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Abstract

In this investigation, we examine the dynamic stability of a
viscously damped finite imperfect circular cylindrical shell stressed by an
axially impacted dynamic impulse. The formulation contains two small but
mathematically independent parameters upon which asymptotic expansions
are initiated using regular perturbation procedures. Simply-supported
boundary conditions are assumed and the ensuing imperfection is taken
strictly in the shape of the first term in the Fourier sine series expansion .The
buckling modes ,which are assumed strictly in the shape of imperfection ,are
obtained and the dynamic buckling impulse is evaluated nontrivially. It is
observed that a viscously damped imperfect cylindrical shell buckles at a
relatively higher dynamic impulse than an undamped one. Hence, damped
cylindrical shells are dynamically more stable than undamped ones in the
sense that they can sustain higher dynamic pressures and become unstable
only when the pressures are excessive.

1.0 Introduction

Investigations into the dynamic stability of thiralled elastic structures have received global
attention in the past forty years and various wdsh and techniques, both analytical and numerical
(sometimes, a combination of both) have been ddvise Mathematicians and designers of modern
engineering structures . The first major invest@a in this respect were given by Budiansky and
Hutchinson [1-3] in a series of awe-inspired puddiicns based on approximate theory of dynamic
buckling of imperfection-sensitive structures, @hin themselves, were a direct extension to theaghyc
setting ,of Koiter's [4] original static theory ogmost buckling behaviour of elastic structures is t
investigation, we are exploring the extent of tigaamic stability , under an impulse driven dynaioid,
of a lightly and viscously damped imperfect circudglindrical shell in the hope of highlighting thele or
effects (if any) of light damping in the bucklingogess. The analysis is primarily predicated @nuse of
regular perturbation technique in asymptotic esp@ms of the variables in which a two-small-paramet
nonlinear coupled elastic system is analyzed usitvgo-time method analysis.

2.0 Formulation

Assuming that the normal displacement at a pointhenshell surface ¥/ X,T,T) and Airy stress
function isF(X,Y,T) ,whereX andY are the spatial variables amds the time variable, the usual Karman-
Donnell compatibility equation and equilibrium etjoa for a damped circular cylindrical shell of tghlL,
radiusR and thickness h are respectively given [5] by
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im“F—iw,XX:s(w,Wij (2.1)
Eh R 2
PW, ;1 +C W, +DO*W +%F,XX = s +W,F) (2.2)

whereE is the Young’s modulusp is the mass per unit area, and the cylindricall sheubjected to a
light viscous damping forc€C, per unit area per velocity ,as well as an axialplied impulse force

/\(T) per unit area .The bending stiffness [3 = En’ where IV is the Poisson’s ratio and
' 121-v?)

W(X,Y) is the time—independent stress-free initial nordiaplacement while a subscript following a

comma denotes partial differentiation with respecthe independent variable indicated by the sitscr
and S is a bilinear operator defined by

S(P’Q) = P’xx Q’YY +P’YY Q’xx _2P’XY Q’XY (2.3)

2 T Ave
oX< oaY
For convenience, we introduce the following non-eltsional quantities

THZ(DJZ
W s \P)
-

2
. _ _ (0* 9°
Here [1” is the usual biharmonic operator namal)? = .

X Y W LC
X_T,y:F,DW:F,W: B ,2/7:p—7°T, (2.4a)
|5(f)= LZR/\(T) A= L2\¢12(1—V2) E:L_Z K({):— i i H :H (2.4b)

7D m7Rh ' TR?’ 1+¢&) R '

where [l is a small parameter which measures the amplitfid@perfection while/ is small parameter
which measures the amplitude of the light viscoarmping. Though both] and /) satisfy the inequalities
0<[J<<1 and 0¢)<<1, yet they are mathematically independent. Wesicter the introduction of light

damping a revolutionary departure from must of éesting dynamic buckling investigations to date ,
some which include Wang and Tien [6-8] , Schenk Soldueller [9], Danielson [10], Ette [11] , Weiadt
[12], Batra and Wei [13] and Zhang et al [14] ,amarthers. Our intention to investigate the effedits
damping is borne out of the observation that mbgsigal systems in dynamical settings are neveoidev
of some form of damping and dynamic buckling pheeonanare not exceptions.

We consider homogeneous normal displacement araocitye and neglect both axial and
circumferential inertia. We assume simply-supportexindary conditions and neglect boundary layer
effects by assuming that the pre-buckling defleci®constant and so we write

2 212
F=-liIRxz+ @ |+ _ETL g (2.5a)
2 2 ) mR{+&?)
IRZ(l—an
W:T2+hw (2.5b)
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The first terms on the right hand sides of (2.5&M)cate the pre-buckling approximation whige takes
the value@ =1 if the pressure contributes to axial stressuphoend plates, otherwis& =0 if pressure
acts laterally. On substituting (2.4a,b) and (2bato (2.1) and (2.2), we have respectively.

