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Abstract

In this work, we develop a finite element-finite difference method to
solve the differential equation governing the radial flow of dightly
compressible fluids. The finite element method is used to carry out spatial
approximations so as to study the variation of fluid properties at the various
nodes to which effect we divided the entire radial domain of the fluid into a
mesh of four radial 1-D quadratic elements which exposes nine nodes to
intense study. Time approximation is done with the aid of the Crank-
Nicolson finite difference scheme.

Keywords. Finite element method, Crank-Nicolson, Finite difiece
scheme, Time approximation, Radial 1-D quadragomeint.

1.0 Introduction

Fluids, generally, are compressible so that thélyclvange with pressure, but, under steady flow
conditions and provided that the changes in demsigysmall, it is usually possible to simplify thealysis
of a problem by assuming that the fluid is incomsgilele and of constant density. Since liquids are
relatively difficult to compress, it is normal toeat them as if they are incompressible for allesasf
steady flow. However for unsteady flow conditiortigh pressure conditions can develop and the
compressibility of liquids must then be taken intmsideration.

Gases are easily compressed and, except wheneshahgressure and, therefore density are very
small, the effect of compressibility and changemtdrnal energy must be taken into account.

The necessity to consider compressibility, changlepressure and internal energy effectively
complicates the analysis of fluid flow hence theassity to develop a robust numerical scheme which
would enable the observation of the fluid properta various points since real fluid flow is always
turbulent and unsteady. Previously research had derse on: Finite Element Analysis of the distribaot
of Velocity in incompressible fluids, using the ltagge interpolation function, see [1-6].

In this paper, we propose the finite element-firdiference method to solve the differential
equation which governs the radial flow of slighthcompressible fluids. The method is developed to
provide more accurate and broader spectrum of sisdlyr slightly compressible fluids.

2.0 Mathematical modelling
litra_pJ:&E?;p (21)
ror\ or 0.000264« ot

where

u: volumetric flow rate per unit cross sectionalaaie the radial direction

@: porosity

r: radius/length
c: compressibility
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k: permeability

et & = a = constant. Therefore
0.000264
ii(r a_pj _ 0P (2.2)
r or or ot

Boundary conditions:

ap
= d_ =
p(O,t) p, an I (O,t) 0

Initial condition: p(X, 0) =B

The following assumptions were made in developiig todel thus
» The single phase liquid has a small and constanpoessibility
» Permeability is constant and same in all directicasisotropic
» Porosity is constant
e Pressure gradients are small
» The geometry and boundary conditions are deperaténton the radial direction and independent
of the other two directions
2.1 Weak formulation
The weak form of the above equation is obtainednhitiplying the equation by a weight function

w= W(r) and integrating it over the domain of the element.

0= j [ 19 ( pj ap}rdrd@dz 2.3)
ror\ or ot
12mrg
0=ij{—li(rapj p}rdrd&dz
200, ror\ or ot
0= 27TJ-W —li(r@j ap rdr (2.4)
| ror\ or ot
0= 2ﬂj —EW 9 (r@j Wa@ rdr (2.5)
cLoroor{ or ot

Using the integration by parts principle

Wi(r @jdr = jr aW—dr +[Wr ap} (2.6)
;oooroor or ||,
Substituting equation 6 into equation 5 ylelds
0= 271][ @+wraap}rdr [2nwr @}
or or 0 or o
6 w ap ap
0= 277 + dr — °— N 2.7
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e ap e ap
where Q ﬂ(r arjrA and Q, Zﬂ(r Grj

Equation (2.7) is the weak form of equation 1
2.2 Finite element modelling
Let the solution to equation (2.7) be of the selplaraariable form

p(r’t)=i p; (1) (r) (2.8)

II:}

where l,[/;e = Lagrange radial interpolation function at jflenode and pf = pressure at th¥' node of the

element. Since we are applying the Rayleigh-Ritizef element method in this paper, we assumettiat
weight function is equal to the interpolation fuoat

w(r) = (r) (2.9)
Substitute equations (2.8) and (2.9) into equation)

g a
0=2ﬂﬂ a"'%pr +yra_ sz/f}dr (1) Q -~ (re) Q2

n g 0 £}
0= {anr # ;” dr}p, {ZTJarwiwjdr}ﬁ — (ra) Q-4 (rs) Q%

j=1

Let ZHIri%dr =k, 277_[ argy,dr =m, (2.10)

and ¢, (rA)Q1e+wi ( B)QZ _Q|
0=>-{k P +m &} -Q @1

j=1
In matrix form, equation (2.11) becomBs= [ K]{ p} +[M ]{ ﬁ} —{Q} or

IM]{ 8 +[K]{p} ={Q} (2.12)

where
[M ] = mass matrix

[K] = stiffness matrix

{Q} = flux vector
The radial 1-D Lagrange quadratic interpolationctions are

wl(r)=h—1:(rs—r)(ra—u—2r)

iz(r —1,)(rs = 1) (2.13)

h;
0a(r) == (r =) (1 =1 21)

e

w,(r)=

wherel; = h+ r,. Substitute equation (2.13) into equation (209)ét the stiffness and mass matrices
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h+14r, —(4+16,) h+ 2,

