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Abstract

Let ORD, be the subgroup of all orientation reversing bijective
mappings of n-element set. It is shown that for m even: if m =2k + 1, then p,,,
€ ORD, has no fixed point. And if M is odd there are exactly n/2

derangements.
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1.0 Introduction and preliminaries
Let X, denote the set {1,2,n} considered with standard ordering and Tgt P, andO,, be the full
transformation semigroup, the partial transformmasemigroup and the submonoidTafconsisting of all order

preserving mappings of,, respectively. Another closely related algebraioacfure toO, andP, are Sn andD,

the symmetric and dihedral groups on theXgetespectively.

Catarino and Higgins [12] introduced a new subsemnig of X, containingO, which is denoted b@P,
and its elements are called orientation presermiagpings. They also introduced a semigréyp OP, U OR,
whereOR, denotes the collection of all orientation revegsinappings. Fernandes [14] studied the monoid of
orientation preserving partial transformations of finite chain, concentrating in particular on palrti
transformations which are injective. Bashir [7] siolered the subgroup of orientation preservingchije
mappings. Here, we consider the subgroup of ofiiemtaeversing bijective mappings. In particulare way
attention to a subgroup of the Dihedral gréaypof the order 8 defined as

D, :{x,y‘x“ =1, y’=1 xy= x'ly}.
Combinatorial properties df, andS, and some of their semigroups and subgroups respbgthave

been studied over a long period and many intergstid delightful results have emerged (see for giafil],
[8], [9]). Recently, inspired by the works of Bashnd Umar [6], Bashir and Umar [7], Bashir [8] Is®wn that

for n-odd there aren-even derangements, and foreven there are™ even and” odd derangements,
2 2

respectively, irOPD, (the subgroup of all orientation preserving bijeeimappings ofi-element set.).

At the end of this introductory section we gatheme known results that we shall need in later
sections. In section 2 we prove some results whiehwill need in the proof of the main results. Hinain
section 3, we obtain the number of fixed point feéements fon-even (odd) in the subgroup.

Throughout the remaining of this pap#f, N, andkO N, n>m>k, 0<k< m—l, and <m<n

—2. Ifm=2+ 1theng<k < m+land0<msn-2 Letp € ORD,, we sayp is an orientation-
2
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reversing bijective mapping o, if the sequence (12p,...,np) is anti-cyclic, the collection of all orientation
reversing bijective mappings of is denoted bRD,..

We define a reflectiop,, € ORD, byi — n—i —m+ 1( € X;) with p = py = i—n + 1 - i such that
(1p,2p,...,p) = (h,n—1,...,1) and is anti-cyclic. Thus, for every € OPD, there exist an equivalenegp in
ORD,. That is there exist an isomorphism between thgeuwpsOPD, andORD,

A mapa:X,—X, is order decreasing K@ < X, forall X inX.. If X< Y = Xa& < Y@, thena is

said to be order preserving for aliyin X,. LetA = (a,a,,...,a) be a finite sequence from the chain We say
thatA is cyclic or has clockwise orientation if theréstxot more than one subscripguch that, > a,.; where
as+, denotes,. We say thaf = (ag,a,,...,a) is anti-cyclic or has anticlockwise orientatidrthiere exists no more
than one subscriptsuch thag; < a;,;. Note that a sequenéeis cyclic if and only ifA is empty or there exi$t€
{0,1,...,s— 1} such thag;; < a.»< ...<a;<a; <...<a. iis unigue unless the sequence is a constant.

Recall from [1] that an even permutation is a peation which can be expressed as a product of an
even number of cycles of even length and/or a proofuany number of cycles of odd length. A perrtiatathat
is not even is called odd. The set of even perraumsitof X, called the alternating group is usually denotgd b
A.. Recall also that, a derangemenis a permutation such thafx) # x that is, a permutation without fixed
points.
Result 1.1

Let A be any cyclic (anti-cyclic) sequence. Thems anti-cyclic (cyclic) if and only iA has no more

than two distinct values. IfA=(ai,a2,K,q) is any sequence then we denote Ay sequence

(q,q_l,K ,611),called the reversed sequencedof

Result 1.2

Let A= (al,a2 K, at) be any sequence froiy. ThenA is cyclic (anti-cyclic) if and only ifA" is anti-
cyclic (cyclic).
Result 1.3

If (al,az, K, a[) is cyclic (anti-cyclic) then so is

(a) the sequenc@l,qz,K a ) (i, <i, <A <i,) and (b) the sequendfay,a,,, K a,a,K ,a,_,), forall 1< j <t.

