363223253
3
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2312224221322122

 (3.29) 

The averaging process in (3.29) is distributive over individual terms and so we shall now evaluate each term in 

(3.29), omitting ,tentatively, the spatial dependence. Thus we have the following for ( )( )21
mA , 

 
 
 

( ) ( ) ( ) ( ) ( ) 21212
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1
422 1  4)( ττττττ ddtftfhhmaA mm −−= ∫ ∫

∞ ∞

                (3.30a) 
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21212
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1
424

m
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ϕ
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∞ ∞

            (3.30b) 

where 
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222222221




















−+Ω−
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Similarly, for ( ) ( )21
mm AA ,we have,  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )  0-tf-tf-tf hhh 
8

321322132

0 0

1

62
21 =−= ∫ ∫

∞ ∞

ττττττττττ
ξ

ddd
ma

AA m
mm  (3.31) 

We note that (3.31) follows from (3.25b). Similarly, for ( )( ) 2 2
mA ,we have the following  

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) 4143321141

integrals  

0 0

24
2 2    

4 ττττττττττ
ξ

ddtftftftfhh
ma

A

four

m
m ΛΛ

321
Λ −−−−−−








= ∫ ∫

∞ ∞
   (3.32a) 

We note the following simplification for a four-point correlation that characterizes (3.32a) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) 

 

2314

241334124321

ttRttR

ttRttRttRttRtRtRtRtR

ff

ffffffff

−−+

−−+−−=
      (3.32b) 

We can therefore represent (3.32a) as a sum of products of three lower level correlations using (3.32b), as 
follows: 

( )( ) ( ) ( ) ( ) ( )[ ( ) ( )42314241

integrtals  

0 0

24
2 2  

4
 ττττττττ

ξ
−−+
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∞ ∞

ffff

four

m
m RRRRhh

ma
A Λ

321
Λ  

( ) ( ) ] 41321431  ττττττττ ddRR ff Λ−+−−+                   (3.32c) 

By omitting, for now, the coefficient 

244









ξ
mam , we shall  evaluate each of the three consecutive  terms, here 

dubbed 32 T,  T  and 4T , on the right hand side of (3.32c).  Thus we have 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )  
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2
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              (3.32d) 

From the second term in (3.32c) we have the following for 3T : 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2

0 0

31313141423141
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c

c

c

c
S

mm

            (3.33d) 

We now evaluate the term 4T from the third term in (3.32c) as: 

( ) ( ) ( ) ( ) 4132143141

int

0 0

4 ττττττττττ ddRRhhT ff

egralsfour

ΛΛ
321

Λ −+−−= ∫ ∫
∞ ∞

            (3.34a) 

Since ( )τfR  is an even function, we can rewrite (3.34a) as  
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               (3.34b) 

On evaluating (3.34b) with respect to 4τ , we have 
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On evaluating (3.34b) with respect to 2τ , we have 
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If we simplify (3.34d) further, we get 
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4 d 2 sin2 sin2 cos2 cos1
8

ττττττττ
ϕ

dSShh
R

T
m
∫ ∫
∞ ∞

ΩΩ−ΩΩ−−=       (3.34e) 

On finally carrying out the two integrations in (3.34e), we have 

( )
( ) ( )

( ) ( ) 


























+Ω+
−

+Ω−
−




























+Ω−
Ω−+

+Ω+
Ω+−









+
=−=

   
22

  

2

2

2

2
  

4

11
 S  , 

8

S 

2222

22222

2

2272

2
07

2
6

2
5

4

c

c

c

c

ccc

RSS
T

mm

m

m

m

m

mmm

ϕϕ

ϕ
ϕ

ϕ
ϕ

ϕϕϕ
       (3.35) 
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We thus conclude that  

( )( ) ( )432

2

0
4

22 4
 TTT

Rma
A m

m ++







=

ξ
   (3.36) 

