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Abstract

This investigation explores the dynamic stability of a randomly
stochastic viscously damped finite imperfect column lying on a quadratic-
cubic nonlinear elastic foundation but trapped by a dynamically random
load applied just after the initial time. Non-vanishing statistical means
and autocorrelations of both the imperfection and dynamic load are
assumed. In particular, the autocorrelation of the imperfection is
assumed to be correlated as an exponentially decaying function of the
space variable. The statistical mean of the normal displacement is
determined and is assumed to be a suitable parameter for determining the
dynamic buckling load . The dynamic buckling load is determined
asymptotically and various deductions are made. The result is
particularized to that of a finite column on a purely cubic nonlinear
elastic foundation.

1.0 Introduction

Stochasticity in both static and dynamical settimgs long been investigated, particularly , as it
pertains to the stability of elastic structuresrliea investigations in this regard include Crandle?] (and
references there cited), and Caughey [3] ( anderées there cited), among others. Some of thesstigations
were directed at elastic model structures and petifically at actual practical every-day enginegrstructures
.In the terrain of elastic stability of structurésyestigations on stochasticity have often beeatudised in the
context of random imperfections but seldom in tloatext of the loading or forcing function. The arsid
presented here therefore has a two-fold departare most of the existing literatures particulaily the sense
that stochasticity , as it actually concerns peattengineering structures, is here discusseda dtynamical
setting, and , besides, both the loading and inp&dns are assumed random . Thus , while the ngai
random with respect to the time variable, the irffgggion ,on the other hand ,is random with respethe space
variable.

A finite column on a quadratic —cubic non-linedastic foundation, is an imperfection-sensitive
structure that was initially investigated by Hamsad Roorda [4,5] .Later, Elishakoff [6] discu$sein the
context of reliability ,assuming a case of randampérfection while Ette [7] investigated the dynastiability of
the structure and assumed deterministic imperfiectidhe main substance of this study , therefsethe
determination of the dynamic buckling load of theusture using asymptotic approximations in a ragul
perturbation analysis in the case where both tleitg history and imperfection are considered oanlg
stochastic and adorned with certain imbued nonsbang statistical characterizations ,such as thésstal
mean and autocorrelation .

20 Mathematical formulation
As in [6,7], the relevant differential equation is&d by the normal displacemeft(X,T) of a
viscously damped column (with linear viscous dargpiaken proportional to first degree of velocity) a
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nonlinear quadratic-cubic elastic foundation,(siegrm), but trapped by a random dynamic |B&B), whereX
andT are the spatial and time variables respectively, is
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Figure 2.1 Column on a nonlinear elastic foundation

where a subscript following a comma indicates phdifferentiation,m, is the mass per unit lengtt, is the
damping constant per unit length per velocity (assth positive) and; > 0, k, > 0 andk; > Oare positive
constants while@¥ is the imperfection-sensitivity parameter . Foe 8pecial cas&, = 0 (i.e. a column on a
strictly cubic nonlinear elastic foundation), tlesultant nonlinear foundation is said to be a ‘&sufig spring” if

a =1, where as, it is said to be a “hardening sprilfigf = -1. In equation (2.1)E! is the bending stiffness,
whereE andl are the Young’'s modulus and moment of inertia eeipely. The nonlinear elastic foundation
exerts a force per unit length of valleV — kW — aksWP  on the column. The time dependent load function
P(T) and twice differentiable stress-free imperfect\'ﬁﬂ(x ) are random functions, each, with a non-vanishing
statistical mean and autocorrelation. We haveautedl axial inertia as well as nonlinearities higtien the
cubic .Also neglected are nonlinear derivatives wf(x ) We introduce the following nondimensional

guantities

1 1 1

s Ky )2 P(T) K, 12— = (kg )2

x:(—lj X,w=| 2| WAf(t)=——L— t=| =2 | T,&w=| 2| W (23a)
El k, 2(ELk, )2 m, K,

Ll 2c=—2—, 0<c<10<A<1,0<é<1 (2.3b)

(kik,)2 (mok,)2

On introducing (2.3a,b) into (2.1) and (2.2), weda

+2)f (t) w,

Co

2_
W= AW —wP = -240 1=()‘?JI
X

W, +2C W,, +W,

it IXX XX

1>0 (2.4a)

X

w=w, =0at x=0,7; w(x,0=w, (x0)=0, 0<x<m (2.4b)

