Journal of the Nigerian Association of Mathematical Physics
Volume 13 (November, 2008), 31 - 34
© J. of NAMP

On the isomorphism of aut{Z,,), U-group U(n) and permutation group U(n)*

H. Praise Adeyemo
Department of Mathematics
University of Ibadan, Nigeria.

Abstract

In this paper, we compute Aut(Z,) and U-group, U(n) and

establish that these groups are isomorphic and give the systematic
construction of the permutation group, U(n)* which is isomorphic to to
U(n). Hence we establish the isomorphism of Aut(Z..), U-group U(n) and

Permutation group U(n)*. We consider only when n = 20.

1.0 Introduction.

Given a positive integer n, it is not a mere roaitmatter to find how many isomorphism types of
groups of order n are there. Every group of primdenis cyclic. Since Langrage’s theorem implies tiyclic
group generated by any of its non-identity eleméntke whole group.

Theorem A [5]
Suppose is an isomorphism from a group X to a group Y then
0] @ preserves the identity elements
(ii) Commutativity is invariant under
(i) x| = |wlx) Yxe Xiep preserves order
(iv) X is cyclic if and only if Y is cyclic
(V) If T is a subgroup of X, thef(T) = { ¢ (t) : t € T} is a subgroup of Y.
Definition 1.1

An isomorphism from a grougX( ¢) to itself is called an automorphism of thisgp.
Definition 1.2

The set of all automorphism Kis given by AutX).
Lemma B

A function from a finite set to itself is injectif@nd only if it is surjective.

20 The main results

In this section, we give the result whan= 20. We supposg is an element of Auft) and try to
discover enough information abofitto determine hoy must be defined.
Theorem C

There are only eight distinct automorphisms in(Zgg).

Proof
Let g € Aut(Zyy), we considef(1) and give the choices which turn it to beautomorphism iz,
Theorem A(iii), gives
BL)=1,p(1)= 3,8(1)=7,5(1)=9,(1)=11,5(1) =13,4(1)=17,8(1) = 19
These eight automorphisms are defined as follows:
B1:Zo0—Z50
Bi¥) =X TXE€ Zy
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BaiZog— Z2o

Bs(¥) = 3, TXE Zy
BriZ o Zao

B(X) =% ¥ XEZy
BoiZ 25— Z2o

Bo(X) = K, T XE Zy
B11:Z 20— Z2o

B1a(X) =11, ¥ X € Z 5
B13Z 20— Zao

B1a(X) =13X, ¥ X € Z 5
B17:Z 25— Zao

BiAX) =17, WX € Z 5
B1oZ 20— Z2o

BlQ(X) =1% ¥ x c Zzo
We claim that these are the only distinct automismpk ofZ ,, and any other one will be equal to one
of these eight.

Next, we give the Cayley table to show the strueir AutZ ,o) is a group under the composition of
functions.

Figure 2.1
0 5y B3 B- B P11 Bz P17 Bis
By 5y B3 B~ i P11 B3 Pz B3
B3 B3 Bs 5y 7 B3 Bis B11 51+
.5- .5- .31 .5-: .-.:l'g ..;1- .51 1 .'5 - 51 3
Bs Bs - i 5y Bz | By- Friz | B
11 B11 B3 B> B1s [ B3 B~ I
|II31 3 jig 51 5 |Il'-"11 i ji-' 5'5, |II3 ||:'|-1 E"
Brs B+ By1 b1z B3 B- by Bs i
[ B By7 Byz 511 [if f5- iz By

3.0 Construction of group of units modulon, (U-group, U(n)), n = 20
Definition 3.1
U(n) is the set of all positive integers less thamd eelatively prime to n.
Remark 3.2
U(n) is a group under multiplicatior(s) modulo n called the group of units modul@hgroup).
Theorem 3.1

LetU(n) consist of a reduced system of residue modulomthat| /{1 }| = |@(n)|,the Euler's phi-
function Then(U(n),*) is an Abelian group
Forn = 20, we have: umn={1,3,7, 9,11, 13,17, 19}.

The Cayley table gives:

11| 13| 17 19
11| 13| 17 19
13] 19| 11 17
17] 11 19 13
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9 9 7 3 1
11 11| 13 17 19
13 13| 19 11 17
17 17 | 11 19 13
19 19 | 17 13 11
Figure 3.1
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4.0 Construction of permutation groupU(20)* which is isomorphic toU-group U(20)
In this section, we give a result of how to constiitihe permutation group U(20) that is isomorpleic t
theU-group U(20).
Definition 4.1
A permutation of a set G is a function from G selit which is one-to-one and onto.
Next, we give the result in the section.
4.2 Lemma 4.2
There is one-to—one correspondence between theupgtl20) and the permutation group(RO)*

Proof
For any r€ U(20), define a mapping;:U(20) — U(20) by
a(y) = yr 7y € U(20) (4.1)
It is obvious that eachy, bijective. Therefore, it is a permutation. Defin
U(20)* = { a.:r € U(20) 7 r £ U(20)} (4.2)

U(20)* is a group under the composition of funaoln fact, U(20)* is a group on the set U(20)ext, define
a map!:U(20) — U(20)* by

I'(r)=a, ¥r £U(20) (4.3)
I" gives the following permutations

D = :[1 37 9 11 13 17 19
T Tl 37 9 11 13 17 19/
) —a :[-1 37 911 13 17 19
' 713 91 713 1911 17/

,.:.ﬂ:ff_z['l 37 911 1317 19)
! 7=\7 19 317 1119 13/
,,:gxlzf{:[l 37 911 1317 19
AT TE Tl 73 119 17 131U

f1 3 7 9 11 13 17 19
A =en=\11 1317 191 3 7 3/
£ a2} ‘13 7 9 11 1317 19
r3) =as={;3 1911 173 o9 1 7/

!

:t-' 9 11 1317 191

17 1119 13 7 1 9 3/
SN 1 3 7 9 11 1317 19
| g.- = fyg = -

ra=as=(15 1713 119 7 3 1)

Therefore, U(20)*= { @y 3, = Gy (43 47 @45 } .Itis a group under the composition of funci$o The

Cayley table is given by :

r(17) = ay-

. g ay air g gy | O3 ty7 | Oy
oty oy 3 ot o 1 13 orq7 ffyg
fig g g oy a; g3 | oys ayy | Q7
o o~ (r g oy €47 11 5 ffy3
s &g - Gz {fy g Gy Gy 1
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From Theorem A, I is an isomorphism and hence U(20) is isomorphitJ{20)*. The same arguments go for

Aut(Z,o) and U(20), hence , these groups are isomorphic.

5.0

Conclusion

In this paper, we compute a very special casevedélamotivated problem. Further work is in proges

to generalize these results using recent develogniigroup theory.
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