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Abstract

This paper presents the numerical methods of Nomelar Integral
Equations by Cubic Spline Collocation Tau Methods.Two Numerical
collocation methods are applied to some nonlineateigral Equations after
the non-linear Integral Equations have been lineagd using Taylor's Series
linearization scheme. Then the linearized Integrdtquation is then
evaluated for the purpose of comparison the compisaal cost, accuracy
and the errors obtained for each method. The twormerical methods are
Standard Cubic Spline Collocation Method (SCSCM) caPerturbed Cubic
Spline Collocation Tau method (PCSCTM). These nmdk have been used
by ref [2] for solving singularly Perturbed second Order Befential
Equations. Numerical examples are given which shdhat the errors
obtained by PCSCTM are smaller than that of SCSCM.

1.0 Introduction
We consider the general nonlinear volterra integgaation of the form

y(s) + AJ':L1 k(x,t) y(t) dt = £(s) (1.1)

WhereA is a scalar parameter,sy(s an unknown functiorf(s) is a given function ani(x , t , y(t)) is the
kernel which is always given. Many numerical tdges have been used successfully for equatiof) (1.1
and in this section; we discussed in details agsttdorward yet generally applicable technique tGebic
Spline Collocation” method (see Ref. [1]). The Nems scheme from the Taylor's series expansion may
be represented by the first three terms of aromngt(, yo) in the following form:

oKI(S,, t.,
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By substituting equation (1.2) in equation (1.1¢ ebtain

X K (S, .t .y, )
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The integral part of (1.3}, is an independent variablg,is a dependent variable, asds a parameter,
therefore by integrating equation (1.3) with regget, we obtain

oK (S, . t,. V¥, oK(S,, t,, s
y(s) + ALH ( ”ay ) y(t) dt + A {(s -s,) ( ™ )
(1.4)

aK(Sﬂ’tﬂ’yn) s
Y, 5 |-t d=1
Thus, equation (1.4) is our linearized form of é@ra(1.1). Now, it is convenient to begin by ciglesing
techniques based on the use of approximate CulliimeSgplution (see Ref [1]) on equation (1.4) tdaib.

+AZJ-X, oK ( ”’“’y“){MH (tj t) +Mj( 6trj]—1) +(yj_1—h—2M ]

Xj-1 6h 6

-

oKI(S, ,t_, KIS, ,t ,
+/1|:K(Snltn!yn)+(s_sn) (nasn yn) -y, (nayn yn)}:f(S) (1.5)

In equation (1.5), the integrals have to be evalliat

2.0 Standard cubic spline collocation method (SCSCM)
Details of this method can be found in [3]. Hoer\after the evaluation of the integrals in
equation (1.5), the left over are then collocategoint s = g hence equation (1.5) becomes

Nk t —tf lt-t_f 2
)+ Azljle_l aK (Sné)t/nl yn) l:M]l(l ) M . ( j 1) +(y]‘—1 _h_Mj_lj
=

6h ! 6h 6
( ) (2.1)
t. —t h?
where
:M;i:l,z,_",n+l 2.2)
n+1

Thus, equation (2.1) gives a systemrof(1) linear algebraic equations, which togethehulite recursive
Cubic Spline relation (see Ref. [1]) and the twd,ezonditions,

Mo =M,=0 (2.3)
Altogether, comprise a complete system to solveffer(h + 2) unknowns

yOv yl y rer gy ynv rTba ml"'! n’}‘l
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3.0 Perturbed cubic spline collocation method (PCSCTM)
In this method, after the evaluation of the intdgin equation (1.5), again, the left over arethe
slightly perturbed to give

n _+ )3 _ 3
S)_'_/]Zj:j aK(Sn(,atn, yn) M (tj t) M. (t tj—l)

6h . 6h
( ) (3.1)
h2 t. —t h2
+ (y,-_l ‘E'V'HJ (JT Ty Y ij (tj _t)} dt = f(s)+H,(s)
Ho()= XY, Ty (8 and T, )
is the Chebyshev polynomial of degreealid ;al[a b] is defined by
T.(s) = cos{n cos™ {ZSK%TH ,as<s<b (3.2)

and it satisfies the recurrence relation

T8 =222 9-7,.(9

The Chebyshev polynomial oscillates with equal atmgé in the range under consideration and thisamak
the Chebyshev polynomial more suitable in funcapproximation problems.
Thus, equation (3.1) are then collocated at poing, hence, equation (3.1) becomes

+AZJ-XJ aK h s n’ yn) M (tj _t)3 + I\/Ij(t_tj—l)3

% 6h 6h
( ) (3.3)
h2 t. —t h2
+(yj—l _EMj—l]( Jh Tty - E Mj}(tj _t):l dt = f(%)"'Hn(sk)
where,
S cas Ak o N2
N +

Thus, equation (3.3) gives rise to a systemNof-(2) linear equations, which together with theureence
Cubic Spline (see Ref. [1]) and the two end coodgiin equation (2.3). altogether, comprise a detap
system to solve for the R(+ 1) unknowngyg, Yi,...,Yn My, My, Mp...,To, Ty, ..., T
The error is defined by

max

error = 2 <p ‘y(X,-)— yi,N‘

X —a+ 8l oo 1 eg100
10C
wherey(x) is given in a closed form.

