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Abstract 
 

 Hybrid methods incorporating one or more off-step points show 
promise of better stability characteristics and higher order than the 
conventional linear multistep methods (LMM). Infact, these type of methods 
provides a means of bypassing the Dahlquist order barrier for the 
conventional LMM. This paper is concerned with a class of stiffly stable 
hybrid second derivative continuous LMM with an off-step point. The 

methods are stiffly stable for step numbers 8≤k  and of order k + 3.  It is 
stiffly unstable when k ≥ 9. The definition of stiff stability is found in 
Lambert [21], Enright [10] and Butcher [7]. The new methods are of 
comparable accuracy to that of Enright [10] and the state-of-the-art code, 
ODE15s in MATLAB . 

 

Keywords: Continuous Linear Multi step Methods, off-step point, Hybrid  
 method, Stability, Root-Locus. 

 
 
1.0 Introduction 

In Ikhile and Okuonghae [17, 18] and Otunta et al [23, 24], classes of stiffly stable second 
derivative continuous linear multistep methods (SSSDCLMM) and hybrid LMM (SSSDHCLMM) for the 
numerical solution of the initial value problem (IVP)  
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/   (1.1) 

was introduced. Further investigation revealed that the methods in Otunta et al [21, 22] are stiffly stable for 
step numbers 12≤k  and 7≤k  respectively, see Okuonghae [25]. In this work we shall present further 
stiffly stable methods in the light of the above references. The class of hybrid SDCLMM of interest in this 
work for the numerical solution of the IVP in (1.1) is given by 
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The hybrid predictor is 
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where t is the scaled variable given as hxxt n /)( 1+−= / 

 Similar discrete formulations are found in Butcher [6, 7, 8], Enright [10], Gragg and Stetter [15], 
Kohfeld and Thompson [19], amongst other references. The way the formulas are used is that (1.3)  
 
 
 



Journal of the Nigerian Association of Mathematical Physics Volume 12 (May, 2008), 313 - 336 
Continuous linear multistep methods  R. I. Okuonghae and M. N. O. Ikhile  J of NAMP 
 

 
  
 
 
 

is used to obtain an approximation for the off-step point values of vny +   and vnf +  at the off-step point  

vnx +  in (1.2) respectively. The value of v  is taken to be 2
1−k  for a fixed k . The resultant methods are 

found to be highly stable and give accurate results highly competitive with other existing fixed step size 
methods in Adeniyi and Alabi [1], Alverez and Rojo [2], Alexander [3], Arevalo et al [4], Burrage and Tian 
[5], Beaudet [9], Feng-Sheng [12], Onumanyi et al [22], ODE15s in MATLAB [19] and Sirisena et al [26]. 
Apart from that, algorithms of this nature are often found to be good numerical tools for solving stiff initial 
value problem. It has been found in Gear [13, 14] that methods of these kinds can be stiffly stable. Also, 
see Enright [10], Fatunla [11], Lambert [21], Ikhile and Okuonghae [17, 18] and Otunta, Ikhile and 
Okuonghae [23, 24]. The equivalent discrete LMM to (1.2) is given as  
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with the predictor  
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The paper is organized into the following sections. Section 2 contains the derivation of the CLMM in (1.2). 
Section 3 is shows the derivation of the continuous hybrid predictor in (1.3). In section 4, the stiff stability 
of the methods is determined, using root locus method and, in section 5, the scheme is compared with an 
Enright [10] scheme and ODE15s code of MATLAB [19]  in some numerical experiments arising from 
solving a practical problem. 
 
2.0 Derivation of the second derivative CLMM. 
For the solution of the initial value problem (1.1) consider the polynomial interpolant 
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where  sa j '   are the real parameter constants to be determined. From (2.1), 
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 Collocating (2.2) at  ,)1(0, kjxx jn == +  vnx + , and interpolating (2.1) at  1)1(0, −=+ kjx jn  we 

obtain the linear system of equations 
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Solving equation (2.3), the values of  sa j '   are determined and substituting the resulting values   and 

setting thxx n += +1 , (where hxx nn +=+1 ) into (2.1) yield the coefficients{ } 1

0
)( −

=
k

jj tα  , )(tvα ,  

 
 
 
 

1)( =tkα , )(),(),( ,1,2,1 tandtt vkk βββ . For a fixed value of  k  with  ,1−= kt  a specific scheme is 

obtained with order of the method as 3+= kp . Table (1) in the appendix A, shows the continuous 

coefficients of the methods for .8≤k  For a fixed  ,1−= kt  results in the discrete equivalent methods 

and are stiffly stable.  
 
3.0 Derivation of the second derivative hybrid predictor CLMM. 

 For the hybrid method knkknk
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In a similar sense to the section above leads to the linear system of equations for { } 2
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Solving equation (3.1), the values of  sa j '   are and substituting the resulting values  into (3.1)  and setting 

thxx n += +1 , (where hxx nn +=+1 ) yield the values of the coefficients { } 1

0
)( −

=
k

jj tα , )(tvα , 

)(),( ,2,1 tandt kk ββ . See table (2) in the appendix A, for the coefficients of the methods. The order of 

the method (1.3) is 2+= kp . 

