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1.0 Introduction
_ LetXbe a normed linear space with dal We denote byl the normalized duality mapping fork
to 2° defined by

W={FOX*<x f>=[x" =[f]’},

Where <.,.> denotes the generalized duality pairitags well-known that ifX* is strictly convex thed is single-
valued and ifX* is uniformly convex therd is uniformly continuous on bounded subsetXofsee e.g. [8]). We
shall denote the single-valued duality mapjbyLet E be a Banach space. We recall the definition ef th
generalized projection operator recently introdubgdALbr-Delabriere (see e.g. [1, 2]) as followsithwE as

above,K [J E , closed, convex subset & . Let
N, E-K

defined by Pi k X=X, whereX is the solution to the minimization problem
V(x,X) =inf V(x,¢)

and

V() =¥’ -2<x () >+¢]", i()DIQ).

It is shown [2] that\/(X, Z) can be considered not only as square of distaatveelen pointx and(

but also as a Lyapunov function withrespecttavith fixed x. In Hilbert (and only in Hilbert) spaces,
generalized projection coincides with the usualrimgtroject. Some of the propertieslof are shown in [2].

The Banach spac€ is said to be uniformly convex D (€) = 00L& [1(0,2], where the function
O :(0,2] - [01] is defined by

. +
getey=int - P Y =l = e 2

The modulus of smoothnessbfs the functiorpe defined by

Pe (1) :SUP{”H y”;”X_ ! ~L|{=1]y|=z.7>0}.

. T
E is said to be uniformly smooth #im 'OE—() =0.
r-0" T
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A mapT with domainD(T) and rangeR(T) in E is called weakly contractive (see e.g. [1, 2])hiére
exists a continuous and nondecreasing functigh: [0, ) — 0" such that ¢ is positive

0" -0,¢(0) =0, !IrTJ0 @t) =0 and forX, yOD(T), there exitsj(X — Y) J J(X — ¥) such that
[T =Ty] < [x =y - ellx = vl

T is called strongly suppressive on a closed corseixG [ E if there existsC[ (0) such that for all
X, ¥,0G, V(Tx, Ty) £ cV(X,Y)

T is called weakly suppressive of cla@;p(t) on a closed convex séb [1 B if there exists a continuous and

none decreasing functiop(t) defined onJ™ such thatpis positive on[J " =0, (0) = 0, lim ¢|(t) =
too

and (X, yOIG, V(TX,Ty) S V(X y) = ¢V (X Y))

T is called nonextensive on a closed convex@dt] B if for all X, y,00G,

V(Tx,Ty) £ V(X Y).
It is clear that every weakly suppressive mappsganextensive and every strongly suppressive mgpipi
weakly suppressive by setting(t) = (1— C)t. In Hilbert spaces, strongly suppressive opesatme weakly

contractive and nonextensive mappings are nonekpgaasd vice versa.

In [1,2], Alber-Guerre proved convergence resulith the generalized projection for the suppressive
and contractive-type operators. The author (with. Chidume and H. Zegeye) also generalized sontkese
results in different directions, see [4].

Let K be a nonempty subset of a normed sgacé mappingT : K — K is called asumptotically
nonextensive (see e.g. [6] if there exists a sexpipki, }, K, =1, such thalim k, =1, and

n- o
HT”X-T“y‘ < k,[x-y]
for each X, YLK and for each integen = 1. T is called asymptotically pseudocontractive (seg 8] if
there exists a sequengl, }, K, = 1, lim k, =1 such that
n- o

. 2
<T”x—T”y, j(x- y)>s Kol X =¥,
for each,X, YUK . The asymptotic operators were first introducgd3mebel and Kirk, while the contractive

and suppressive mappings were first introduced bpet-Guerre (see for e.g. [1, 2, 6]. These clasfes
mappings have been studied by various authorse(gee [1, 2, 3, 4]. Motivated by Alber-Guerre aBdebel-
Kirk, we now introduce the class of asymptoticallgakly suppressive maps.

Definition 1.1

The mapT :G - E,G 0 E, will be called asymptotically weakly suppressbteclassC(/,(t) if there exists

a nondecreasing continuous mggi [1* — [0 such that@(0) =0, ¢(t) = t, lim = and a sequence
t o0

{k.} suchthatk, 21, limk, =1 and X, yLIG, there existsj (X—y) [ j(X—Y) such that

n-oo

V(IT"x=T"y) < kV(xy) ~@AV (X Y)).

In this paper, we obtain some new results with geeaeralized projection operator involving the
Ishikawa-type iteration and some contractive ampseessive-type mappings. We study the asumptpgcators
involving the weakly suppressive mappings withlieép of the generalized projection.