4.0 Numerical results and discussion
We consider two test examples
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Example4.1
Consider the nonlinear weekly singular Volterragral equation of the form:

W@—3§+—%+%/I——y

t) dt; x 0[0,1]
1C

(4.2)

2

1
with exact solution y(x)= X® + Eand singular point, = 0, following the linearization techniques

discussed earlier, the above nonlinear in equatoh) will be reduced to the linear Volterra intaigr
equation of the form:

4 2 2
-x" bx® 3 X - x1
y(x)= "+ 2 S I g4 X o ey T [y’ d, < x<x,., @2
10 6 8 2Xn+1 Xn+‘l Xn+1 02x
Table 4.1: Error for Example 4.1 at the seven iterfon for caseN = 5.
h X Standard Cubic Perturbed Cubic Spling
Spline Collocation Method
Collocation Method
y y 1.043216 x 10 4.3289156 x 18
5 5
% 2.0048299 x 10 3.8923452 x 10
% 5.6721891 x 10 5.6328731 x 18
% 8.7159238 x 10 6.0123494 x 18
5¢ 8.9672320 x 10 6.4349732 x 16
Table 4.2: Errors for Example 4.1 at the seven itations for caseN = 8
Standard Cubic Perturbed Cubic Spling
h X Spline Collocation | Collocation Method
Method
y y 7.0247320 x 10 2.6732954 x 16
8 8
% 4.9346722 x 18 3.692936 x 18
% 3.8134567 x 19 3.942349 x 18
44 | 3.2173298 x 19 4.632185 x 18
% 3.004329 x 18 5.0421173 x 18
64 | 2.994238 x 19 6.3347213 x 16
% 1.8739256 x 16 6.0034321 x 16
% 1.623459 x 19 7.00034997 x 19
Example4.2
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The nonlinear Volterra integral equation

y(x) = exp(x) - %(exp(Zx) —1) + J: y? (t)dt; x O [O ,1] (4.3)
with exact solution y(x) = exp(x).
The linearized form of equation (4.3) is of thenfor
y(x) = exp(x) - %(exp(Zx) —1) - yZx+2y, joxy(t)dt; Xg S X< Xy (4.4)

Table 4.3: Error for Example 4.2 at the seven iterdons for caseN = 5.

h

x

Standard Cubic Spline
Collocation Method

Perturbed Cubic Spline
Collocation Method

%

1.072437 x 18

1.033425 x 10

8.992639 X 10

1.432119 x 10

7.8872351 x 10

6.734892 x 18

4.8993281 x 10

9.665928 x 18

DNENENENEN

9.004927 x 10

9.721351 x 18

Table 4-4: Error for Example 4.2 at the seven iterions for caseN = 8.

h X Standard Cubic Spling Perturbed Cubic Spline
Collocation Method Collocation Method
j%4 4.342189 x 10 1.0563289 x 18

6.349231 x 10

2.6234951 x 19

6.994327 x 10

2.4213895 x 19

8.0021635 x 10

3.6789348 x 19

1.9967387 x 19

5.0072381 x 19

2.0045931 x 18

5.732895 x 18

4.6623996 x 18

6.1132819 x 19

A ENENENENENENEN

5.843218 x 16

7.0004328 x 10

5.0 Conclusion

In this paper, two collocation methods namelyndsad cubic spline collocation and perturbed
cubic spline collocation methods (which is well kwoas orthogonal) are examined for solving nonlkinea
Integral Equations.

Tables 4.1 — 4.4 show the numerical solutionstimgeof the errors obtained for the two nonlinear
integral equations at the seven iterations. tthiserved that the perturbed cubic spline collocati@thod
converges faster than the standard cubic splinecatlon method. The SCSCM and PCSCM involves
large matrix system of algebraic equations of dififé degrees. It is interesting to compare thelraoy
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and the cost of computation involved in the two hoés. In table 4.1, for example, for the cibke 5,
SCSCM involved 12 systems of algebraic equationd waximum error 8.967232 E — 04 while the
PCSCM involved 18 systems of algebraic equatior wiaximum error 6.4349732E-06. in the case of
PCSCM, extra work and computations are involved #iede are compensated for in terms of the errors
obtained. We also observed that\sisicreases, PCSCM converges faster in all casesdzmed.
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