O4f -(1+&)°w,,, =-(1+&)° H§(w,"%’+ Dv‘vj (2.6)
Wi+ 2w, T wW— K (E),  + J(t)[ W OW),, {(V\H-D\Tv),yy} (&)S[(w+Ow), f]2.7)
_, (82 92\ _
where 0" = (W + Ea_yzj ;S(P;Q) = Puxx Q)yy+P!yy Q,XX—ZP,Xy ley
Simply-supported boundary conditions imply
w=w, =f=f, =0atx=0,7 (2.8)
and homogeneous initial conditions imply
W(x,y,O‘):w,f (x,y,O‘): 0,0<x<mO0<y<2m (2.9)

We note that5(f) is the Dirac —delta function of time anbis its amplitude. Our main aim is to
determine a particular value dfat buckling, namelyl  , called the dynamic buckling impulse, at which
the structure becomes unstable dynamically . Wimeldf, as the maximum value of the load amplitude
for the solution of the problem (2.6) - (2.9) tolbmunded for all time t9~

3.0 Classical buckling load
To determine the classical buckling load. , we substitute 1 f06(t) and renamd as A .We

ignore the inertia term and defimelC as the minimum load parameter for which the solutbf the

associated linear problem of the perfect cylindridell has a nontrivial solution .The ensuing eliéntial
equations, from (2.6) and (2.7), are respectively

Of -(1+&)w,,, (3.1a)
Tow-K(&)f . +A [2 (w+ OW),,, +&(w+ Ow), } 0 (3.1b)
with homogeneous boundary conditions w=w,, ,=f=1f, =0 atx=0,7 (3.1¢)

For solution of (3.1a,b) , we assume  (w, f)=(a,,,b,,)sin(ky + 4, )sinmx (3.2)
Such a solution was given in [5] as

I [+ n2) - (L+ EPK(E)a+n2)” | (3.3a)

a
, '3

Ac =

where n ,in (3.3a), is the critical integer valdeéahat minimizesA .The corresponding displacement and
stress function are

(w, f)= {l— (1(]; ni)f) ] a,, sin(ny + ¢, )sinx (3.3b)
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where have substituted fd€ (E) in (3.3a) in order to get (3.3b).

4.0 Dynamic theory
We now solve equations (2.6)-(2.9) in full. The gedure for obtaining the dynamic buckling
impulse is as follows:

(a) We shall first determine uniformly valid asymtt expression ofM(X, y,t) ,and hence
that of f (X, y,t) by using regular perturbation

(b) We shall next determine the maximum value ef displacemenw(X, y,t) and lastly
(c) determine the dynamic buckling impulbg [5,10,11] using the maximization
dl
— =0 4.1)
dw,

where W, is the maximum o(X, y,t).
We assume that the impulse acts, as is customatlyin a very small time interval namely
0" <t <0" and that the displacemenity(X, Y,t) is continuous within and across that interval. We

integrate (7) fromr0™ to 0" and get
W, +2w, +0*w-K(&)f,,, = -HK(&)| S(w+Ow, f)] , >0 (4.2a)

w(x,y,0+)= 0, w,; (x, y,0+): -1 {%(W+DW),XX+Q((W+DV_V),W} (4.2b)
=f=1

Equation (2.6) still suffices, though, is now defih in the intervat > 0". The sole essence of the impulse
is to impact to the structure a non-vanishing ahitielocity immediately after its action so thaa
considerable quantum of initial kinetic energy e¥hiaccelerates the structure, is thereafter unéeheh
the structure after the impulse’s action. Thisharacteristic of impulses , like Earthquakes, whog&l
kinetic energy could cause considerable catastephd wide spread damages far and wide- all depgndi
on the initial magnitude of measured in Richter scale. We let

(w0, @+, T° +a, O +A )

0<x<m,0<y<2m; W=Ww,,, wy=0atx=0,mr (4.2c)

r=nt ;t=t+ ; @ =w(r),w(0)=0,i=234\ (43a)
and also Iet\N(X, y,f) =U (X, y,t, T) so that

W, = (1+ e, 0% +af, O° +A )U, 47 U,, (4.3b)

Wit (1+w' [? +w§ [ +/\) U, +27 (1+w; 0 +w§ [ +/\) U,,, (4.30)

+n* U, +n (1+a,g [ +ad/ T +A )U,t (4.3d)

where & = ( )' .Henceforth any evaluation &t= 0" shall simply be said to be at t=0 . We now let

dr
(f(x,y,t,r)j ii( ij(X y,t,T)] i,7] (4.4)

wix, y,t,7) ) T W (X y,t,7)
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where thel | as in flland W' are superscripts and not powers. We substituBa{d) and (4.4) into

(2.6) and (4.2a-c) and equate the coefficients Bﬂf/]i ,1=1,2,3A\ j=0,1,2/\ and obtain the
following equations:

L™, )= £ - (1+ &)U, =0 (4.53)

LAY, £°)=u,0+TU® - K (&), 2% =0 (4.5b)

LOU™, f1)=0 (4.6)

L@U™, £1)=-2u,0-2u 10 (4.6b)

LOU 2, )= -1+ &)H { %§(U 0U)+S(U 1°,v_v)} (4.72)

LOU 2, £20)= -HK ()| S(u™®, 1)+ 5(f,w) | (4.7b)

LU=, £2)= -1+ &) [ ;s(u 0 yn)+ s —)} (4.82)

L2 )(U 21 le) —HK l ( 10 Ull)+S( 11 f1°)+ §(f 11,V_V)]—2U 2202 (4.80)
LU, £20)=~(1+£)PH [SU,U®)+ U, w)] (4.92)