2.0 Main result
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Lemma 2.1
Let {,0,) be a sequence of nonnegative numbers and {K.} a sequence of positive numbers such that

ki =21 limk, =1. Let therecursiveinequality 0., < K,0, —#p,),n=12K begivenwhere

| -

¢t) is a continuous and non decreasing function from O to O such that it is positive on

0" -0,¢(0) =0, @At) 2t, limgt) =co. Then p, - Oasn - o,

) Y%
Proof.
Let lim inf p, =a. We claim thatr = 0. For if not, then there i, such that In = N,

liminf p, =a >0 (2.1)
Thus there is a subsequer{g@,,; ) such that,0,; > K, 0, =& pP,) .
that is knj pnj - pnj +1 < ﬂpnj) (2'2)
Since 0,; and 0, have same limit, we obtain from 2.12: (Ky =Dp, < z wa) = oo,

j=N1 n=N1

that is, D> (Ky —Dp, <o, (2.3)

j=N1

Sincek; is bounded, say bi, then we get from 2.2 thz{pnj <oo. Thus the sequene{epnj} -0 as
j=N1

N — oo. This contradicts 1. Thug =0.

Claim g, - O asn — .

For if not, there is a subsequeng®, * such that 0, * does not tend to zero. Sinpg—0, given
£ >0, there isN, such thatp,; <50n>N,. We show that for anynlIN Y{O}, o, <3. Fork=
0, there is trivial. Assume true for amy we show that it is true fom +1, i.e. Oy <%. Assume for

contradiction thay0,, .y <%, then

. & £
2 < pnj+m+1 = knj+mpnj+m - ﬂpnj+m+1) < 1+Ejpnj+m _‘{_j

2
ie. £<pn.+ S Pus +£,0-+ _£<‘9_2’
2 ) +m nj+m 2 nj+m 2 4
ie. £<p, <_2,
2 nj+m+1 4

a contradiction. Hengg, — 0 asn — .

Theorem 2.2
Let E be a uniformly convex and uniformly smooth Banapace.T : G — E be an asymptotically

weakly suppressive map on a closed conveXsétl E . Then the sequent{e(n} generated by
Xn+1 = ”GT " Xn
converges strongly to the fixed pointf
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Proof
V (X1, X5) =V (7T ™%, 72TX) SV(T7%,TX) <KV (%, X)) =@V (X, X))
Using Lemma 2.1, we have th@, — 0 asn — . ,ie. V(X,,X ) — 0 asn — o We now invoke

Alber-Guerre ([1], pg. 24) to gdim
n - oo

X, — X H =0,ie X, - X* asN — o, concluding the proof of the

theorem.

Theorem 2.3
Let E be a uniformly convex and unfiromly smooth Banach space and T:G — E be an

asymptotically nonextensive operator. Then the sequence X ,; = ITGT " X, converges to the fixed point of T,

Proof
V (X1, X) =V (72T "%, 2T ) | SVTTT) <KV (%, ) <KV (%, %9).

We now invoke Aber-Guerre ([1], pg. 25) to concludet X, — X* N - o0, We now state and prove the

following theorem involving the Ishikawa iteratisasheme.
Theorem 2.4

Let H bea Hilbert spaceand G [ H be a weakly contractive map from G — H of the class Coo

and X* G itsfixed point. Then the iterative sequence defined by
Xn+1 = IDG ((1_ an)xn + anTyn)' yn = (1_:8n)xn +ﬁnTXn)
and l-a,)+a,0-B,)+a,B, <1, converges strongly to the fixed pointof

Proof
[ = X[ =l P (A= @)%, + @, Ty, = Pox¥|
<|@-a,)x, +a,Ty, —x* =[x, - x* +a,(Ty, = x,)|
= |@-a)(x, = x) +a, Ty, ~Tx)| <|@-a,)|x, —x*|+a,[Ty, —Tx*|
< (@L-a,)|%, = X¥|+ @[T A= B)x, + B.Tx,] - Tx¥|
=(L-a,)|x, = x*| +a, 1= B)x, + BTx, = x*| - a,@l(1= B,)%, + B,Tx, = ¥}
= (@=a,)[%, = x*|+a, (1= B,)|%, = x*| + B,|[T%, =T} - a,e.)
- @, =5+ 0,0 Bl x| B, =X B, XD ~,0t)
- @ a s, =5+ 0,0 Bl x|+ @, x| - s, = 7D -, 00)
=[(1-a,) +a, 0~ B,) + a,B,]% ~ x| - a,Balx, - x*) - a,@0)
<[(1-a,)+a, (1~ B,) +a,B,]% - x| - a.B.@x - x*)
Since(l—a,)+a,d-£,) +a,B, <1, then last inequality satisfies
[ = X7 = [, == v, = x*)
with y, <1. with o, :”Xn - X*”, the last inequality reduces t9,,, < 0, — V. pP,). We now
invoke ALber-Guerre ([1], pp.33) to conclude thaf, — 0,i.e. X, — X*asn — .
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