We shall now evaluate the term  ( ) ( )31
mm AA  of order 4∈ in (3.29) thus :  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 16
43242414321

integrals  

0 0
2

82
31 τττττττττττ

ξ
−−−−−−−




= ∫ ∫

∞ ∞

tftftftfhhhh
ma

AA

four

m
mm

321
Λ

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 515352154321

integrals  

0 0

42
41   12 ττττττττττττττ ddtftftfhhhhhmadd

five

m Λ
321

ΛΛ ×−−−−−+× ∫ ∫
∞ ∞ (3.37a) 

 
 
 

By omitting, for the time being, the coefficients outside the two integrals, here dubbed 5T and 6T respectively in 

(3.37a), we now simplify 5T  as: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )[ ( ) ( )

( ) ( ) ] 4132f4321f

32f421f3f41f41

 integrals  

0 0

41432424141

 integrals  

0 0

5

d  -R R

-R R R R  

d  -t-t-t-tf 

τττττττ

ττττττττττ

τττττττττττ

d

hh

dfffhhT

four

four

Λ

Λ
321

Λ

ΛΛ
321

Λ

−−−+

−−−+−−=

−−−=

∫ ∫

∫ ∫

∞ ∞

∞ ∞

     (3.37b) 

The three terms in (3.37b) are here respectively denoted by  5251 T , T and 53T  and we shall now evaluate each 

of them .Thus we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )222

86
2
51

2
0

43213414321

integrals 

0 0

51 8
d 

c

SSSSR
dddRRhhhhT

mm
ff

four

+
+

=−−= ∫ ∫
∞ ∞

ϕ
τττττττττττ

321
Λ               (3.38a) 

( ) ( ) ( ) ( ) 







++Ω+
+−

++Ω−
+=

22228 αϕ
α

αϕ
α

c

c

c

c
S

mm

            (3.38b) 

We note that ( )τfR  is an even function. We also have, from the second term, namely, 52T , in (3.37b) as 

follows: 

( ) ( ) ( ) ( ) ( ) ( ) 432132421f4321

 integrals  

0 0

52 d R     τττττττττττττ dddRhhhhT f

four

−−−−= ∫ ∫
∞ ∞

321
Λ     (3.39a) 

If we integrate (3.39a) with respect to 3τ , we have 

( ) ( ) ( ) ( ) ( ) 4212921
  -

421f

0 0 0

421052   sin cose R h h h  2 τττττττττττ τα dddSSRT Ω+Ω−−= ∫ ∫ ∫
∞ ∞ ∞

   (3.39b) 

( ) ( ) ( ) ( ) 








++Ω−
+−

++Ω+
+= 22229 αϕ

α
αϕ

α
c

c

c

c
S

mm

             (3.39c) 

On evaluating (3.39c) with respect to 1τ , we get 
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( ) ( ){ }

( ) ( ){ }
∫ ∫
∞ ∞

+Ω++Ω

×Ω+Ω
=

0 0
42429429

2921422
m

 

2
052

   cosS cosS 

 cosS cosS h 
 4

e
  

4

ττττττ

ττττ
ϕ

τα

dd

h
RT                (3.39d) 

On integrating (3.39d) with respect to 2τ , we have 

( ) { } 4

0

411410
  

43

2
0

52 d   sin cos e h 
 8

4 ττττ
ϕ

τα
∫
∞

Ω+Ω= SS
R

T
m

             (3.40a) 

( ) ( ) ( )

( ) ( ) ( ) 





+
+









+Ω+
−

+Ω−
+





+Ω−
+





+Ω+
+















+Ω−
Ω−

+
+Ω+

Ω+
+

+
=

22
91

22229122

22
91

2222
2
122

2
1

10

2

1

2

1
 

2

1
         

2

1

2

 

αϕ
ϕ

αϕαϕ
α

αϕ

αϕ
α

αϕ
ϕ

αϕ
ϕ

αϕ
ϕ

m

m

mmm

mm

m

m

m

m

m

SS
SS

SS
S

S
S

               (3.40b) 