L2 )(U 30 fso) —HK ( )[ ( 10 f 20)+S(U 20 flo)+S(f 20 —)J 26U 10 (4.9b)
|_(1)(U 3 f31): _(1+ ) { (U 1y 20)+ ;S(U 10 21)+S(U 21 )} (4.10a)

L@ (U u 31) —_ lS(U 21 ¢ 10)+§(U 20 11) §(U 10 ¢ 21) é(U 1 g 2°)+§(f 21 W) J .10

—z(a;u,“w;u *+edU, 14U, 0+, 3°+u,fs)

The boundary conditionsare  U'! =U ,ixjx =fll= ,'X‘X =0i=1,2,3MN;j=0,1,2,34.11a)
The initial conditions are evaluatediar 7 = 0 and are given as follows

Uu®=0;U;"=-I [%(U 10 +W),XX+£(U 10 +W),yy} (4.11b)
Ur+U %= - {ZU i tEU ,yy} U+, 2= - [ZU s tEU ,yy} (4.11c)

U7+, = B ,XX+€UW}:U,i°+w;(0)u,%°:— B ,XX+EUW} (4.11d)

U, +U, *+a(0U, " =-1 | =U, X +&U %
! v {2 Uy (4.11e)

k=r-1;r=1,23A
For solutions of (4.5a) - (4.11e), we let

Uv'l :j = pyq;z:;% { U\Z‘j g gj cosqy + (J\ii g g] sin qy} sin px (4.12)
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We now let w(x, y) = asinxsinny (4.13)
We substitute (4.12) into (4.5a) for=1, ] =0 and easily get

g0 2@+ PUL (L)Y

reeaf " reea) o
In particular if p=1 and g=n, we have
flO :_(1+5)2U£-O flo :_(1+5)2U;-O (415)

2 2 2
L+ én?) L+én?)
We substitute (4.12) into (4.5b), multiply the riésot equation bysinmxsinny, bearing in mind
the initial conditions as in (4.11b) and get, forImand using (4.14b) and (4.13)

2
UL, +¢2U2° =0, U%(00)=0,U% (00) =1 5[127 + nzfj WP = (1+ n’¢, )2 +(1+ﬁ24e) (4.16)

If we however multiply the above substitution irfta5b) bycosmxsinny and simplify, using the
first of (4.15), we get

10
Ul.tt

5 2
U2 =0; U(00)=0,U2(00) = 0,2 ={ (v + (el +| AT | tm@an)
(m2 + (2} &
On solving (4.16), we get

a
(50
U(t,7) = B,(r)cosy t+ ¢, (r)sing t, 5,(0)= 0, 7,(0)=aB,B = ZT (4.18)
On solving (4.17) , we get
UL(t,7) = B,(r)cosy,t + ,(r)sing,t; B,(r) = 0;,(0)=0 (4.19)
We now substitute the relevant terms on the riginidhsides of (4.6a,b) and get
LU, f1)=0 (4.20a)
LA™, £14)= -2 (U2, +U )cosx+(UL, +UL )sin x| sinny (4.20b)
U™(xy,00)=0; U*(x,y,00)+U*(,x,y,00)=0 (4.20¢)
We substitute (4.12) into (4.20a), fo~1, j =1, and get
f1l = ——(1+ f)ZUlll f1l = ——(1+ f)ZU ;l (4.21a)
e " renf
In particular, forp = m, g = n we have
2 2111 2 2111
fh= UL TP Sl LCE (4.21b)

2 2
(m? +&n2) (m? +& n?)
We now substitute the relevant terms into (4.26h0)ltiply through bysinmxsinny, simplify and to ensure a
uniform valid solution in the time scaleequate to zero the coefficients 00S{/, t and Sing/, t and get

respectively & +{, =0, B, + 5, =0 (4.22a)
The solutions (4.22a), subject to (4.18) are
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&()=¢,(0e™; B,(r)=0 (4.22b)
If, instead, we multiply (4.20b) bgosmxsinny and equate to zero coefficient 60/, t and Sinl//kt in
order to maintain a uniformly valid solutiontinwe have

§+{ =0, B3 +p =0 (4.23a)
On solving (4.23a) subject to (4.19), we have
Z,(r)=B(r)=0 (4.23b)

We therefore conclude that

Ullt,r)=¢,(Qesinwt ;UP({t,r)=0, U°=UX(t,7)sinxsinny  (4.24)
The remaining equations in (4.20b) are
U, +@Ut=0;U% +gut=0; U*00)=0; U"(00)=0,r=12. (.25
On solving (4.24), we get
Ut,7) = y,(r)cosy t+6,(r)sin ¢ t;UR(t,7) = y,(r)cosy, t + G,(r)sin ¢,  (4.26a)

v,(0)=6,(0)=1,(0)=6/(0)=0 (4.26b)
Solutions beyond this level reveal thhtllland Uél depend multiplicatively on the initial
conditions (4.26b) so that, we expect Uit=0,U}=0 (4.26¢)

