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Abstract

Hybrid methods incorporating one or more off-step points show
promise of better stability characteristics and higher order than the
conventional linear multistep methods (LMM). Infact, these type of methods
provides a means of bypassing the Dahlquist order barrier for the
conventional LMM. This paper is concerned with a class of stiffly stable
hybrid second derivative continuous LMM with an off-step point. The
methods are tiffly stable for step numbers k <8 and of order k + 3. Itis
stiffly unstable when k > 9. The definition of stiff stability is found in
Lambert [21], Enright [10] and Butcher [7]. The new methods are of
comparable accuracy to that of Enright [10] and the state-of-the-art code,
ODE15sin MATLAB .

Keywords: Continuous Linear Multi step Methods, off-step gpkybrid
method, Stability, Root-Locus.

1.0 Introduction

In Ikhile and Okuonghae [17, 18] and Otunta et 28,[24], classes of stiffly stable second
derivative continuous linear multistep methods (868MM) and hybrid LMM (SSSDHCLMM) for the
numerical solution of the initial value problem gy

I _ -
y =f(xy), ¥(%)=Y,, YOR (1.1)
was introduced. Further investigation revealed thatmethods in Otunta et al [21, 22] are stiftistde for

step numberk <12 and k < 7 respectively, see Okuonghae [25]. In this workshall present further
stiffly stable methods in the light of the abovéerences. The class of hybrid SDCLMM of interesttirs
work for the numerical solution of the IVP in (1i%)given by

k-1
yn+k = zaj (t) yn+j + av (t) yn+v + hﬂl,k (t) fn+k + hﬂl,v (t) fn+v + hZIBZ,k (t) fn/+k1 ak # O (12)
j=0
The hybrid predictor is
k
yn+v = Za; (t) yn+j + hIBS,k (t) fn+k + hZIB4,k (t) fn/+k (13)
j=0

wheret is the scaled variable given &s= (X — X,,,,)/ h/

Similar discrete formulations are found in Butck&r7, 8], Enright [10], Gragg and Stetter [15],
Kohfeld and Thompson [19], amongst other referenthe way the formulas are used is that (1.3)
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is used to obtain an approximation for the off-sp@int values ofy,,, and fn+ at the off-step point

\4
X, in (1.2) respectively. The value of is taken to bek —% for a fixed K. The resultant methods are

found to be highly stable and give accurate resilibly competitive with other existing fixed stejze
methods in Adeniyi and Alabi [1], Alverez and R¢f}, Alexander [3], Arevalo et al [4], Burrage amdn

[5], Beaudet [9], Feng-Sheng [12], Onumanyi et2dl]] ODE15s in MATLAB [19] and Sirisena et al [26].
Apart from that, algorithms of this nature are nffeund to be good numerical tools for solvingfstiftial
value problem. It has been found in Gear [13, b4} methods of these kinds can be stiffly stableoA
see Enright [10], Fatunla [11], Lambert [21], lihiand Okuonghae [17, 18] and Otunta, lkhile and
Okuonghae [23, 24]. The equivalent discrete LMM1®) is given as

k-1
yn+k = zaj yn+j + av yn+v + hlgl,k fn+k + hlgl,v fn+v + hzﬂz,k fn/+k1 ak # 0 (1-4)
j=0

with the predictor
k
yn+v = zai yn+j + hlg&k fn+k + hleA,k fn/+k (1'5)
i=0

The paper is organized into the following sectidsction 2 contains the derivation of the CLMM 1n2).
Section 3 is shows the derivation of the contindoylsrid predictor in (1.3). In section 4, the ssthbility

of the methods is determined, using root locus ownd, in section 5, the scheme is compared with a
Enright [10] scheme and ODE15s code of MATLAB [1#] some numerical experiments arising from
solving a practical problem.