 
 
 

( ) ( ) ( ) ( ) 







+Ω−
Ω−+

+Ω+
Ω++









+Ω+
−

+Ω−



−=

2222
91

2222

2
1

11
2

2

2

2

22

1

2

1

2 αϕ
ϕ

αϕ
ϕ

αϕαϕ
α

m

m

m

m

mm

SSS
S  

( ) ( ) 













+Ω+
+

+Ω−
+

2222
91

2

1

2

1

2
 

αϕαϕ
α

mm

SS
                (3.40c) 

Thus, the final evaluation of (3.40a) gives 

( )6115104

2
0

52 16
SSSS

R
T

m

+=
ϕ

    (3.41) 

The term 53T  of 5T  in (3.37b) is evaluated as follows: 

( ) ( ) ( ) ( ) 412f321f41

integrals  

0 0

53 dd-R R ττττττττ ΛΛ
321

Λ −−= ∫ ∫
∞ ∞

hhT

four

               (3.42a) 

If we evaluate (3.42a) with respect to 1τ , we get 

( ) ( ) ( ) ( ) ( )

( )[ ( ) ] 43243284321

  

0 0 0

2f432
0

53

     sinS cosS 

    R h h  h
2

432

τττττττττ

ττττ
ϕ

τττα

ddd

e
R

T
m

++Ω−++Ω

×−= ++
∞ ∞ ∞

∫ ∫ ∫                 (3.42b) 

On integrating (3.42b) with respect to 3τ , we have 

( ) ( ) ( ) ( ) ( ){ }[ ]∫∫
∞∞

+Ω+−+Ω−=
0 0

424285614286
2
1422

2
0

53 d    sin    cos S  
4

ττττττττ
ψ

dSSSSSShh
R

T
m

       (3.42c) 

On evaluating (3.42c) with respect to 4τ , we get 

( ) ( ) 2

0

2142122
  

23
m

2
0

53 d ]  sin    cos [S e h 
 8

2 τττττ
ϕ

τα
∫
∞

Ω+Ω−= SR
R

T f                (3.43a) 

( ) ( )[ ] ( ) ( )[ ]  S ,  8561686
2
15138561686

2
1512 SSSSSSSSSSSSSSSSSSS ++−−=+−−=      (3.43b) 

On finally evaluating (3.43b), we get   ( )1365124

2
0

53 16
SSSS

R
T

m

+=
ϕ

               (3.43c) 



Journal of the Nigerian Association of Mathematical Physics Volume 13 (November, 2008), 105 - 118

 

Forcing and buckling of a damped elastic foundations  A. M. Ette J of NAMP 
 

It thus follows from (3.37a,b), (3.38b), (3.41) and (3.43c) that  

( )
( )

( ) ( )







 +
+

+
+

+
+









=

4
136512

4
611510

222
m

86
2
512

02

82

5 1616 8
 R 

16

mmm

m SSSSSSSS

c

SSSSma
T

ϕϕϕϕξ
 (3.44) 

We now evaluate the second term ,6T  of (3.37a) thus : 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ] 5154

5352154321

integrals  

0 0

42
6

      

 12

ττττ

ττττττττττ

ddtf

tftftfhhhhhmaT

five

m

Λ

321
Λ

−−

×−−−−−= ∫ ∫
∞ ∞

(3.45a) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[

( ) ( ) ( ) ( ) ] 5132f541f42f531f

43f521f54321

integrals  

0 0

42

d   RRRR

 RR  12

ττττττττττττ

ττττττττττ

d

hhhhhma

five

m

Λ

321
Λ

−−−+−−−+

−−−= ∫ ∫
∞ ∞

               (3.45b) 

 
 
 
The values of the three integrals in (3.45b) are equal on evaluation and so we shall evaluate only the first one , 

here dubbed 61T , thus : 