 
4.0 The stability of the methods 
 Considering the stability of the methods using root locus. On substituting the hybrid solution 

vny +  at point vnx +  into the LMM (1.2) for a corresponding k  and applying the resultant method on the 

scalar test problem  ,0)Re(, <=′ hyy λλ  hz λ=  with an arbitrary initial value, yields the stability 

polynomial 
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Plotting  )(zr j  against  z  reveals the interval of absolute stability of the methods. The general graphical 

form of the root locus plot has been discussed in Lambert [20], Otunta, Ikhile and, Okuonghae  
 
 
 
 
 

[23, 24]. Method (1.2) is said to be stable at  z  if  1)( ≤zr j   where kjzr j )1(0),( =  are the roots of 

the polynomial in (4.1) with roots of 1)( =zr j  been simple. Plotting the root locus of 0),( =zrπ , it is 

observed that the methods in (1.2) are stiffly stable for 8≤k .  The graphs below show the root loci and 

thus the interval of absolute / stiff stability of each method for a fixed value of  .8≤k  The case of k > 9 
are stiffly unstable, see fig (4.9). 

 
 Figure 4.1: Root locus for 1=k           Figure 4.2: Root locus for 2=k  

 
 Figure4.3: Root locus for 3=k      Figure 4.4: Root locus for k = 4  
 
 
 
 
 
 
 
 
 
 
 
 

 Figure 4.5: Root locus for 5=k     Figure 4.6: Root locus for 6=k  
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 Figure 4.7: Root locus for 7=k     Figure 4.8: Root locus for 8=k  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
Figure 4.9: Root locus for 9=k  

 
Table 4.1: The step number, interval of absolute stability, error constant and order of methods in (1.2) and (1.3) 

respectively. 
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Table 4.2: The range of t for which the hybrid LMM (1.2) are stable, and the order of methods (1.2) and (1.3). 

 
The range of t for which the methods are zero-stable Order  

k 
SDCLMM (1.4) P (1.4) P1 (1.5) 

1 { )},(: ∞∞−∈tt  4 3 

2 { )},275.0()24726.1,(: ∞−∪−−∞∈tt  5 4 

3 { )},65.0()105.1,(: ∞∪−−∞∈tt  6 5 

4 { )}4.7,4815.1()3.1,1(: ∪∈tt  7 6 

5 { )},75.4()2595.4,395.3()05.1,(: ∞∪∪−−∞∈tt  8 7 

6 { ]},3[: ∞∈tt  9 8 

 
 
 
 
Table 4.2: The range of t for which the hybrid LMM (1.2) are stable, and the order of methods (1.2) and (1.3). (contd) 

 
The range of t for which the methods are zero-stable Order  

k SDCLMM (1.4) P (1.4) P1 (1.5) 

7 { )},38.7()22.1,(: ∞∪−−∞∈tt  10 9 

8 { )},5()4,3()21.1,(: ∞∪∪−−∞∈tt  11 10 

9 Unstable - - 
 
5.0 Numerical experiments  
 Consider the numerical solution to the initial value problems in Enright [10],   

P[1] ,

1

1

1

1

)0(,

1000000

010000

00100

0001.0





















=





















−
−

−
−

=′ yyy





















=

−

−

−

−

x

x

x

x

e

e

e

e

xy

1000

100

10

1.0

)( ,  

( )T
dcba yyyyy ,,,=  

with 2000)121/1(0∈x . To solve this initial value problem, the continuous form of the method in 

(1.4) for 1=k , in table (1) of the appendix A is now, 

 
17

10

17

20

34

25

34

5

17

32

17

44

17

15

17

60

17

60

17

4

17

48

17

32

17

16

17

48

17

32

17

1

/
1

432
2

1

43

43

4343

1

2
1

2
1

+

+

+

++









−−−−+





























−−++









++

+







−−+








++=

n

n

n

nnn

f
tttt

h

f
tt

t

f
tt

hy
tt

y
tt

y
 (5.1) 

of order p = 4. Setting  0=t  in (5.1) we obtain the equivalent discrete form of (5.1), 
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Similarly, for 1=k  in table (2), the continuous form of (1.5) is 
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and setting  
2

1−=t  in (5.3) is the discrete hybrid solution formula 
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is of order p = 3. Applying the method in (5.2) with the corresponding hybrid solution method in (5.4)  
on the initial value problem above leads to solving implicit set of equations. This equations are thus solved 
using the Newton Raphson iterative scheme  
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 as suggested by Enright [10], Fatunla [11] and Lambert [21]. The inverse Euler’s method 
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 has been used to generate the starting values for the iterative scheme in (5.5). The graph, fig. (5.1) of 

the solution components ( )T
dcba yyyyy ,,,=  below shows the numerical solutions  from the 

scheme (5.2), this is compared with those of Enright [10] and MATLAB ODE 15s code considered in 
Higham et al [19]. Note that in graphs of fig (1.5) the Sshdclmm which is the same as SDCLMM (5.2) 

coincides with that of Enright [10] and ODE15s of MATLAB in the three components dcb yyy ,,  

showing that they are of comparable accuracy. 
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   Figure 5.1:  Numerical Solutions, ( )T
dcba yyyyy ,,,=  of P[1] 

 Conclusively, in this paper, a class of SDCLMM formulas with an off-step point of step number 
8≤k  in (1.2), and the corresponding second derivative hybrid methods have been proposed. The 

orders of the methods are shown in table (4.1). The stability graphs in fig (4.1)-(4.9) shows that, the 
derived methods are stiffly stable like those of Enright [10]. The numerical solutions from SDCLMM 
compares with that of the Enright [10] and MATLAB Ode15s code in Higham et al [19] in figure (5.1) 
and justify the stiff stability and accuracy of the proposed methods. 
 
 
 
 
 
 
 
 
 

 
 

 

 

APPENDIX A 

Table 1: Second Derivative Continuous LMM. 
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Table 2: Second Derivative Hybrid Predictor Continuous Linear Multi- step Method of (1.5). 
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-
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+
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