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Abstract

Analysis of non-linear equations has been a very difficult aspect of
mathematics. This paper ventures into the specifics of Van Der Pol equation
as related to the use of perturbation method of its analysis, finally employs
the Krylov-Bogolobov techniques. Our purpose here is to describe the main
features of the method of asymptotic expansion an example, that of Van Der
Pol equation.

1.0 Introduction

Most problems encountered in nature take basferdifitial model either as lump parameter system or
distributed parameter system, starting from enginge astro-physics to operation research. Onetmos
encountered of such equation sis the van der patem which we would also find in quantum mechardaad
celestial mechanics, etc. (Nayfeh A. H. 1973 [5]).

For this equation to have significant use in aggblication, their solution must converge to thal &
exact solution. Approximation towards a definednpés known as asymptotic method (perturbationtrodj.
This is the approach adopted in this work.

The early days Mathematicians, most of whom werensists in field like Physics therefore carved a
niche for methods for analyzing systems with se#ftaining oscillation and this method is called
PERTURBATION (Lugun N. I. et. al., 2000 [2]). Oimportant of such an equation is called the VanRigr
equation which was first encountered by Bathalza Mar Pol (1927 [1]) who was a Radio engineer.

Mary L.C. and John L. (1940 [4]) worked on theusimins of the Van der Pol equation and discovered
many of the phenomena that later became known leso&?, which describe the output of a nonlineaiaad
amplifier when the input is a pure sine-wave. Wiwle development of radio in World War Two depehde
high power amplifiers, and it was a matter of hfed death to have amplifiers that did what theyevsmpposed
to do. The soldiers were plagued with amplifidrat tmisbehaved, and blamed the manufacturer far ehetic
behavior. Cartwright and Littlewood discoveredtttiee manufacturers were not to blame. The equatse!f
was to blame. They discovered that as you raisegétin of the amplifier, the solution of the eqoatbecome
more and more irregular. At low power the soluti@s the same period as the input, but as the poaseases
you see solutions with double the period, and fyjngdu have solutions that are not periodic at all.

McGillivray A.D. (1998 [3]) in his work “on the Bding term of the inner asymptotic expansion of Van
der Pol equation” proved rigorously that the legdiarm in the inner asymptotic expansion of thexation
oscillation of Van der Pol's equation is correcThis was accomplished by constructing estimateschvhi
describes the difference between the asymptotigtisal and the exact solution. These estimates etk
rigorous and computable.

In most works that involves the solution usingraptotic expansion do not use time as the indepgnden
variable. Instead, one of the plane variablexessed as an asymptotic expansion of the otheeplariable.

In this work we involve the time as independentakde and also considered the plane variables.

20 Problem formulation
The non-linear oscillators are in general goverbgdhe differential equation, (Nayfeh A.H. et. Al

1979 [6]); &+ n°x + & (x, 89 2.1
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wheree determines the strength of non-linearity of thaatgpn. For small values efthe equation transforms to
a weak, non-linear equation. Hence it approximttes

&+ n*x 2.2
Equation (2.2) has a general solution

X(t) =asin(nt + @) 2.3
Differentiating (2.3) we have

¥t) =ancosft + @) 2.4
If the parametera and¢@ now vary witht then we have;

¥t) = ancosft + @) + &sin(nt + @) 2.5
Hence, from (2.4) we have;

&in(nt + ¢) + agcospt+ ) =0 2.6
Differentiating (2.4) and substituting into (2.1 wbtain;

n&cosy — nasiny = —&f (asiny, ancosy) 2.7

where{/ =nt + ¢@. From (2.6) an d(2.7) we have that;

&= —% f (asing, ancosy) cosy 2.8

g&zi f (asing, ancosy) siny 2.9

As a first approximation to the values & and @ we may replace the rhs of (2.8) and (2.9) withirthe
respective average over a range of@ ¢. This in effect gives the following:

da_ ¢ . .
— = J' f (asing, ancosy) cosy dt 2.10
dt  2/m g
d¢ ¢ .
— :—j f (asing, ancosy) cogy dt 2.11
dt  2may
3.0 Krylov-Bogoliubov technique for the Van-der Pol equation
We now apply the method formulated above to sdteeMan Der Pol differential equation;
&+ n°x=g(l-x*)% 3.1
Comparing equations (3.1) and (2.1) we have that;
f (asing,ancosy) = -(1-a’ cos’ ()ancosy 3.2
Recalling that for Van-Der Pol equation the paranet 1 we now have the result that;
da_(4-a%)as
—_— = 3.3
dt 8
d
and —¢ = 3.4
dt
The results of (3.3) and (3.4) are respectively;
&
2V Ar??
a(t) =———— and¢ =con: tart 35

1+ Ae®

Thus for a weak non-linear oscillator we have #sult;
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2V Ar%

X(t) zmSin(t + ¢)

4.0 Numerical simulation
7l
In what follows we have assumed a unit initial thepment and a phase constant—zef to study the

effect of changing values of the strength of the limear parameter as it affects the amplitudeilofation.
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Figure 4.1 General Displacement of a non-linear system wit0.1
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Figure 4.2 General Displacement of a non-linear system with0.2
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Figure 4.3 General Displacement of a non-linear system with0.3
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Figure 4.4 General Displacement of a non-linear system tith 0.01

5.0 Conclusion and discussion of results

The graphs of oscillation against time were plottétth different values ofe] strength. It is shown that
in relaxation oscillation i.e. in the Van Der Po#gquation if the damping co-efficient is negatikiert system is
unstable for small displacement where for largeldieement the damping coefficient becomes positiVais
small oscillation tends to diminish and a stabkile
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The Van Der Pol’s oscillation can be used in stngyiand understanding realization oscillation. For

large displacement, the damping coefficient beconegmtive. Finally, the analysis shows that the \Deer
Pol's equation has unusual limit cycle.

[
(2

(31
4

[5]
(6]

References
Bathalza Van Der Pol (1927)Ftequency Demultiplicatich Nature,120, 263-364.
Lugun N. I. and SIA Nemat-Nesser (2000), “SiteguPerturbation Solutions of a class of systemg3pfSingular Integral
equations”, SIAM J. Applied Maths. Vol. 81 No. 4.(4/219-1236
McGillivray A. D. (1998),“On the Leading Term of the Inner Asymptotic Expam®f Van Der Pol's Equation”SIAM Journal
on Applied Mathematics, Vol. 43, No. 3 pp. 594-612
Mary L.C. and John L. (1940), “Biographies obwien Mathematicians” http/www.agnescott.edu/
riddle/women.htm, accessed March 2007.
Nayfeh A. H. (1973), “Perturbation Methods’ hioWilley and Sons, New York.
Nayfeh A. H. and Mook D.T. (1979), “Nonlineas@llations”, John Willey and Sons, New York

Journal of the Nigerian Association of Mathematical Physics Volume 13(November, 2008)35 - 38
Analysis of the Van der pol equation Y. M. Aiyesni and T. Adeniyi J of NAMP