We now substitute on the right hand sides of (#)7and get

LI, £2°)= -n2(1+ £)PH BU AT ;0} (cos2x + cos2nmy) (4.27a)
LAU 2, £2°)= —n?HK (&)L £2° +af °| (cos2x +cos2nmy) (4.27b)
U®(x,y,0,0=0; UX?(x,y,0,0=0 (4.27¢)

We substitute (4.12) into (4.27a), fo= 2, ] = 0, multiply thereafter bycoskny sin mx and for
k=2,m odd, we have
1 4 1 ~
o= (1+ &)’ n?H —(U ;0)2 +aue (4.28a)
(M= +4n<é)° | mm 2
If we however multiply (4.29a) bgin kny sinmx, we have

2 21120
20 = _—(14,5) my, Om (m positiveinteger) (4.28b)

2 1
{m2 + (kn)zf}
Next, we substitute (4.12) into (4.27b), fo= 2, ] = 0; multiply thereafter bycos kny sin mx and
for K= 2 ,m odd, we get, using (4.28a)

UZ, +pU2 =3QUE +Q, L2 1u2(00)= 0,U2 (00) =0 (299
where
o (At Y apmn?| 1 1
> =[P +an? )+ ————| |,Q =~ o " 2| @29
. [‘ d (szan] e (e e R
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sz_

4A’mn? { 1 L1 } w200
m 2(m2 +4n2<‘)2 (m2 + nzg‘)2

If we however multiply (4.27b) bgin kny sinmx, we get, using (4.30b)

U% +ygiu =0 U¥(00)=0,U%(00)=0 (4.30)

On solving (4.29a-c), we have

Q.{; , AQf,singt Q7 cos 2yt

U? = p.(r)cosy t+ ,(r)sing t+ (4.31a)
£= Al o) 7 Yr-wt 2Wi-w)
_ (5 p -2 1 pn.p QY
A,0)=(aBfR, ; R 2{ },Z -a’RB; R, =——= __ (4.31h)
(0= R ;. Wi -4 2 (0)=-a"RB: R, w5~y
On solving (4.30), we have
U2 = y.(r)cosy,t +6,(r)cosy,t ; y,(0)=0, 6,(0)=0 (4.32)
We next substitute the relevant terms on the sites of (4.8a,b) and get
LU, £2)=0 (3.33a)
()(U21 f21)— -2 Z(Uft°+U,U)c052nysmmx 2 Z(Uft°+U,U)sm2nysmmx (4.33b)
m=135A m=135A
U*(x,y,00)=0; U2 (x,y,00)+U,*(x,y,00)=0 (4.33¢)

We now substitute (4.12) into (4.33a) fdr=2,]=1; multiply the resultant equation, first by

cosknysinmx and next bysinknysinmx and , in the first and second multiplications wet g
respectively

f21 - _ m’(1+ &)U 21— m’(1+ &)U
1 2 2427 2 2 2 712
{m? + an2¢} {m? + ()2 ¢}
where the first of (4.34) is valid fdr= 2 andm odd, and the second is valid for kland allm. Next, we
substitute forUl20 and Uzzofrom (4.31a) and (4.32) respectively , into (4.33thlen use (4.12) for
I =2,j=1,; multiply by cosknysinmx and to ensure a uniformly solution in t , equateero the
coefficients ofCOS2/ t andSin2( t for the cas& = 2 and get respectively

(4.34)

{3+{3=0; B+B;=0 (4.352)
However, if we multiply (4.33b) bysSin kny sin mxand equate to zero the coefficients of
COS Y, t andsing, t , we get 6, +0,=0y,+y,=0 (4.35b)
The solutions of (4.35ab)are ¢, ={,(0)e”, B, = B,(0)e”, 6,(r)=y,(r)=0 (4350
We thus conclude that U= ZU *cos2nysinmx ,U2’ =0  (4.36)
m=135A

The remaining equation in (4.33b) now takes thenfor

UZ +g?U 2 =Q,(r)cosy t+Q,(r)sin2¢ t; U*(00) = 0,U% (00)+ UZ (00) =0 (4.37a)
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Q=R o - W o (zf}ioy=000--22E)

yi-yt Tty wi-4y*  (4.370)
U2, +g2u2 =0,U?(00)=0,U%(00)+UZ (00)=0 (4.37¢)
On solving (4.37a,b),we have
_ . Q,cosyt Q,sin2¢t.
U:I.Zl —ﬁ4(T)COS(//2t+Z4(T)S|nl//2t+ l;zz _l//2 + l//422 _4‘//2 ’
saBf 0.u° (4.38)
- _ 4

B,(0)=0,7,(0)=
4( ) 4( ) (wzz _4‘//2)2
On solving (4.37c¢), we have

U3 (t.7) = yu(r)cosy,t+6,(r)singt ; v,(0)=6,(0)=0 (4.39)
We now substitute the relevant terms on the figimd sides of (4.9a,b) and simplify to get
LU, £29) =1+ £PH i[ (U2 +au){ (arf +nrfr2)simycognysinxsinmx

ME135A

+ 4rchos1ysin2n3pos<cosnx}] (4.40a)