2.0 Derivation of the second derivative CLMM.
For the solution of the initial value problem (1cbnsider the polynomial interpolant

y(x) = i:a,- X, 2.1)
where a; 'S are the real parameter cons]t;mts to be determfinech (2.1),
F) =y =2 jax™ )= 0= i(-Dax? @2
Collocating (2.2) at X = Xn+jl,_ ] =0k, X, and interpolatji;lg (2.1) atX,,;, ] = 0@k -1 we

obtain the linear system of equations

1 x, X2 L. X3 a, Ya
1 2 k+3 a
X1 b SOPEE X1 1 Yo
S (2.3)

2 k+3

1 Xn+k—1 Xn+k—1 L Xn:k—l ’ yﬂ+k—1
2 k+3

1 Xn+v Xn+v o Xn:v ) y”+V

0 1 2Xn+k (k + 3)Xr‘::§ ) fm—k

0 1 2Xn+v (k + 3) Xr‘::\f ) fn+v

0 0 2 ... (k+3k+2x ) las) [ f
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Solving equation (2.3), the values oaj 'S are determined and substituting the resultingiesl and

setting X = X,,, +th , (wherex.,, = X, +h ) into (2.1) yield the coefficien{ar;)’j (t)}':;; ,a,(t),

a, (t)=1,8,(t), B, (t),and B, (t) . For afixed value ofk with t =k —1, a specific scheme is

obtained with order of the method g3 =Kk + 3. Table (1) in the appendix A, shows the continuous
coefficients of the methods fd& < 8. For a fixed t = k —1, results in the discrete equivalent methods

and are stiffly stable.
3.0 Derivation of the second derivative hybrid predictor CLMM.

I

[
For the hybrid method/,., = > a;(t)Y,.; + B, (t) f.., + B, (1) .,
i=0

the coefficient{a'j (t)}':;(l) ,a,(t)=1,8,,(t), and ,,(t) are obtained, using the interpolant

k+2
- j
yn+v(x) - za] X7, (31)
i=0
. . . . Kk .
In a similar sense to the section above leadsetdirtbar system of equations f{aaj}j:§ given as
X, X2 S XK+2 % Yn
Xne1 X§+1 D 1'1(:12 & Yo
= (3.2)
0 Xnyvw X2k - .. XKi2 a Yok
0 1 7 ST (k + 2)xkrt Qi fo
0 0 2 o (ke 2)(k + )X, ) (A, foak

Solving equation (3.1), the values Gﬁj 's are and substituting the resulting values i8td) and setting
X=X, tth , (whereX , =X,+h) vyield the values of the coefficient£ a; (t)}';,av (1),
B (1), and B, (t) . See table (2) in the appendix A, for the coedfits of the methods. The order of
the method (1.3) ipp =k +2.

4.0 The stability of the methods
Considering the stability of the methods usingtrlmeus. On substituting the hybrid solution

Yney atpoint X, into the LMM (1.2) for a corresponding and applying the resultant method on the

scalar test problemy’ = Ay, Re(lh) <0, z= Ah with an arbitrary initial value, yields the statyil
polynomial
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k-1 _ K _
nr,z) = rt _zajr]_l _av(_zajrj "'ngl,krk + Zzﬂz,krk)_zﬂl,krk
=0 =0 (4.1)

k .
- Zﬂl,v(_zajr] + Zﬂl,krk + Zzﬂz,krk) - Zzﬂz,krk-
j=0

Plotting ‘rj (Z)‘ against Z reveals the interval of absolute stability of thethods. The general graphical
form of the root locus plot has been discussedaimtert [20], Otunta, Ikhile and, Okuonghae

[23, 24]. Method (1.2) is said to be stable 2t if ‘rj (Z)‘ <1 wherer;(2), j = 0Q)k are the roots of

the polynomial in (4.1) with roots 4[’1 (Z)‘ =1 been simple. Plotting the root locus afr, z) = 0, it is

observed that the methods in (1.2) are stiffly Istdor K < 8. The graphs below show the root loci and
thus the interval of absolute / stiff stability @ich method for a fixed value dk < 8. The case ok > 9
are stiffly unstable, see fig (4.9).
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Table 4.1 The step number, interval of absolute stabitypr constant and order of methods in (1.2) ang) (1

respectively.

Interval of Absolute Error Constants Order
Stability for 2
k t SDCLMM (1.4) SDCLMM (1.4) | SDCHLMM 1.5) P p!
(1.4) (1.5)
1 0 (0,000 (362, ) 1 _ 1
816( 384 4 3
2 1 — 0 0 1 -
(= 00,0 0 (5,) T T25¢ 5 4
3 2 (= ,0)0 (6,) 3 1
21868 3072 6 5
4 3 (= ,0) 0 (686, ) 3 _ 1
46802( 6144 7 6
5 4 (—0,-179) 0 (762 , ) 25 3
740031t 3276¢ 8 7
6 5 (- ,0)0 (824, ) 5 -
257513. 19660¢ 9 8
7 6 (= ,0) 0 (906,) 245 143 10 9
20559532 393216(
8 7 (-0 ,0) 0 (9.8,00) 490 _ 13 11 10
63633896 52428t
9 8 Unstable - - 12 11
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Table 4.2: Therange oft for which the hybrid LMM (1.2) are stable, and tivder of methods (1.2) and (1.3).