IX X
Here, A is the nondimensional amplitude of the random Iofa(i) while g? is the amplitude of the random

imperfection V_\/(X) Analysis presented here was developed in [8] heiteixposition here is strikingly different
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in context from that in (8). We assume the sﬁaﬁ$mean<\l_v(x) > of imperfectionv_v(x) to be given by
(w(x))=r,,0<r, <1 ;</\>:71TJ'(/\)dxwhere</\> (2.5a)
0

is the Mathematical expectation. Similarly, thaistecal meanE[f(t)], of the random loaé{t) is given by

!
E[f(t)]:ro,0<r0<l,E[/\]:IimT—.oo%J‘(/\)dt (2.5b)
0

Elishakoff [6] specified some forms of the autoetation RTV(XX,XZ) of the imperfectionv_v(x) and these
include the following:
2QsinT (x, -
() Rulsx)=Den o}, @) Rifue) =225 8) g

Xy =%

(¢) Ru(x.%,)=Cppsin(pmrx,)sin(prrx,) (2.50)
whereD, G,Q, T, P andC,, are positive constants arX| and X, are two distinct points on the column. In our
quest for the solution of (2.4a,b), we are to ab@iparticular value of, called the dynamic buckling load ,
denoted ble and is defined as the largest load parameter tuctwthe solution of equations (2.4a,b)
remains bounded for all timte> 0 . According to Elishakoff [6,9], and Ette [8)e condition for obtainingp is

i:o (2.6)
dO, '

where Dais the maximum mean displacement, assumed to héitable statistical characterization of the

dynamic response statistic. It turns out that tleamndisplacemerit] (X,t) .which we shall hereafter initiate its

determination, actually depends on the statistivgdns and autocorrelations of bofr(t) and V_V(X).

3.0 Static analysis
Elishakoff [6, equation 30], in amth term solution, using a slightly different non-dins@éonlization

process for the case of deterministic imperfectairained the static buckling load " inthe following form

23 2 3
a,-a+ 3 :8—1(%j S, —(am—aﬂ)i——:alz—aﬂfm (3.1a)
3y, 32\ m 3y, 27y,
) _2@)251 a1b)
Y 3lm '
where all the terms in (3.1a,b) are as per the metature used in [6].
3.1 Solution of the problem

We first obtain a detailed asymptotic derivation rafrmal displacemenW(X,t) subsequent upon

which we determind] (X,t) We let()= A& and substitute same into (2.4a,b) to get

2_
w,tt+2cw,t+w,xxxx+%+w—,8w2 —w?=-210f (t)% t>0 (3.2a)
X
We let w(x,t):i“w(i)(x,t)mi , W(x)=a,sinmx,m=1,2,3A (3.2b)
i=1

and substitute (3,2b) into (3.2a) , equating doiefits of powers of | to get
d’w
%2

Lw® =w + 200l + Wl +w=-2f (t)

bt XXX X

(3.3)
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(1)
w
Lw® = -2f (t) q'?“ +Bw®? (3.4)

)
Lwi) = -2 ()
z

Wy @ 4 @3 (3.5)

wl=wl) =0 at x=0,7;w(x0)=wl(x0)=0, 0<x<7mi=123A (3.6)
The solution of equations (3.3) - (3.6) is effedbgassuming

On substituting (3.7) into (3.3), usi (

A(r::.1),tt + ZCA\(n (m +1)

We solve (3.8) to get

A Zammf Ji{t-r)dr, hiz)= %W'%wm“ﬂ—cz (3.9)

It therefore follows that (X t) = An ( )sm mx (3.10)

s in (3.2b), we have
= 2a,m*f(t) ; AW(0)=AY(0)=0 (3.8)

m

w O(x, t)zni )(t)sinnx 37)
)

We next substitute into (3.4) fcw(l) (X,t) from (3.10) and get

(1) i W2 -
L = 2P A fq?(t)smmx BA (12 co2Mx) W2 (x0)=w(x0) =0
Using (3.7), forl = 2, we substitute in (3.11a) to get

zanrnzp?(rl])f() IBAL)Z ()5n72m1 (A = A2 (A —
A, +2cA) +(nf +1) AL = : o A @(0)=A2(0)=0 (3.11b)

where 5n y om4 1S the Dirac delta function. On solving (3. 11b)3 thave

(3.11a)

t
hir dr + —nremdc Onsoms h(r r)dr (3.12
I AR t=7)dr+- n(z ! (3.12a)
On further S|mpln‘y|ng (3. 12a) we have
m4 t (t-7,) ,3
J' J'h 71)1‘(t—rl—r2)drldr2+—7T“2er1
() ier) (3.12b)
J' j j rz) f (t—rl—rg)drldrzdr3
0
It follows that W(z)(x,t) = A(nz) (t)sin mx (3.12¢)
We now substitute into (3.5), using (3.10) and Z8)1to get
2 (2) H (1)3 . o
Ly = 2MAT fg(t)sm MX , Al AG) (1 - cosmy) + aAl (Ssm;fnx sin3mx) 3.138)
G)(x,0)= w(x,0)=0 (3.13b)