[K]:2—Z ~(4h+16r,) 1+ 32, —(12+ 16) (2.14)
h+2r, -(12h+16,) 1h+ 14,
4 2 -1
[M]:@ 2 16 2 (2.15)
30
-1 2 4

We assume that in this paper that the initial poortesponds to the centre of the pipe, which iegpthat
r,=0.

It follows therefore that the stiffness and massritis are given by

3 -4 1
(K]=2den*lel 4 16 -12 (2.16)
2 1 o on

In this paper, we divide the domain into four JgDadratic finite elements and the finite element
model over an element is given as

e e e e e e e

my  mi, my|| kp K Kgl|p Q

m;, m3, mi i85+ K5, K3, K5ypz=q O (2.17)
e e e e e e e

mg, Mg mg|| 83 ks Kz Kgg | P Q

For a mesh of four 1-D quadratic elements the askhequations are:
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my;, m, ., 0 0 0 0 0
m,, m, ., 0 0 0 0 0
My My Mg+mg m, g 0 0 0
0 0 m, m, 0 0 0
0 0 m, M, MG+ mm,onmg, o, 0
0 0 0 0 m, m, 0
0 0 0 0 m, o, g+ onf, nf,
0 O 0 0 0 0 g, n,
|0 0 0 0 0 0 g, nd,
kL, ki, ki 0 0 0 0 0 O]
ki, ki, ki 0 0 0 0 0 0
ki Ky Kyutki ki, ki 0 0 0 0
0 0 K, K, K 0 0 0 0
0 0 ki ki Kiu+kj ki, ki 0 O
0 0 0 0 K, k3, k3, 0 0
0 0 0 O k;l @2 k333+ k?.l kiZ klill3
0 0 0 0 0 0 K, K, K,
|0 0O 0 0 0 0 K, K, K

3.0 Numerical example

Py
P,
Ps
P4
Ps
Ps
P,
Pg
Py

o O o ©o o

SRR DD

0

i,
i,
|

e

O O O O o o o

(2.18)

Consider the flow of a slightly compressible fluida cylinder pipe of radius 1m. The properties

of the fluid are as shown below

®=0.5,c=0.0002u= 1@/s k= 2.

so that
a= duc _ 0.5x10x 0.0002
0.000264 0.000264 2.5
Also radial length of an element =h =%

()=Ths 16 -12
1 -12 11
9 -12 3
[KZ]:’E’ ~12 48 -38|,
3 -36 33
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15 -20 5
[K]=Z1-20 80 -60,

5 -60 55
21 -28 7
[K*]="m-28 112 -84,
6 7 -84 77
2;7_4 2 -1
1| — 2 | — 3| — 4
Also [M ]_[M ]_[M ]_[M ]_% 2 16 2
-1 2 4
The assembled equation thus becomes i
4 2 -1 0 0 0 0 0 OB
2 16 2 0 0 0 0 0 OB
-1 2 8 2-10 0 0 OB
0 0 216 2 0 0 0 OB
g—g 0 0 -1 2 8 2 -1 0 O/{Bt+
0 0 00 216 2 0 0|8
0 00 0-12 8 2-1|§
0 0 00 0 0 2 16 2|k
0 0 0 0 0 0-12 4B
(3 -4 1 0 0 0 0 0 o0]fp h
-4 16 -12 0 0 0 O 0 O0||p, L
1 -12 20 -12 3 0 0 0 0||lp| |Q+@
0 0 -12 48 -3 0 0 0 O||p, Q2
g 0 0 3 -36 48 -20 5 0 O|{pt={Q+Q
0O 0 O 0 -20 8 -60 0 O0||p, Q
0O 0 0O 0 5 -60 76 -28 7||p,| |Q+Q
0 0 0O 0 0 0 -28 112- 84|p, Q:
0O 0 0 0 0 0 7 -8 77|p, Q!