LA, £)=—HK(¢) i[ (us +u2s0 +af ) (ar? +nPn?)sinnyconysinxsinmx

135 (4.40Db)
+ 4n2mcomysin2nycosxcosnx}]—2a§ Uy, sinnysinmx
U*(x,y,00)=0, U,%(x,y,00)+d UL, (x, y,00)=0 (4.40c)
We substitute (4.12) into (4.40a), for=3, ] =0, then , multiply through bysinknysin fmxand get,
2
—p= 1+ n’H _
fork—,B—l, f230 :[1_'_”‘22;] { 277 (5¢1_4Q1)(U120U120+aU120)_U230} (4.41a)

where @, and Q, are respectively the values ¢f, and Q _at m=1 and

¢m:2+{ t 1 },Qm{ t 1 } (4.41b)
1-2m 2m+1 2m+1 2m-1

The other combinations ok and § arek =3, =1 and k =1, f = 3.These two will respectively

give rise to stress functions here denoted‘ﬁ/ and fz‘zo, and to corresponding eigen stress functions in

the shapes ofvng sin3nysinmx and ng sinnysin3mx. Since these are not in the shape of
imperfection, they are henceforth neglected. Ortipiying (4.40a) bycoskny sin 5 mx, we have

2 2y 130
£ =- L+ &) (Bm)°u; ~, 0k, B (each, positive integer) (4.41c)

{(pmf + (knfe]
Next, we substitute (4.12), far=3, j =0, into (4.40b), multiply through bgin kny sin 5 mx and for
k = =1, we get, using (4.41a),
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2
1+E 105 | 20 =11 20
H n? -4Q Uy +au
UZt +¢°U3° = n*(54, ) (1+n25j ( 27 ! ) -2, UL, (4.42a)

2
+K( f)(U 10§20 L y20£10 4 aflzo)

U(00)+a,(0Ui(00)=0 (4.42b)
If we however multiply (4.40b) bgoskny sin S mxand simplify, using (4.43c), we get
U® +g2u®=0;U®(00)=U¥(00)=0 (4.42c)

To solve (4.42a,b), we simplify it further by stibging for all the relevant terms there and gejti

U @03 = A, [ Qs +Qf Bysinly +,)t- ¢y cod g+, ) t+ B sinfy -y, )t

+ Z,codw-u,)t}+Q, cos2yt +Q,sin3yt +1,a{ B,cosp, t+{,sing, t}  (4.43a)

IKSQ{ 1 j 18°QG, , o, 3sCs 2@@2} .

+ — + +a‘dl, + + 5 sing t

{ 2 \@2 dwi-a7)) W-v) 4 LA v
U$(00)= 0, UY,(00)+ a4 (03%(00)=0 (4.43b)

where
|, = B4 H :[ QL ALy, élezzf}
2m 2(‘/’2 4 ) 2 21/12

[, = A 2( ! j2+ ! N :( ! j2+ ! (4.44b)
' 140 ) firanef |7 [\140%) (14 anef

(4.44a)

2Hn? 4n*H 2n°H
= S IN 2HEf  m————  s = :
77(1+ 4n25)2{ ( +5) } 77(1+ 4n25) 77(1+ 4n f) e
W2 o Q19 +'_3} 4,440
Qe & az{(wé—wz) gz -a?) 2 s
Q= Zz{4 E(I,l%)} 1Q5( ) a Bngo Qo= { 1Q1 ‘ t+l, I (3 } (4.44e)
aB|1 2 _ |1Q1 |2Q2 |_3
Q6( ) Q7( ) ( B) Q1. Qu _[2(1//22 _[//2)-'— 2([//22 _4¢2)+ 2} (4.441)

I_ Q4
Qs (O) (aB) Qi Q3= {4 5(402—4[//):| (4.449)

To ensure a uniformly valid solution inwe equate to zero in (4.45a) the coefficiensif{/ t and get

l, [LQ2,( 1 1 1,a°Q, a2 3.7
W\T)=~-—" — 2 2 Ly 445
" 24”{ 2 (w2+2(w2—4w)j wi-e?) " } e
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a)’z(O) -— A |0§ (BZQ14 + le) ’Q14 — {lle (i + 1 J-I-&}’ (4.45b)

24p* 2 \y; 2y; -4’ 4
Qs =1, +ﬁ) (4.45¢)
The remaining equation in (4.45a,b) is now soledét
0 = A Jeosy t+ £ r)sing t+|{§g+@6{ o (A AUAIST e AVAT
+ m{ Bssin(y —y,) t+{, cosly —wz)t}} } S 03(:;221/1'[ - Z;zswt w463
+ t//ZI 2_5%2 { B, cosy,t +¢,sin wzt}}
5;(0)= -% 5(0)= IO(EB‘//)SQ“ + '°53;Q18 (4.46b)
S {Qw ey ) Ef‘iﬂ (409

37/ 2y 2[//2 2[//'"(;[/2 2[//_1//2 (//2 _l/lzz

On solving (4.42c),we have
U2(t,7) = ys(r)cosy,t + 6,(r)sing,t ', y,(0)=6,(0)=0 (4.47)
We now substitute on the right hand sides of (4d)0&nd simplify to get

Q{QQ_ R, {( w+y, j_(w-wz jH Q{ R, 'Zﬂ (.40

LU, 12)=—(1+&PH Y Héugbfhéuflu;%aufl}x (4.482)

m=135A
{ (4n2 + mznz)sin nycos2nysin xsinmx +4n’mcosnysin 2nycosx cosmx}]
L (U g 31) - —Hk(f) i[{uéo AU LRI Y20 - éflzl} %

135A

{ (an? + m?n?)sin ny cos2nysin xsinmx + 4n’mcosny sin 2nycosx cosmx} |
2 UL+ WU + U, +UX +U L Jsinxsinny

We substitute (4.2) into (4.50a), for 3, ] =1, multiply the resultant equation ksinkny sin f mx

and fork = £ =1,we have

(4.480
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1+¢)*n? 1 _

S il P TR TR PR (4.450)
271+ n?¢) 2

where we have taketJ ;l =(0.0ther combinations ofkand Sare k=1,5=3; k=3,5=1.