The range oft for which the methods are zero-stable Order

SDCLMM (1.4) P (1.4)| P(1.5)

{t:t0(- o, w)} 4
{t:tO(-0,-1.24726 0 (-0.275 )} 5
{t:tD(-0,-1.109 0 (065,00)} 6
{t:t0@,13) 0 (1.4815,7.4)} 7
8

9

{t:10(~0,- 105 0 (339542595 0 (475 o)}
{t:t003 o]}

3
4
5
6
7
8

o O B W N

Table 4.2: Therange oft for which the hybrid LMM (1.2) are stable, and treer of methods (1.2) and (1.3). (contd)

The range oft for which the methods are zero-stable Order
k SDCLMM (1.4) P (1.4) | P(L5)
7 {t:t0(-0 ,-122) O (738, )} 10 9
81 {t:t0(-»,- 1290 (3,4 0 (5,0)} uj 1w
9 Unstable - -

5.0 Numerical experiments
Consider the numerical solution to the initialu@problems in Enright [10],

B 01 0 O 0 1 e—O.lx
Pl . _| O -0 0 0 _|1 _ e
(1] y' = 0 0 -100 0 y, y()= 10 y(x) = o100

0 0 0 1000 1 1000

Y= (Yar Vo Yoo Vo)

with X [J 0(1/121)2000. To solve this initial value problem, the contimsdorm of the method in
(1.4) for kK =1, in table (1) of the appendix A is now,
(460t60t]
1 3x° 48* 16 32° 48* 17 17 17 )™
= =+ + A - y .+
17 17 17 17 17 17 ) 15, 44° 32') |G
+ 4+t - -
17 17 17 )™

n+l

34 34 17 17

_ 2 3 4
+h2( 5t 257 20° 10 an,ﬂ

of orderp = 4. Setting t = 0 in (5.1) we obtain the equivalent discrete forn{of.),

1. .16 4 15
==Y, LAh —f  +=f (5.2)
SEETAARETACE (17 ™17 1)

Similarly, for kK =1 in table (2), the continuous form of (1.5) is
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2 3
Vs = (0 + @) Yo = () T+ 1, 63
1
and settingt = — E in (5.3) is the discrete hybrid solution formula

y —Ey +Zy —3_hf +h_2
n+% 8 n 8 n+l 8 n+l 16

is of orderp = 3. Applying the method in (5.2) with the correspimgdhybrid solution method in (5.4)
on the initial valugoroblem above leads to solving implicit set of dgpres. This equations are thus solved
using the Newton Raphson iterative scheme

/
fn+1

(5.4)

Ve = Yo ~FIOYR)F(YEL) 5= 01 2/ (5.5)
as suggested by Enright [10], Fatunla [11] and hemn[21]. The inverse Euler’'s method
/
MR + WY (5.6)
+ /
Y, —hy,

has been used to generate the starting valughddterative scheme in (5.5). The graph, fig. Y®fL

the solution componentsy=(ya,yb,yc,yd )T below shows the numerical solutions from the

scheme (5.2), this is compared with those of Enrigg@] and MATLAB ODE 15s code considered in
Higham et al [19]. Note that in graphs of fig (1tB¢ SshdcImm which is the same as SDCLMM (5.2)

coincides with that of Enright [10] and ODE15s oAVLAB in the three componenty,, Y., Y4
showing that they are of comparable accuracy.
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— Sshsdolmm
—— Enright
Ddelas

— Sshsdclmm
—— Enright
Ddelas

. 1
. — Sghsdclmm
0.8 “..| — Enright
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1 1
— Sshsdelmm
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05 Odelf5s 0.5
= ==
] 0
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5 10 0
H

10

k<8 in (1.2), and the corresponding second derivaliylrid methods have been proposed. The

Figure 5.1 Numerical Solutionsy = (ya, Yor Yer Y4 )T of P[1]

Conclusively, in this paper, a class of SDCLMMnfmilas with an off-step point of step number

orders of the methods are shown in table (4.1). &hbility graphs in fig (4.1)-(4.9) shows thate th
derived methods are stiffly stable like those ofigmt [10]. The numerical solutions from SDCLMM
compares with that of the Enright [10] and MATLARI€L5s code in Higham et al [19] in figure (5.1)

and justify the stiff stability and accuracy of thposed methods.