( ) ( ) ( ) ( ) ( ) ( ) ( ) 5143f521f54321

integrals  

0 0

61 R R ττττττττττττ ddhhhhhT

five

Λ
321

Λ −−−= ∫ ∫
∞ ∞

               (3.45c) 

On evaluating (3.45c) first with respect to 1τ , and next, with respect to 3τ ,  we have 

( ) ( ) ( ) ( ) { }[

( ) ( ){ } ] 542528521

4841

0 0

  

0

  
5422

2
0

61

     sinS cosS

  sinS cosS      
4

524

τττττττ

τττττ
ϕ

ττατα

ddd

eehhh
R

T
m

+Ω++Ω

×Ω+Ω= ∫ ∫ ∫
∞ ∞

+
∞

              (3.45d) 

On evaluating (3.45d) with respect to 5τ , we have 

( ) ( ) ( ) { }[ ( ){

( ) } ] 4226185

28651

0

4841

0

  
423

2
0

61

d     sin  SS

  cosSS    sinS cosS e hh 
 8

42

τττ

τττττ
ϕ

ττα

dSS

SS
R

T
m

Ω−+

Ω+Ω+Ω= ∫ ∫
∞ ∞

+

      (3.45e) 

On evaluating (3.45e), first with respect to 2τ  and lastly with respect to 4τ , we have 

( ) ( ) ( )[ ]  
32 618568651586515

2
0

61 SSSSSSSSSSSSSS
R

T
m

−+++=
ϕ

 (3.45f) 

Thus, from (3.45a-f), we have 

( ) ( ) ( ) ( )[ ]  
 8

R  a 9
618568651586515

2
0

42
m

6 SSSSSSSSSSSSSS
m

T
m

−+++=
ϕ

            (3.45g) 

It follows from (3.37a,b) that   ( ) ( )
65

31 TTAA mm +=                   (3.45h) 

We next evaluate ( ) ( )3
3

1
mm AA  as  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ]
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ×−−−−=

−−

×−−−−−−=

∫ ∫

∫ ∫

∞ ∞

∞ ∞

 RR  
~

 4 

      

~
 4 

43f521f54321

integrals  

0 0

42

5154

5352154321

integrals  

0 0

423
3

1

ττττττττττ

ττττ

ττττττττττ

hhhhhma

ddtf

tftftfhhhhhmaAA

five

m

five

mmm

321
Λ

Λ

321
Λ

   (3.46a) 

( ) ( ) ( ) ( ) ] 5132f541f42f531f d   RRRR ττττττττττττ dΛ−−−+−−−+                (3.46b) 

All the three integrals in (3.46b) are equal on evaluation and so we shall evaluate only the first one, here dubbed 

71T  , omitting the coefficients of the integrals at the moment. By integrating (3.46b) first, with respect to 1τ  and 

next, with respect to 3τ , we have 

( ) ( ) ( ) ( ) ( ){ }[

{ } ] 5424841

52852154

0 0 0

22

2
0

71

d     sin cosS

  sinS cosS  h
~
 h h 

4

τττττ

τττττττ
ϕ

ddS

R
T

m

Ω+Ω

×+Ω++Ω= ∫ ∫ ∫
∞ ∞ ∞

               (3.46c) 

On evaluating (3.46c) with respect to 2τ , we have 

 
 
 
 
 

( ) ( ) ( ) { }[

{ } ] 544841

5618556851

0

54

0

 
3
m

2
0

71

dd   sin cosS

  sin  )(S  cos )(S      e 
 8

54

ττττ

ττττ
ϕ

ττα

Ω+Ω

×Ω−+Ω−= ∫∫
∞ ∞

+

S

SSSSSShh
R

T
   (3.46d) 

On integrating (3.46d) first with respect to 4τ  and next, with 5τ , we have 

( ) ( ) ( )[ ]     
32 618515865114

3
4

8651
2
0

71 SSSSSSSSSS
SSSSR

T
mm

−+−+=
ϕϕ

           (3.46e) 

where 

( ) ( ) ( ) ( )  
22

3

3
22

3

3
14 









−+Ω−
Ω−

+
−+Ω+

Ω+
=

αϕ
ϕ

αϕ
ϕ

cc
S

m

m

m

m   (3.46f) 