These other combinations will eventually lead talimg modes that are not in the shape of impeidact

and they are henceforth neglected . If we mult{gl0a) bycoskny sin 5 mx,we have

ca__ [+eP(BmPUY
{(Bm)? +(kn) e

1
We next substitute (4.13) into (4.50b), for 3, | =1; multiply through bysinknysin S mx and get,
using (4.50c)

U:231tt+¢/2U31_A2| [ng 21U10+Q20aU1tT] 2{

, Ok, B( each,positive integer) (4.48d)

WU +aUB raus,)
+U30 +U30 ( a)
2,tr

u*(00)=0, U (00)+ U (00)=0 (4.49b)

1+n22 [ 1 1 1
hereQ,, =|1- — |+ ot Q=15 4.49
whereQ [ [ n j{(lm fj L+ an¢) H 0 ( n(1+4n25)] (4459

On further simplifying (61a),we have
U g,ltt +¢/2U§l = A2I0 [ Q22 CO&”Zt +Q238in‘//2t + Q24Sir]2‘)l/t +Q25 CO#{/I +‘//2) t
+QuSiN(W +40,) t+Q,, cody ~ 4, ) t+Quesin(y ~,) t+Que(O)coszy t]  (4.502)

+R;cog/ t+R, sing t
u3(00)=0,uU%(00)+a (O, +U (00)=0 (4.50b)
~ 20wl,a 2{,yl,a _ 2B 1,a
Qy, =aQ¢, — wZS‘/_/(;Z B wza 4_04022 Q23 =8Qu0f, + wIBZS‘i/(;Z (4.500)
2 2 2

ngzzQs - QuaQ, _4Q, _4Q;

0, = (4.50d)
Ay -wz) Wi-4pZ) 3w
Q19Z2Z4 + 2| Qeﬁa) (w +‘//2) 2|°(Q6’83)(‘// +¢/2)} (4.50e)
¢2(2¢+¢2) w2 +y,)
et 2,(Q8) W +0.) , 2, WZ)} 420
¢/2(2¢/+¢/2) ‘/’2(24[/'”//2)
ngzza _2QB) W -v,) _2AQu8 3)(4”%)} 4512
v,u-w,)  ww-u,)
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Q, = QS5 + 2(Q6ﬁ3)' (‘// _wz) + Z(Qﬁﬁs)(w —402)
T2 wlp-v,)  wl-y,)

o, - {3(933 . Qu_ 2000 } ol Qb

a ay (p-ayef 4 dr-a)

} ng(o) = (EB)3Q42 (4.51b)

=Qx (4.51c)

A2 0Q19(2Q4
2pz-a?)

R, = {ﬁj"%) + 23, + 240/35} (4.51e)

Because of the lengthy nature Q‘Zg( ),We have approximated it by its exact valuerat O which will
be used later. The following simplifications aecassary in the next round of analysis.

R, = {26«1'41/(2‘2&141/(2 2‘/’0}(2 24’42‘240(5} (4.51d)

%(0):%,Q {le{wz 2w§1+w2 }+%} (4.52a)
Q,(0)=0,Q,(0)= ‘% (4.52b)

Q(0)=-a"F"Q, .Q,; =[ %}?ZU +, ﬂ Q0)=-22 Q(0)=2B'Q, @)
Q= [ﬁ + %3 + ﬁ} Q:(0)=(aB)’Qy; (4.52d)
Q(0)=-8°B°Q,,,Qy = ﬁ% (@.52¢)

4Q,Q, _ 4Q;, + 2Q,,

w>-4*? 3y Yy
QZng 2R2|0(l//+l//2)(1+|1) IOIIRZ(w+l//2):| — 3

38 = 2 2N ,Q26(0)=1aB) Qs (4.52)

Q sz—zw) wpew)  wpry) | e0=EENQ

Qggz{aolle(‘//"'wz)} ,Q27(0)=(§.B)3Q40,Q40={— (2‘/' ng + Rzl (41/ ‘//2)} (4.5%)

Q,:(0)=0Q,(0)=2a°BQ,; .Q,, :{ } ,Q,5(0)=(aB)]°Q,, (4.59)

w2y +y,) R AC )
=R )3 Rzll(‘// wz)
28 0)=(aB iy Vo =~ -
Q;(0)=(aB)' Q. Q vew—0) (4.52)

To ensure a uniformly valid solution in we equate to zero in (4.52a) the coefficientsCok¢/ t and
sing t and get respectively
2
d I Q Z2Q4
%2{—2@(,[/(2—2&12(,[/(2 S
2(1112 —4y )