On substituting (3.7) into (3.13a,b), for=3, and simplifying, we get, far= m
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@ O Hrf +1) A0 = "
An 1t t+ZCAn ’t+( + ) m g( 377(2m_]) 4
AP(0)= A(f)t (0)=0 (3.14b)
However, whem = 3min (3.13a,b), we have
16 t)A~ L aAb’
AST)M t+2CA:£i1’t (8:I_m4 +1)A( 3 —_ ﬁAnl(Szg\rnn (1)) om1 _ @ 2 ( ) (3.15)
A2(0)=AY (0)=0 (3.15b)
On solving (3.144a,b), we have
=— | hz)A t r t~t dz'+ nm- t rdr+— 7)A; t rdz'(316)
I A ol I I o)A

0
After S|mpI|fy|ng (3.16), we have

2 = 4 t(ton) (t-r-)
A(ns) (t) = ZL 48,m J' h(Tl)h(Tz)h(Ts)f (t B Tl)f (t T Tz)f (t O Ts) dz,dr,dr,

f E 0 O 0

) (t--7,) (t-z-3)

h(Tl)h(Tz)h(Ts)h(T4)f (t - Tl)f (t LT T Ts)x

4 a2m4ﬂ 6n 2m—l j' -
0

3z (2m) A 0
) 832 6 t (t-7) (toy) (t-14-75)
flt-z, -7, -7 )drldrzdr3dr4]+ 5/32"”2;“1-{ “é;m! { j jo h(z, )h(z, )h(z, )h(z, )%
flt-r,-7,)f(t-r,- r)f(t—rl -r,)dr,dr,dr,dr,

=2 t (t-7) (t-7) (t-ry 1) (t-1y75)
1 T e e e s
ft-r,-7,-7,)dr,A dr, |
+6a'(agnrnz)3_t|'tJIl (JEl (j) h(r )Nz )z )n(z,) f(t-7,-7,)f(t-7,-7)f (t-7,-7,)dr,A dr,  (3.17)

0

We similarly solve (3. 15a b) and get
1

w é]’ t - () 3 o _ ot
m 15 Z'n.zm_l .[h ) dl'C%E[h(r)Ai (t_T) a; h(‘L’) —(81n4 +c? —])2 (3.18)
On simplifying (3.18), we get
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= t 11 t 11 t 11—13)
A§3) (t) — 16ﬂﬁn’2m -1 4'amrn4 t

m —

15 m'(2m-1 g Tl )h(Tz )h(Tg )h( ) f (t T, -7, ) x

o'—.
'—-

t(t 11 t 11 (l 7:1—7:3) (t—11—13)~

f(t-fl-f3)f(t-fl-fs-14)dflAdf4+4ﬂm3a55wm—1;j L )
)

0 0 0

h(Ts)h(T4)h(Ts)f(t_Tl_Tz)f(t_fl_%_74)f(t_71_73_75 dTlA dzg ]

(t=11) (t=71) (

—2a(émm2)3j. ]. I J.rl 2)h(r )h(r4)f(t—rl—rz)f(t—rl—rg)f(t—rl—r4)dr1/\ dr, (3.19)

We thus have w (X,t) = Agf) (t) sin mx + A3(2 (t) sin 3mx (3.20a)
so that the displacemelW(X,t) now becomes
wix,t) =wl O+w@ 2 +w F +A =0AY sinmx+ 1 A? sinmx

+F (AQ simx+ AP sin3mx)+A (5200

3.2 Mean Displacement
We first determine the meaé§m> of the random paramete®,,, as well as the mean squares

R, (0) and R, (0) of both the imperfectionw(x) and dynamic loadf (t) respectively, where both
Rw(o) and R,(0) are obtained from the respective autocorrelatiagisen byRW(xl,xz) and
R, (t,,t,).From the second of (3.2b) ,we have