APPENDIX A
Table 1: Second Derivative Continuous LMM
kop ] a;(t) ak-D | B @® A,KD B, O [ABKD
1 0 0| 1,32° a8t 1 0 0 0 0
17 17 17 17
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1 | 16 32t 48t 16 4, 60t> 60t 4 0 0
2 |17 17 17 17 7 17 17
1 1 1 175_'_,(_44t3_32t4 5 ;5t_232 0
17 17 17 17 34 34
_ 208 1ot
17 17
2 1 0 —23+g_£53+&4“_6£5 -1 0 0 0 0
711 711 711 711 711 711
1 |, _s6a 453" 145° 8 0 0 0 0
79 79 79 79
58’ . 228°
79 79
3 3344 4208° 104Q° 640 - 424t 1096t2 64 0 0
2 711 711 711 711 237 237 237
, 4528 1984° _104t* _1064t*
711 711 237 237
. 5607t°
237
1 1 32t 117t | 63t° 22 -3, 25 | -2
2 79 79 79 79 158 79 70
128t*  84t° 33  26t*
99 T 79 T 188 79
. 22t°
79
3 2 0 _1638 , 5343” 1363%° 4 0 0 0 0
19525 19525 39050 1952¢
,8523" _1308° 158°
39050 19525 19525
1 15298 63042 +109643 -3 0 0 0 0
2343 7029 7029 781
_4219* . 4924° 67a°
234:  702¢  702¢
2 12006t _ 15063t*  8831t° 108 0 0 0 0
781 781 1562 781
, 28623t" _ 7200t°  1142t°
1562 781 781
5 | _69376t , 280408t>  70976t° | 1536 28096 1321282 1152 0 0
2 5325 15975 15975 | 177¢ 3005 11715 390t
_B9152t° 137152° 21952° 16338° . 40192°
532t 1597¢ 1597¢ 11715 3905
_67952° N 11552°
11718 1171
3 1 1 -1647t 2862t° . 27t3 g) 342t _1227t2 -18
781 781 781 781 781 1562 781
L 1620t° _ 296t° L 20t° 1087t
781 781 781 1562
_3e2t°  70t°
781 781
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0 | _64125 376575 1317728° _ 9 0 0 0 0
655228 1310456 3931368| 16380
791383%* 12385t°  796t°
3931368 187208 70203
781’
98284:
1|, 6471&  40797° 2286G° | 54 0 0 0 0
33430 83575 16715 | °
_115374*  93579° 899&°
83575 167150 83575
+ 678’
83575
2 | 79725t 149135t> 643177t° —24 0 0 0 0
13372 26744 240696 334z
L 439960t° _ 659905t° _ 5944t°
8023: 24069¢  1002¢
_2905t”
6017+
3 | _ 204525t  146535t* 71524t | 576 0 0 0 0
6686 3343 10029 | 334:
_383867t" , 153553t° _55738t°
1002¢ 668¢ 1002¢
4934 t’
1002¢
7 | 21836928 15984428 40486016 | 3416064| 346176 2638759 36864 0 0
| 810035 4095175 7371315 | 09| TTo3401 117005 11700
+417353728‘ _10908697€ 145280° 2269824
122855625 5265325 * 20203~ 117005
, 8883008 16622848 623488 527045
175507} 3685657 t—-
50145 16715
L lois24’
35101
4 1 1 2847% 9058%2 876 _5775 18665 -72
6686 13372 334¢ 6686 13372 | 334!
3543° 76761’ #3877 15697
_29%a | 0701 13372 13372
13372 13372 ,10021° 742°
52083° + 3456° 13372 3343
13372 3343 il
331 3342
3341
0| _ 699916 6064426 9379558 16 0 0 0 0
7136019 21408057 28544076 | 79289
,1152203¢ 2045436 281928
57088152 28544076 19029384
_ 23698 3343
14272031 4281611
1 3493090 , 11964223  44635985" -1125 0 0 0 0