2.0 Subgroup of orientation reversing mapping
We will use the following results, adapted to #hégroup of Orientation reversing mapping case,
which is easily proved.
We list some known results which may be found 2][{14] that we shall need later.
Proposition 2.1
Any restriction of a member of ORI also a member of ORD
Proposition 2.2
Leta € ORD, and let (a1 K am), m =1 be any cyclic sequence of members pfthén the sequence

(ala K ama) is also cyclic. Similarly(aa)ak (a,a)a) Is cyclic
Proposition 2.3 [11, Lemma 4.8]
Leta € ORD,.Then the digraph af cannot have a non-trivial cycle and a fixed point

Proposition 2.4 [11, Lemma 4.9]
Leta € ORD,. Then the digraph af cannot have two cycles of different length.

3.0 Number of fixed point free element
Lemma 3.1
If nis even, for m 2k, p,, has no fixed point.

Proof
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The assertion may be proof by inductionmthere are several cases to examine. First réwlfor all

n+l

2, O0ORD, p,=a"p = I—Zl (i,n—-m-i+1)- Forneven we consider two casesnaf m= .

Case L m = X and n-even
Considem=0and 2. 5 = % = - (i, n-i+1). Ifiisafixed point, ther _, i :n7+1
It does not exist il (set of natural numbers) pr

n+1

If = n+l is a fixed point, then it is clear that 1 is odd, since is even, it implies that=_—_—
2

- . o n+l. : :
does not exist itN (set of natural numbers) pr Hence or otherwise, if = T is a fixed point, then, 6> i =

n#lp= o =@ n)2 n-1A (”;2 ”;ﬂ(; n+1]. fm=2,=0p=Ln-i-1) Ifiisa

fixed point, thenj = L_l it does not exist il (set of natural numbers) prsince, by similar argument asrim

. . - n-1 .
= 0,nis an even natural number- 1 is oddnT1 O N . If we assume that7 =n-1 as in other case, an

odd number, that=n - 1 is a fixed point, it implies that— n— (n - 1) — 1# n— 1. HenceQ, doesn't have a
fixed point.

o=l n-2f2 n-3A (“;4 ”gzj(”;z ng (h n-1)

Case Il

Assume that the result is true for= K, px = (, N —i— X+ 1). If j = E(n -2k +1) is a fixed point,
2

then it is clear that — (X — 1) is odd, sinca is even andR- 1 is odd. It implies thaf‘_(2k _1) does not exist

n—@k—ﬁz (

in N (set of natural numbers) g.. Hence or otherwise, if we assume thaiT n- 2k—1), isa

fixed point, thenR—i=n—-(Nn—-(K-1)) - X+ 1#n—- (k- 1).
pr =L n=2k)2 n-2k-1)A (n—22k—1 n—2k+3](n—2k n—2k+2)/\

2 2 2
(h-1 n-2k+2)(n n-2k+1)
Case lll. m= 2(k+1), the next even natural number affK,

o =V = (i, n-i-2k-1)

po=( n-2(k+1)2 n-2(k+1)-1)A (n—z(k2+1)—l n—2(k2+1)+3j

(n—ﬂk+n n-2(k+1)+2
2 2
i_n—2(k+1)+1
B 2

)/\ (n-1 n-2(k+1)+2)n n-2(k+1)+1)

n-m+1
——E——,m=2W+D
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does not exist as a fixed pointdg, by a similar argument as in the cases | anddvatn=m+1 is odd, which

- . n—-m+l
implies thatninw1 does not exist itlN (or p = 2(k + 1)). Hence or otherwise, f=—— =n—m+1
2

thenX+1l->i=n-N-m+1)-X-1#n—-m+ 1 implies than — 2k + 1) + 1 is not a fixed point. The
induction process proves that the result is truafty value oin = 2, neven.
Lemma 3.2

If n is even and m-odd for every € ORD, there are exactly/@ derangements

Proof

If n=4kor (& + 2) is even, it is clear that there af2 even numbers @fi'sin n, andn/2 odd numbers
of m'sinnIf m= 2k + 1 there ar@/2 oddm's in n It implies that wen/2 permutations with two fixed points im
by Lemma 3.1. Similarly, by the same argument agwhiba 3.2 there aré2 derangements ifi.

Table 3.1 n-even permutations d&ffield points.

k 0 1 2 3 4 5 6 7 8 9 zenk
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OCoOO0OWOOOR
leNeoNoNoNoNaN
cNoNoNoNal™

leNoNoNal

[cNeRaN=

O ~NO R MWR

1
0 1
0 O 1

Table 3.2 n-odd permutations dffield points.

o
A
N

3 4 5 6 7 8 9
ze(n.K
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