(w(x) )=r, =(a,sin mx) (3.21a)
If we multiply (3.21a) by sin mx and integrate fr@o 71, we get
(a,)= 2::1_ , m=1,2,3A\ (3.21b)
Similarly, the autocorrelationR (Z) ,of V_V(X) i
Ry(¢)={ [W(-(w) ][W(x +¢)-(w(x+2))]) 3.210)
Thus, R; (0) is obtained by settind’ = 0 in (3.21c) to get
R,(0)=( (W(x) ) -r? =2qQT (3.210)
where we have used the autocorrelatap (Xl, X2) = 2Q Si)r(] T ())((1 — XZ) as in (2.5c¢). On substituting into
17 %2
_ . o8 +2QT)
(3.21d) forW(X) and simplifying, we get <ani> = W ,m=123A\ (3.21¢)
We now determine the statistical mean displacen@ﬁx,t) , whereD(X,t) = < <W(X,t) > > and where
()= )ER] (222

The averaging process in (3.22 results from thesasion that virtually each of the terms in (b2 can be
written as a product of a function of the time ahfe ,on one hand , and another ,as a functiopaifad variable,
on the other hand . Besides, the averaging progéssgpace and time variables are independentatf etoer
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and this makes (3.22) possible. We shall assumautteeorrelation R; (tl,tz) of f (t) to be given by
R (r)=E[f({t)f(t+7)]=Re™" ,0<R,<1,0<a, <1 (3.23)
Thus ,when7 = 0,we have the variance (or mean square)f((t) given by Rf (O) = Ro Following the

limiting process in (2.5b), we remark that the uplit of any integration with respect to the tinariable is
henceforth evaluated at infinity. Now, the mearphk'sementD(X t) takes the form

O(xt)=( (wxt)))= <<DAn sinmx+ P A sinm 7 (A9 simx+ A S|n3m>)+/\>> (3.24a)

The operation in (3.24a) is distributive over etertm and so we have

D(x,t)le<<A§},) >S|nm>&D2<<An>>S|nmx+EF‘{<< smm>§> << S|n3n>§\>}]+/\ (3.24b)

We shall now evaluate individual terms in (3.240)hus, using (3.9) and (3.22) in S|mplifyir<<A$)>>, we

have <<A(ﬂl)>> = 2m2<§m>jfh(r) Elf (t-7)]dr =2m?r T, (7,), T, :(W—iczj (3.25)

Similarly on using (3.12b),we evalua<€ A(nz) > as

<<A(f’>>=4m—<>ﬂh el -, (-7 -r2) i,

¢ (3.26a)
4 g 00 00 00
il 'B< > e J-”h r)h(r,)h(r,)E[f (t-7, -7, )f (t-7,-7,)]drdr,dr,
We note the foIIowmg S|rcr)1r?)l|(1)‘|cat|ons.
E [f (t - Tl)f (t i 72) ] = RoR; (_ Tz) = RoR; (Tz) (3.26D)
E [f (t - Tz)f (t - Ts) ] =RR (Ts) =RR (Ts) 3.27)
Thus on substituting (3.26b,c) into (3.26a) amdmifying, we get
o _ AM'RITLT, (a,) 4B (a2) T, 1,0, 0 1
<<A“ >> - g * = 2 2|’
g 37 bn+(c+a)
1
T, = (—¢§1 " (C - a)zj (3.28)
We now evaluat6<<A(ﬂs) >> using (3.16) as follows
<<Ag‘3)>> = 2m? rOEQOTOZle 4m’ _<51 > 4m ,8< > 12m-1
'3 '3 3
| 2T R (30) { oo+ 4653, ,zm_l} 620)
9(2m-1) s
o\ /= 1
+6a m6r0R0T0T1T2<a,i><am> ; T2 ZW
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We next evaluate<<A§2 >> in the following way:

<<A;n>> v m,zn_{ z TTTTh 71 r(fz h(Ts h(74)E[f(t O 72) (t LT 7:2)]

15{2“'])” 0000
) e

de, A\ dr, + m’znl‘[”” rJn(rz h(r3 h(r4)l‘(15)E[f(t -7, - 12) (t T, " Ty~ 14) (3.30a)
ft=r, ey =rc) ] b= 205 ] e e el El =)

0000
f(t_fl_fs) f(t_Tl _74) ] dr, A dr,
The simplification of (3.30a) is similar to that({®.29a) and this yields
<<A3(3)>> _ _32M°BR, 140, s | 4 (@) TTT,T, | 4M *B(a2) 0, 10ms TTLT, T,
" 15 77(2m -1) 3 3

(3.30b)

1
-2am®a Wa?)RrTT,T, , T,=| ——
<m><m>00122 3 ¢32m+C2
Though we have actually evaluated all the termesxasessed irD(X,t) in (30b), we shall, for the enforcement

of clarity, not substitute for them at the moment.
3.3 Maximum mean displacement

The mean displacemerﬂ(x,t) actually depends only on the spatial variablebecause we have
automatically eliminated the time dependence bylithiing process as in the second term of (2.9hus , the
condition for maximum mean displacemenﬁ]s,X (Xa) = 0.0n substituting this into (3.24b),we have

