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Abstract

In this paper, the solution of the Gross-Pitaevskii equation is
obtained numerically and the spread of the boson molecules in the vortex
examined. I n our study, we considered the attractive interaction for which the
coupling constant is negative and the vortex is generated in harmonic
potential. Our results show that, for attractive interaction, the boson
molecules spread out from the centre of the vortex as the strength of the
interaction increases.
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1.0 Introduction

Bose-Einstein condensation (BEC) has commandechsataesearch efforts since its theoretical
inception in 1925, and its experimental observaiioh995 [1-3]. BEC exhibits a topological deféED) which
appears in cross-disciplinary subfields of physi€his is the consequence of the topology of thikoparameter
in the condensate [4]. Quantized vortex is a pxample of this. In 2004, Kasamatsu et al [Shoted a new
effective vortex-molecular field that features aydospin texture with meron pairs in Bose-Einsteindensates
(BECs).

When a trapped gas is cooled to BEC, laser beambeased to stir the condensate such that theephas
of the condensate wave function is moderated talyme a desired velocity field. In this method ofitex
formation, if the stirring or rotation frequendy is below certain critical valu€., no special motion is
observed, for a rotational frequency above thiscali value, lines of singularity appear in theogiy field of
the trapped condensate. These singularities diexidhe vortex filaments and they correspond tguantized
circulation of the velocity along a closed contawound the vortex [6]. FAR = Q, a single vortex is formed
while Q > Q. produces more vortices. At different occasionsp/ihaeer et al [10] and Haljan et al [11]
reported the creation of lattices with up to ~ 20@tices. However, the number of vortices that bargenerated
is different in harmonic and anharmonic traps. ddkal trap frequency, which sets the scale 6%, limits the
rotational rate in harmonic trap. In other words,ttee angular frequency of rotation of the gas eaghes the
transverse trapping frequency, the centrifugal gampproaches the restoring force exerted by thpedana the
atoms become more and more weakly contained. Thitation is overcome in anharmonic trapping patnt
[12]. In this present paper, we limit ourself te@tex generated in harmonic trapping potentiateiaur aim is
to isolate a single vortex for analysis. Vortes ladso been observed in a number of BECs trappethgnetic
potential [7, 8, 9]. Despite this work on singleeemponent condensates, the spread of the moleotilée
condensates within the vortex has not been reptotéte best of our knowledge.

In this paper we investigate the particular chandstic of boson molecules within the vortex in the
condensate using a numerical scheme developed let@lg15]. The rest of the paper is organizefbdews:
in section 2. we present the derivation of the &®aevskii (GP) equation, a mean-field model,dute
describe the dynamical behaviour of the condensetiecules. In section 3, we seek the solutionhef GP
equation by a numerical scheme. We conclude therpagection 4.
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2.0 The GP equation
A trapped gas of N interacting bosons that is urniderinfluence of an external magnetic potential of

est(r) can be descrlbed by many-body Hamlltonlan in secprahtization as
H = [dr” (r)[- ” — DTV (W) + j drd'W* (W (F\V(r -r)wrwer) @D

where¥(r) and¥(r") are boson field operators that annihilate amditer a particle at positianrespectively and
V(r - r') is the two-body interatomic potential. The fielderator¥(r) can be considered in Heisenberg picture.
This means that we can determine the time evoluifoiie operato®(r,t) using the Heisenberg equation with
the many-body'Hamiltonian in equation (2.1)

in%lv(r,t) = [—%DZ +V_ (N +]dr'@ (', ) xV(r' =)W' H]w(r,t) 22

BEC is observed in an ultra-cold situation. Inilatd and cold gas, only binary collisions at loweegy are
relevant, which are characterized by only the sevawattering length [13]. In this condition, thartixle
interaction is independent of the details of th@-twody potential. Consequently, the two-body irttardac
potentialV(r' - r) in equation (2.2) can be replaced as foIIows;

S =90(r —1) 23)
In this presentation, the right hand S|de measthreseffective interaction in the condensate, whegris the
coupling constant, which measures the strengthefrteraction. Equation (2.3) allows the replaeetrof field
operator¥(r,t) with the condensate wave functidfr,t). Using equation (2.3), equation (2.2) becomes

2

. d
iN—-®(r,1) =[~= 02 +V,,(r) + go(r, 0] Jo(r, 1) @4)
ot 2m
The equation is known as the GP equation. Theemsate wave function can be written as
o1 1) = ;a(r)exp{ﬂj 2.5)
n

whereyp is the chemical potential.
The wave functiom is normalized to the total number of particlegoagbf* = N

[—;‘—DZ PV (1) + o) 1) = egxr) 26)
m

This equation is a form of the nonlinear Schrodingguation, the nonlinearity arises from the mdaldfterm.
The external magnetic potential which is the traggiotential is usually represented by the harmpaotential

(2.7)
V.
where &,, =3/ W, w,w, is the geometrftf“zgvgragg ofctﬂ@ oscillator freqyeag,, , also defines the harmonic

oscillator length agi},; = N/ Mda),, . If length is measured in terms 68, , equation (2.6) becomes
(2.8)

2 —
All quantities in thL‘&HﬁaJﬁan ei'?egm)&lr]w%@@léﬁﬂﬂl normalization condition now satisfies

Idr|¢(r)|2 = 1. To incorporate vortex structur€, equation (2.8) can be written as
¢(r) = ¢(r) expCipd/n) exp(ik,2) (29)

Caroli et al [14] used equation (2.9) to describeyiindrical vortex structure withy the orbital angular
momentum quantum number which takes on integralesaD, +1, +2, +3, ... anlj, the zcomponent of the
momentum. Equation (2.8) becomes
d> 1d 2
[—F——d—+'u—2+k22+r2+g¢2(r)](o(r):2£qp(r) (2.10)
r rar r
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In Ref. [15], equation (2.10) was solved for 0 where no vortex structure is observed. We idensd the case
wherep > 0 for which vortex structure is incorporated.eT$olution of equation (2.10) is sought near thgiror
of the vortex core, which reduces equation (2.&0) t

2
[r* :rz +f%+(r2(2€-kf)-/~12)]¢(r)=0 (2.11)

1/2
By making the substitutiorX = (28 - kzz) r

,, We otain a Bessel equation (2.12). FA€ — kz2 =1 we

obtain equation (2.13) whose solutiong&r) = J ,(r). Equation (2.13) gives the initial conditions reqd
for the solution of equation (2.10). 5

d d
[x* e + Xa+ (x* =)@ (r)=0 (2.12)
d> 1d (r*?-u° 2.13
N ACRL o

3.0 Results

The variations of the wave function of the BECs gttewn in fig. 1.In this result, we implemented the
quartic Runga-Kutta algorithm for equation (2.18uation (2.13), which is the Bessel equation ef fifst

00

> (=)™ (O Br) 2
order, gives the initial condition for the problewith Jﬂ(r) =00 estimated foru = 1
nl(n+ u)!
andr = 0.01. The solution is sought for= (-1, -45, -50), which shows attractive interantiwithin the
condensate molecules. We observe that as the #trefgnteraction increases the wave function peakay

from the centre of the vortex core and the paditénd to spread out. In other words, the radiuth@fvortex
increases.
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Figure 3.1 Condensate wave function for attractive intecact

4.0 Conclusion

This paper solved the GP equation numerically a@ainined the spread of the molecules in the vortex
using the quartic Runga-Kutta method. The presentederical results show that, for attractive intéicm, the
boson molecules spread out from the centre of dhex as the strength of the interaction increases.
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