R, = {((Z”’L%) 2zﬂﬁ5+2¢/ﬁ5} (4.53b)

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 103 - 120
Technique on the dynamic stability of a lightly danped cylindrical shell ~ A. M. Ette J of NAMP

b,y — 24P — 24, 5} (4.53a)



The solutions of (4.53a,b) are respectively

ZJT)*”{%HQ(% 2@40] ZW(Z;"'Zz)}eSdS"'Zs(O)} (4.53¢)

aQ20Q4Q3
d () =-e ds— 3 4.53d
an A.() {zwj(wz o Jesﬂ()} .
3 _3B 18 —_ A2 219 30 16
Zé(O):lo(ﬁB) Qy— a8Q Q7 _{ 2Q Q 5\ Q Q }Qm (4.53e)
¥ 2(4[/2 —4y ) w
Bi(0)=-p,(0)= %@1""" (4.53)
is as in (4.48d).0On solving the remaining equatio(.52a,b),we get
U3(t.7) = B;(r)cosy t+ £, (r)sing t+ A%, { — Q. cogp, t+Qysiny, t}
_Q,sin2yt 1 .
3 ¢’2(2¢/+€U2){Q25COS(¢/+¢IZ)t+Q26$m(w+w2)t} (4.542)
1 . ng(O)cosaz//t}
710y —Y,)t+Qy —Y,)t T a2
%(Zﬂ_%){Q cosly ~¢,) t+Quesin(y -, ) t} &
2 Q22 Q25 Q27 Q29
,(0) = —A2l | =2 - + - =2 4.54b
A0 L//z ~¢t w2 ry,) ww-y,) 8y } (55

—(=p)\3 =3p2 =3 — AZI0 Y+, Y-y, (4.54c)
60_ B 7 + B hg T B 9147 = 39 A1
¢lo={eey @ 2B Qs 1280, Q wz/fzﬁzwwsz (Zﬂ-lﬁjQ}

0, =1 A2|0Q37_|0Q122_|0{|1R1( 1, 1 j_ngl_Zngz} wsaa
Y L7/ 2y v, \ Y-y, 2+y, Y 3y

— |0|2R2
49 — 2 2 (4.54¢€)
R e )

If we multiply (4.50b) bycoskny sin S mx and maintain a uniformly valid solution in t , wetg

+6,=0; y.+y, =0 (4.55a)
On solving (4.57a) we get
0(r)=yr)=0 (4.55b)
The remaining equation in (4.50b),after multiplyily coskny sin 5 mx ,are
U +g2ui=0,U¥00)=U*(00)=0 (4.563)
On solving (4.58a), we get
U3 (t,7) = y,(r)cos g, t +8,(r)sin w,t, ¥, (0)=6,(0)=0 (4.56b)
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So far, we give the normal displaceméh(x, AS T) as
U(x y,t,7) =0U 2 sinnysin x+° (U2 +7U ) sinnysin x+0[07?)+ O #?) (4.57)

where we have neglectédl20 and Ulzlbecause they are not in the shape of (4.13).

5.0 Maximum displacement
As a function of space and time variables, thalit@ms for maximum displacement are

U, =0, U,=0; [l+a % +A U, +7U,, =0 (5.1a)

From the first two in (5.1a), we have

Ya =T —— (5.1b)

where X, and Y, are the values of x and y respectively at maxindisplacement . We Idt, ,t, and
T,be the values of ,t and 7 respectively at maximum displacement and now asstira following
asymptotic series

ta =l +7 1y + B (tzo +n t21)+/\ ;fa = t_o +’7f01+ B (t_zo +’7f21)+/\ (5.2a)

=0t =0{ to + 7ty + 0P (o +/7 1) +A } (5.2b)

We substitute (5.2a,b) into the third equation g, and equate the coefficientsidf/7! ,i = 123A ;
j =0,1,2/\ From the coefficients of},[ 177 and Dg, we have the following respective equations which
are evaluated e(ﬁa,ra) = (to ,O):

10 —_ 1. 10 10 10 _— .
Uz,t _07 tOlUZ,tt+tOU2,tr+U2,r_O’

5.3
LUE, +UZ+ 6t (0D =0 °
From the first and second of (5.3), we have respelgt
7 1
tO = E and tOl = F (5.4a)
From the third of (5.3) we have
_ A%,a’ [ )
tzo - ‘/12 B Qso + BQ51 + Q52] (5-4b)
o, {_ LR, (@ +y,)cosly +y,)t | LR -y, )cosly -y,)t | 3Q33} (5.5%)
2,2 +y,) 2,2 -y,) & |,
_[¢1.Rsinwt LR +y,)sin(w-y¢,)t , 3Q, . }
Q,, = - + + R, sinly -y, )t (5.5b)
N [ WP -y 2,2y +y,) 2y w-v.)
_ YLRsInyg.t
Qs =~ 42031_4”22 = (5.5¢)

By evaluating the second equation of (4.3a)at titecal values of the time variables ,using (5.2aahd
equating the coefficients of (3.:{1 /7) and ((? 1) ,we have respectively
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_ - 1 _
=, =ty :F’and t, =ty — (01, (5.5d)

t, =t, :w’tm

The maximum displacemed (Xa, Y.t 700 )=Ua is obtained by evaluating (4.57) at the critical
values of the variables to get