X, :i, m=123A (3.31)
2m

where X, is the critical value ofX at maximum mean displacement. On evaluating (3.24K, , we have

0, =00c) =0 (A9) o 2 ( (A2) o | (A0) ) —( (M) [on e

We now substitute all relevant terms into (3.32] get

0, =0C,+[F C,+[° C, +A (3.33a)
a,)m m hr2m-
C, =2m?r,Ty(a,), C, = 4RT,T, <a’"2 "B {) Sram (3.33b)
'3 3
c 2 BMRITT (@), B3, |, 20ARTTTA(E) G ans [B® , AM°S,,00,
: 3 g 3 371(2m-1) g 3 (3.330)

, 32RGTTT,T, [4m (@) , 48 (&%) 0, oma

1d2m 1) 7 37 ] +2a mGRgroToT12<am><anz1>

The dynamic buckling Ioad‘lD is determined using equation (2.6). Accordind\toazigo [12] and Ette [10] ,
this is accomplished by reversing the series €3.88 that we have

O=d,0, +d,02 +d,02 +A (3.34a)
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By substituting forDa in (3.34a) from (3.33a) and equating the

coefficients of ] ,[1*and[® ,we have the following respective values

1 C 2C2-Cc.C
d=—,d,=-72% ,d,=—2—"=2 (3.34b)
C, CS C;
The maximization (2.6) is easily accomplished @a4a,b) to yield
d, +2d,0 , +3d,0% =0 (3.35a)
wherell ; is the value of ], at A = A, (i.e. at buckling) . We obtaifl_, from (3.35a) as
1 1
O, =—{-d, +(d? -3d,d, > (3.35D)
3d,
By way of simplification of (3.35b), we get
1 2
(dz2 —3dld3)5 =z 3C53 1- 2 (3.35¢)
C, 3C.C,
Taking the negative of the two signs from the absyaare root, we have
1 1 2
~d, (-3 ) = a1 |=- 3%[ % j G | ey
(-l | 190 %S 303(1—5@}
G\ xg
We acknowledge that we have already used, as34i§R.the simplification
2C2-C,.C C 2C?
d3 :%:—_‘2 1- 2 (3.38
C C C,C,
Now , the actual evaluation dEaD , from (3.35b), using (3.35d,e), is
'1 ) C,+/C, |
3[4 _ 5(:22 sc.l1- 5('322
- C: (1 3C,C, J \/ 7 3cc, (3.35)
@ 3C, L 2C3
C.Cs

To determine the dynamic buckling lokgl we e\;aluate (3.34a) at=1p and_get, after multiplying it by 3

305 = Ol 3(d, +d,0,5) + 30,05} (339
wherel[J, is the value of ] at A = A . If we make3d,[J2, the subject in (3.3§, we get
3d,02, = —(d, +2d,0,,) (3.38

On substituting (3.39 into (3.39) and simplifying, we get
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2
1

We note that (3.36) gives the expression for evelgathe dynamic buckling load, which can easily be
achieved by substituting folﬂaD from (3.3%) and we have similarly substituted fdl_{ and d2 into (3.36)
from (3.40b).
3.3 Analysis of result

The result (3.36) is asymptotic in nature and desjts apparent length, it is a simple result that
determines,. directly because all the terms on the right hsidd are virtually known and already evaluated and
independent ofp. Specific results, such as for the cfse0, can easily be obtained by substitufing O in the
result (3.36) . Alternatively, the same result easily be reworked by setting € 0 from the beginning of the

analysis to give
1
_ 2
A€ :L(QJ (3.37)

30,=34,& =0, (2d, +d,0,,) =20, (1—%} (3.36)

33\ C,

This gives the equivalent result for a column auhic nonlinear elastic foundation under randomeatyic
loading. The result is valid for

c2 | |

C,+/C, <1 5C? <1 and% CC <1. An approximate form dfl  is
3C,|1- 5C, 3C:Cs o
: 3C,C,
5C;
Cf(l—z j
O, O 3C,C, (3.38)
: 3C,

5C3

which is valid for < 1. In all the results so obtained, possible cominatof the various parameters

13

include the fO"OWing:Q - ﬂ- ,T =T, kl = ]T4’ k2 = k3 = Olkl andQ = (;'01,
T Vs

T :%’ k, = (27T)4,k2 = 04k, k; = 0k, among others.
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