( )
( ) ( )

( )
( ) ( ) 







−+Ω+
−−

−+Ω−
−= 22

3
22

3

15S
αϕ

α
αϕ

α
c

c

c

c

mm

            (3.46g) 

Thus we have   ( ) ( ) ( ) 71

423
3

1   12 TmaAA mmm −=     (3.47) 

We shall now evaluate terms of order 5∈ in (3.29). The first of such two terms, namely ( ) ( )  32
mm AA  , (omitting 

spatial dependence for now), takes form 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ]
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ] 616564

63211654321

integrals  

0 0

104

5154353

521154321

integrals  

0 0
3

102
32

      

864

      

32

ττττττ

τττττττττττ
ξ

τττττττ

τττττττττ
ξ

ddtftf

tftftfhhhhhh
ma

ddtftf

tftftfhhhhh
ma

AA

six

m

five

m
mm

Λ

321
Λ

Λ

321
Λ

−−−−

×−−−−−+

−−−−−

×−−−−=

∫ ∫

∫ ∫

∞ ∞

∞ ∞

(3.48) 

Each of the two integrals in (3.48) is a five-point correlation average which is here approximated thus: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0   5432154321 =≅ tftftftftftftftftftf   (3.49) 

The result in (3.49) follows on account of (3.25b).It thus follows that  ( ) ( )  32
mm AA = 0               (3.50a) 

By the same reasoning, it similarly follows, after some simplifications, that 
( ) ( ) 0  3

3
2 =mm AA                   (3.50b) 

 We now display a typical term , of order 6∈  in (3.29) and show why terms of this order are here 
neglected. The first term of this order is  

( )( )23
mA , where we have omitted the spatial dependence for now.  Using (3.18b), we expand this term as 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )321313654321

integrals  

0 0
4

122
23 64 ττττττττττττ

ξ
−−−×−−−= ∫ ∫

∞ ∞

tftftfhhhhhh
ma

A

six

m
m

321
Λ

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )×+−−−−− ∫ ∫
∞ ∞

7654321

integrals  

0 0
2

124

6165364

96
dd τττττττ

ξ
τττττττ hhhhhh

ma
tftf

seven

m

321
ΛΛ  

 
 
 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 8187868543

424187654321

integrals  

0 0

62

71767574321313

36

ττττττττττ

ττττττττττττ

ττττττττττττττ

ddtftftftf

tftfhhhhhhhma

ddtftftftftftf

eight

m

Λ

321
Λ

Λ

−−−−−−−−

×−−−−+

−−−−−−−−−−−−

∫ ∫
∞ ∞  (3.51) 

Each of the three iterated integrals in (3.51) is a six-point correlated  average of the type  

( ) ( ) ( ) ( ) ( ) ( ) 654321654321 t t, tttttftftftftftf ≠≠≠≠≠  .In principle, each of the six point-point 

integrals can be expressed as a sum of fifteen lower level integrals with an enormous computational complexity . 
Here we shall however approximate each of six-point correlation in the three integrals in (3.51)  in the following 
way: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )    654321654321 tftftftftftftftftftftftf ≅  (3.52) 

Thus, on final simplification, each of the three terms in (3.51), (and , in general , all the terms of order 6∈ in 

(3.29) will be multiplied by 
3
0

6 R∈ . Since we assume the range 1R0 ,  10 0 <<<∈< , this order of 

multiplication is Mathematically insignificant compared to earlier terms, hence terms of  order  6∈ are here  
omitted. 
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 By collecting terms, we now write  the mean square displacement ( )tx,2∇  as , (following (3.27), 

(3.28b) and (3.29) ) 