1850079 25901106 345348808
_45828775°  2858783° _ 4630849°

34534808 4933544 34534808
. 2088253  20611%°
1295055: 2590110

431685:
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11255496 999391# 9595517 160 0 0 0
2202475 2202475 4404950 8809¢
, 38999871 5184050 , 534493t°
8809900 2202475 8809900
_172449"  8951°
220247¢ 220247
-1000
8057462 67081606 | 1666607 e 0 0 0 0
792801 4757346 704792 ¢
_ 75815401 | 15863176 _13524356
6343128 2114376 6343128
2338377 _76789°
79289: 47573
4 113809964 _21446327° _1079821° 4688109 ~ 18000 0 0 0 0
264297 264297 352396 704793  8809¢
16578689  1022180° 1132168’  65473°
352396 704792 528594 528594
9 _ 56463122432t | 1857679259%4t° 312934« | 96131072 3222169088 | 2048( 0 0
P 1248803325 26224869825 388516F | 3964455 83253555 | G166¢
, 16731482624t° _ 505850457856t _289702¢ 869098816
8741623275 8741623275 27751185 27751185
51686753792t°  37468316672t° _91312832 67709632
1248803325 2913874425 3964455 9250395
, 16703097856t _ 2913036032t _ 30830656 , 548595¢
874162327 262248698 5 2775118 8325355!
5 1 1 584913t | 954037t? 22620 | 115248 —~1800
C
88099 88099 8809¢ 88099 .| 8809¢
_99215t° 3050551t * _ 37921t
352396 352396 176198
, 2320587t° _ 758393t° ,28693°
352396 352396 352396
, 29570t7 _1801t° , 602857°
8809¢  8809¢ 352396
_465311°
352396
154051°
352396
60927
88099
372°
+
8809¢
0 | _4174515, 48714977 _ 472230937 e 0 0 0 0
44512996 178051984 1456788960
4986212323 119232242 . 11265498
2403701784 1502313615 60092544
11739689 . 25774af  8009°
437036688 12018508® 109259172
1 6348176 32125055 222518389 32 0 0 0 0
- * + 27590°

3310884 59595912 178787736
_122076245 14444686 30615595
89393868 22348467 17878773
4711600  49352°  3493°
17878773 2234846 4469693
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45953325 _168613335° _ 139094827° -3375 0 0
9012962 36051848 72103696 450648:
119420843* 91773923°  81060031°
27038886 36051848 108155544
_ 267100317 | 195729°  21541°
21631108 1802592 5407777
3 | _ 798993 . 22646777  122121299° 320 0 0 0
91969 1839380 82772100 9196¢
1250912407 . 847316207
124158150 124158150
109328437° . 95947878  2211974°
49663260 248316300 62079075
. 84229°
6207907
4 6359025 120846385 +1445404173 —1500 0 0 0
367876 4414512 79461216 9196¢
, 857214137 _325896508° | 113171266’
39730608 19865304 19865304
84095975’ | 2030398° _ 80359°
7646121 1986530. 1986530
5 | _29490885, 98275959 35540633 21600 0 0 0
367876 735752 3678760 9196¢
563988053 . 7707292 67896979
5518140 919690 2207256
. 66198329 278266’ . 68749°
1103628  45984f 275907!
1 | 33606809808 _2531825438512° 1273692160 | _ 250250240 %21220 0
—2 4907557809 22084010145 163585260 7081613 *
271404485832°  28967775296976"° +38091589]IQ
30114559285 331260152075 63734517
_ 23931459680976° _17668282656486 480860038
3312601520775 66252030125 ‘m
157393749112 A 175464886264
N 30114559235 * 331260152075 —M
6595554300 956017755
30114559285
956017755
2722393088
191203551
245917312
86910705
278003584
956017755
+1059584’
8691070
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6 1 1 842994_28879352 23220 161598 - 1800
91969 183938 9196¢ 91969 9196¢
190882¢° , 1112013 2
1103628 367876
3894754t 26143533
3310884 735752
33479268 415043 *
3310884 " 183938
% 720327°
12917217 | 67631° 23;2;?3732
1322:;192 827721 ST
T 827721 41130287
735752
_2987°
183938
. 129°
18393¢
0 69651714t  2070907443% 15164280563t° 3600 0 0 0 0
789672949 7896729490 47380376940 78967294
609198713%9t*  49931536517t°
284282261640 568564523280
100790080%° 2216052119’
43735732560 568564523280
. _234104657° _ 1759021t° 91969t
568564523 80 710705654 0 142141130 2C
2028418449 8892392353 —34300 0 0 0
1- + 56538714
1027976620 1356929138
. 146433548B1° 35021679359*
12212362560 24424724420
+ 7473585641° _ 8836692091°
10176968%® 407078741H
. 1608722050" 3571898357
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