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Abstract

We give, in this note, a simple proof of the identity.

ol 2T

by relating it to the coefficients of the series expansion of a holomorphic
function of several complex variables where the summation is taken over all
non-negative integersi, j, k such thati +j + k =n.
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1.0 Introduction
Let S = Z (I + J] (J +kJ [kﬂj, where the summation is taken over all non-negatitegers,
i+j+k=n | J k
j, k'such that +j + k=n. It is required to establish the identity.

2
S -5 . = [ ] sl (L.1)

Direct combinatorial arguments have often beemththod of proof [cf 2]. This note employs the caiéints of
the series expansion of a holomorphic functioneviesal complex variables. The precise result terbployed is
the following:

1.1 Theorem (Osgood)

If a complex-valued function f is continuous in@wen domainD [ [ and is holomorphic in each of
the variablesZ;, Z,,...Z, separately, then it is holomorphic i = (21, Z, ,...Zk) and

f (Z) = z &y i, (21 - Wl)n1 (Zz - Wz)n2 (Zk - W )nk

n,ny .n=0

— (Clcz Ck)dcldfz---dfk
owrn =) I e o e a2

(W, W, ... W) O D; (1., -6 ) O |¢; —w;|=r; andfis a holomorphic function of; in ‘ W‘ <r,.

where

2.0 We employ formula (1.2) to establish the identit(1.1) as follows

write & =iz_"(:) ('TJ](”;'J (”I_ j],then
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S"l = zan,i (21)
i=0

For a fixedi, j + k=n —i, hencek =n — i — jandj varies between 0 and niwithj+k =n-i,k +i=n—j.
Indeed, putting+j + k=n, thenj + k=n—i, k=n—i—j k+i=n—jand ['”'J :[k“j :(”‘JJ.
k [ i

For a fixedi, we have

oo
<55 (45

Consider the functiof(z, w) given by
f(zw)=@+z) @+w) 2+z+w)" = (1+2z) (+w) @+z+1+w)™"

=(1+2)" (1+ W)i nzll(n_] jj (11:\,;)]

i=0

o 5 ) (o)
2 LZL(”;‘JZ“

The coefficient ofw in f(z, V\) is
=L m=o\ M
Hence, the coefficient af'Z in f(z,V\b is

e

Hence according to formula (1.2) we have

_ [i)z f (z,w)dzdw
27t ) |2 Z"wH

and thus

n,i

LetO<r<land =C x C,where G |z| =r, then
J- (1+2) +w) (2+z+w)"
(ZVV)|+1

g

n,i

dzdw (2.2)

Hence by (2.1) and (2. 2) we have

4]72 I{ 1+z) (1+w) (2+W+Z) }dzdw

(zw) ™
_ -1 (2+z+w) z{(( +z)(1+w))}i ol

A+ zw  Sl(zw(@2+z+w
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_ (1+ Z)n+l (1+ W)n+1
-1 | 2+z+w) |7 (zw)™ (2+z+w)™
! ZW 1- (l+ Z) (1+ W)
(zw) (2+z+w)

_ -1 1 e (@ 2w
o sy e B

dzdw

Hence, we have,

R
+{(1+z)(1+v®}”

dzdv

37 T 4_7712 Jr.(l+z+vxlb(zw—])

W

:4‘7712 !1-12\,\,{(“2\,5\/1*:\/\& —(2+z+v\b“} drdw

Sincef| <r<1,W|<r<1,thengw< 1

Hence,
(2+z+w)"
and
1+2zw 1-2zw
are holomorphic i and
2+z+w)
I Q dzdw=0
1-zw

T
Thus,

S-S = g [EERT

is the coefficient ofZw)" in the expansion of the function (1zf" (1 +w)" (1 -zw)™" in powers ofz, wand is

n 2
equal toZ[nj .
oLk

Finally, consideration of absolute terms in theniitg

e o2y Vo |

dzdw

gives
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aHEW

2n
Hence, Sn—Sn_l = [ J

n

3.0 Conclusion
The coefficients of the series expansion of a holghic function of several complex variables are
employed to establish a combinatorial identity.
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