 ( ) [ ] Λ++∈+∈=∇ 3mx sinmx  sinsinRmx sin, 18
2

17
42

0
2

16
2

0
2 SmxSSRtx  (3.53a) 

where 

( )
( )

( )
( )

( ) ( )

( ) ( ) ( ) ( ){ }

( )   
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8

 S S   9

16168

a 16
 2
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a4
  S    , 

2

22
1

4

5
66185586518651

42

4
136125

4
116105

222
86

2
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2

82
m

2

2
6

2
57

4
4

22
1

24
m

172
1

224

16

















+
−











+−++++

















 ++++

+
++














 −++

+







==

ξϕϕ

ϕ

ϕϕϕϕξ

ϕϕϕξϕ

c

Sma

SSSSSSSSSSSSma

SSSSSSSS

c

SSSSm

SSSS

c

SmTmam
S

mm

m

m

m

mmmm

mmmm

m

          (3.53b) 

   
( )

2
0

7

42

18

12
S

R

Tmam−=                (3.53c) 

3.3 Dynamic buckling load Dλ  

In order to use the maximization process (3.20b) ,we have to determine the maximum mean square displacement 

( )aaa tx ,22 ∇=∇ , where xa and ta are the values of x and t respectively for such a maximum. We however 

observe that by virtue of the limiting process (3.2b), we have, abinitio, eliminated the dependence of ( )tx,2∇  

on the time t. Thus, the only condition for the maximum ( )aa tx ,2∇  is  

0,2 =∇ x                    (3.54a) 

On substituting (3.53a) into (3.54a) and simplifying, we get   
m

xa 2

π=            (3.54b) 

where we have taken the least nontrivial value of xa. Thus, on evaluating (3.53a-c) at   ,
2m

xa

π=  m = 1,2, 3, 

 
 
 
.... we get 

Λ+∈+=∈∇ 2
4

1
22 CCa               (3.55a) 

( )1817
2
021601 C  , SSRSRC −==              (3.55b) 

To carry out the maximization (3.22) , we [2,3] first reverse the series (3.55a,b) in the form  

( ) ( ) Λ+∇+∇=∈ 22
2

2
1

2
aa ff                  (3.56a) 

If we substitute for 
2
a∇  in (5.56a) from (5.55a,b) and equate the coefficients of 2∈ and 4∈ , we have 

3
1

2
2

1
1 f , 

1

C

C

C
f −==                   (3.56b) 

The maximization (3.22) is now easily executed  through (3.56a), using (3.56b) to get , after some simplification 

( )
2

2
1

2

12

22 C

C

f

f
Da =−=∇ λ                  (3.56c) 
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where ( )Da λ2∇  is the value of 
2
a∇ at Dλλ = . If we evaluate (3.56a) at Dλλ = , using (3.56c) and taking 

cognizance of the fact that ξλ∈=  ( which is now evaluated at Dλλ = ), we have 

2

12

4C

C
D =∈       (3.57) 

where D∈  is the value of ∈  at Dλλ = . On simplifying (3.57), we have 

1817

16

2

1

02

1

SS

S

R
D −

=
ξ

λ      (3.58) 

 
4.0 Analysis of result 

The validity of equation (3.58) is guaranteed subject to the following limitations 

10 ,  10 <<<< αc ,  10 << ξ and ..Ω≠mϕ We clearly observe that if the mean square displacement is 

a suitable statistical characterization of the random displacement, then the dynamic buckling load  is of order 

2

1

0

−
R , where 0R  is the variance of the random load. Such a relationship is bound to be different depending on 

the statistical characterization used. Equation (60) gives a simple and straightforward formula for evaluating the 

dynamic buckling load Dλ .If we demand that the buckling mode be strictly in the shape of imperfection (11) 

then we have to disregard  18S   and the result in this case is  

17

16

2

1

02

1

S

S

R
D

ξ
λ =       (4.1) 

We expect the value of Dλ  from (4.1) to be less than that in (3.58). 
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