Due to the balance of internal fluxes, it follovasit

Q+QI=Q;+Q/=Q7+Q,=0 and

@ =Q=Q{=0

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008),179 - 190
Slightly compressible fluids: A finite difference goproach J. A. Akpobi and E. D. Akpobi  J of NAMP



(4 2 -1 0 0 0 0 0 O B
2 16 2 0 0 0 0 O 0O|”
-1 2 8 2 -1 0 0 0 OB
0O 0 2 16 2 0 0 0O Ok
2—T[ 0O 0 -1 2 8 2 -1 0 OKK
80 0O 0 0 0 2 16 2 0 O|K
0O 0 0 0 -1 2 8 2-1§
0O 0 0 0O O 0O 2 16 2K
0 0 0 0 0 0 -1 2 4 3
3 -4 1 0 0 0O 0 0 O]
-4 16 -12 O 0 0 0 0 0
1 -12 20 -12 3 0 0 0 0
0O O -12 48 -36 O 0 0 0
o o 3 -3 48 -20 5 0 0
° 0O O 0 0O -20 80 -60 O 0
0O O 0 0 5 -60 76 - 28 7
0O O 0 0 0 0 -28 112 - 84
0 0 0 O 0 0 7 -8 71
We now consider the boundary conditions
p(0.t) = p,
which implies that
p=p and@(O,t) =0
°oX
which implies that Q=Q-=0
4 2 -1 0 0 0 0 O OO0
2 16 2 0 0 0 0O O OB
-1 2 8 2 -10 0 0 OB
0O 0 2 16 2 0 0 0 Ok
;—g 0O 0 -1 2 8 2 -1 0 Ok
0O 0 0 0 2 16 2 0 O|K
0O 0 0 0 -1 2 8 2-1K
0O 0 0 OO 0 2 16 2|k
0 0 0 0 0 0-1 2 4B

P
P,
Ps
P,
Ps
Ps
P7
Ps
Py

(3.1)
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3 -4 1 0 0 0 0 0 0
4 16 -12 0 0O 0 O 0 ©
1 -12 20 -12 3 0 O 0 O
0 0 -12 48 -3 0 0 0 O
Mo o 3 -3 48 -20 5 0 O
® 0 0 o0 0 -20 80 -60 0 0
0O 0 0O O 5 -60 76 -28 7
O 0 0 0O 0 0 -28 112- 84
o 0 0O O O 0 7 -84 77
Th_e condensed equations are i
2 -1 0 0 0 0 0 OB
16 2 0 0 0 0 0 OB
2 8 2 -10 0 0 0|
27/0 2 16 2 0 0 0 O8]
80|0 -1 2 8 2 -1 0 O||lg
0O 0 0 2 16 2 0 O|g
0 0 0 -12 8 2-1|8
0 0 0 0 0 2 16 2[R
-4 1 0 0 0 0 0 P,
16 -12 0 0 0 0 O D,
-12 20 -12 3 0 0 0 P,
7l 0 -12 48 -36 0 0 0 0 ||p
6/ 0 3 -36 48 -20 5 0 Pe
0O 0O O -20 8 -60 O P,
0O 0 O 5 -60 76 - 28 o
O 0 0 0 0 -28 112 - 84|p,

Recall that the finite element model was of thaerfor

Thus

[MI{& +[K]{p} ={C}

Po
P>
Ps
P,
Ps
Pe
P,
Ps

Py

oy

O O OO O O o o

O

-3 Py
4p,
~ P

o O O O

(3.2)

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008),179 - 190

Slightly compressible fluids: A finite difference gproach J. A. Akpobi and E. D. Akpobi

J of NAMP



2 -1 0 0 0 0 0 0
6 2 0 0 0 0 0 O
2 8 2 -10 0 0 0
w1227 0 2 16 2 0 0 0 0 (3.3)
[ ]_80 0 -1 2 8 2 -10 0
O 0 0 2 16 2 0 O
0O 0 0 -12 8 2 -1
0 0 0 0 0 2 16 2
-4 1 0 0 0 0 0 0
16 -12 0 0 0 0 0 0
12 20 -12 3 0 0 0 O
(=7 0 12 48 -3% 0 0 0 0 (3-4)
6/ 0 3 -36 48 -20 5 0 0
O 0 0 -20 8 -60 0 0
O 0 0 5 -60 76 -28 7
0 0 0 0 0 -28 112 - 84
~3p,
4p,
- P
a0 (3.5)
{Q}_E 0
0
0
0

4.0 Finite difference modelling

In this work, we use the family of approximation, in which a weighted avgeaof the time
derivative of the dependent variablp, is approximated at two consecutive time steps libgar
interpolation of the values of the variable attie steps:

(1_0)“8}5'*”{&}“1:% for 0O<a<1 (4.1)

s+l

where{ }S refers to the value of the enclosed quantity mietit =t, = Z:;Ati . Since the finite

element model is valid for any> 0, it is valid fort =t, andt =t_,;

M]{ &, +[K]{r}, ={Q}, 4.2)
MI{ 8., +[K]{ P}, ={D}... 4.3)

We multiply both sides of equation (4.1) kﬁtsﬂ[ M] to get

At a[M{§ ., +ot,,(1-a) M) &, =[M]({ o}, ~{r}.)
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We substitute fo{ M ]{ ﬁ}sﬂ and[M ]{ ﬁ} from equations (4.2) and (4.3) respectively

Ate.a ({Q},, ~[KI{ P}, .0) + Ates (- @) (@}, ~[KI{ B}, ) = [M]({ p}... ~{ o},

Rearranging the terms into known and unknown, we ge

([M]+at.alK]){ b}, = ([M] At (1-a)[K]){ b}, + &t (a{ ), + (1-a){Q},)
{d..={9.={A

At = At
((M]+ata[K]){p},, =([M]-at(-a)[K]){p},+2t{Q} (a9)

we apply the Crank-Nicholson finite difference stieei.e. we taker = 0.5 equation (4.4) becomes

Therefore writing

1+ 20 e = 120 e - sy
{p}sl—”w] “[K]} M- “[K]H{ o), +| ]+ 20 ]} [at{Q}]

Let

H[M]+At[K]} {[M]_M[K]H:[S] (4.5)
2 2
at[K]T"
[m]+ =50 [at{Q}]={c} @6)
where At =time step
The Crank-Nicholson finite difference scheme carstbe written as
{p},.=[Sl{r},+{C} @7
Considering the initial condition, it follows thdogee that
1
1
1
1
M@—ml
1
1
1

The solutions are then obtained by substitutingaéqos (3.3), (3.4) and (3.5) into equations (4u3) (4.6)
which are in turn substituted into equation (4.7)o achieve this, a code is written in the MatLab
programming environment.

5.0 Exact solution
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ii(ra_pj __ Guwc . p
ror\ or 0.000264& ot
Let
duc

—————— = a=constant

0.00026&
Therefore

li(r @j =P

ror\ or ot
It is obvious that ad — oo, % - 0, the steady state solution is obtained by solhreg differential
equation li(r @j =0

ror\ or

Applying the principles of integration by parts lgie

2
E @-}-rﬂ =0
rior  or?

1op,0°p_
ror or?
2
M+@:O
or?  or
p(0,t)=p,

9 01)=
and aX(O,t) 0

or r (5.2)

Solving the above differential equation with itaundary conditions yields

p(r)=p,(1-r) (5.2)
The repeated use of equation (4.7) can cause thpotal approximation error to grow with time,
depending on the value af The critical time step is given by

A, =2
A

max
wherelyax is the maximum eigenvalue associated with equg#di?)

-A[MI{p}+[K]{p} =0

For the model under scrutiny, this reduces to

T T 20
a0y
This yields At, = 3
10
6.0 Results

Table 6.1 Variation of pressure of fluid with time at tharious nodes
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t(s) - 0.1 0.5 1.0 5.0 10.0f 150 t —» o | Steady state
solution
r=0.25n | 0.95 0.92 0.89 0.84 0.81 0.78 0.75 0.75
r=050m | 0.80 | 0.72] 068 064 061 057 050 0.50
r=0.75n | 0.62 0.59 0.52 0.49 0.41 0.36 0.25 0.25
r=1.0m |036 |032 | 028 | o021 017] o0.11 0 0
1
0.9 \
0.8
0.7
0.6
%05
n-0.4
03
0.2
0.1
0 2 4 6 8 10 12 14 16

Time

‘—pressure atx = 0.25m =—pressure at x = 0.50m =pressure at x = 0.75m =——pressure at x = 1.0m ‘

Figure 6.1 Graph showing the variation of fluid pressurehviitne at various points
6.1 Discussion of results
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The graphs shown in figure 6.1 indicate that thesgure at the various nodes of interest tended
towards the steady state solution which is an at@a that the solutions are accurate and the rdetboy
robust.

3
The critical time step was computed A, = 10 Thus in order for the solution to be stable, the

3
time step should be smaller thakt IE; otherwise the solution will be unstable. Henceobdain a

sufficiently accurate solution, the time step nhsstaken as a fraction dit , .

7.0 Conclusion

We have presented in this work an accurate modeiddiving the differential equations governing
radial flow of slightly compressible fluids usiniget finite element-finite difference method whichn¢hus
be used in characterizing the behaviour of thesgd]
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