U, =t (Uio +ntU ;lzor) +0F [Uzso +n (ton 2y FlolU oy U3 +U231)]

(t0,0) 0) (5.6)
+0(0n2)+o(r" n?)
To simplify (5.5), we note the following evaluatsin
U (t,.0) = A,|@B)°Qs, +3°B2Q,, +3°BQ, | (5.7)
— Q17 +I1R25|n((//+¢/2) _|1R25|n(¢/_‘//2) + Q33} 58
s {w vl +y,)  wlw-w,) 8| oo
o :|:_(3321_ ,R, cos(y +y, )t , 1R, cos (W -w,)t .\ 2Q322 .\ |2R22005‘/2/2t} (5.8b)
v: o g, wlw-w,) 3wt wr-el ],
_]Qs, Rlsinwz} 2, 0)= Ao [aBro, +a%B?q, +a%B
55 — |, ) 01 56 57 ks (5.9)
3] sk v e o
0. = [Qm .\ Ilez//sin(w )t LRysin(@ -y, )t le} (5.9b)
2, (2 +y,) w,(2w-y,) 8w,
o, = {Qm Ry cos(y +y,)t _1,Rycos (y-y,)t @+2I2szcoswzt} (5.90
20 2,2y +y,) wp-y,) W wr-wl ]
Q%:{Q18 33”;/‘/2’2 } y (5.9d)
U2t 0) = A%,|@B)° Qs +a°B°Q,, +3°BQy, (5.102)
Q47 1 : Q4o COS(‘//—lﬂz) t
9= - g CO +y, t+ Lo SINNY +U, i+
~ {Azlo w2(2w+t//2){Q W)t Qosinly +.)1) (2 -y,)
Q415in(lﬂ-lﬂz)t Q42} _{ Q34C05‘//2} Q49
+ + Qs = (5.10b)
w-g) &l , R " o B R
UX(t,.0)= A%, (a;) [( )Q,+a BZQ57+53BQ58] (5.10¢)

On substituting into (5.6), using (5.7) - (5.10n0paimplifying, we get
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U, =0C,+P C, +A (5.11a)

C, = [1-'7—”J , = A1o(@B) QS (5.11b)
7 Y
~ i _ = n -1
S {1+ Q. (B'Q, +B7Q,)+ QSG{(HQ3+¢Q59)+(HQ54+40 Q)8 (5.110)
+ B_Z(HQ55 'H// Qﬁl) } ]

6.0 Dynamic buckling impulsel
The dynamic buckling impulsel ;is determinedfrom the condition (4.1) where we now
substituteU , for W, . The usual procedure [11] is to first reversestes (5.11a) in the form

O=dU, +dU’+A (6.1a)
By substituting into (6.1a) fdd , from (5.11a) and equating the coefficientd bfand [, we have
1 C
d=",d,=-= (6.1b)
Cy C,
The maximization (4.1) easily follows from (6.1a)ytield, after some simplification,
2 |C
O== |2 (6.2)
3\ 3C,;

where (6.2) is evaluated &t= | . On substituting into (6.2) fo€, and C;, and simplifying ,we have

—afa ., 1.1 ?
IDaD(2+nEJ _L,a0_ 2 [2x l//( lﬂ}
(1+ nzf)z + A ’ Ac 3AnYV 3 | H (5¢1 - 4Ql) Qs6S
1+n?&

(6.3)

7.0 Analysis of result
The result (6.3) is asymptotically valid and guid®y Koiter’'s [4] observation , its applicabilitg i

limited to any imperfection whose amplitude is I¢isan one half of the shell thickness ( i< D).
2

Similarly, Donnell's condition [5] demands that> 5. A careful examination of the result revealattthe
dynamic buckling impulsd , is higher when damping is present compared taéise where there is no
damping. The value ofl ; however increases with increased damping, provitted the condition

0<7 <1 is satisfied. Thus, with damping, the structurelymamically more stable in the sense that it
withstands higher impulse pressure and may evdntbackle at excessive pressure. We observe, from
(6.3), that the result is such that we are ableetate the dynamic buckling impulsk, to the classical

buckling load /IC By setting/7 =0, we automatically obtain the equivalent result floe no-damping
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situation. We readily observe thét, increases a®i LI decreases. This is expected. We have limited our

investigation to the case where the buckling made the shape of imperfection. According to Koiiéf
,this limitation has the greatest effect on thekting process. The novelty, however in this analysithat
our method allows us a lee-way to any possible idenation of the effects of cases where the bugklin
modes may not strictly be in the shape of impeidactout could be a combination of buckling modust t
are partly in the shape of imperfection and partlany other geometric or trigpnometric shapehag

COS 2nysinx and sinnysin3mx.If we substitute from (4.18) int& for B ,evaluated al ,, we

have B(I D): ;_D so that
C

§ = 1+% (;—ZJ_ Q57 +(IA_ZJ_ Q58 +QLSG (;_ZJ_ (ﬂQ54+w QGO)

Hr Qs+ Q59)+U—DJ (7Qss +¢ Qs1) 1)

We readily observe from (6.3), with (7.1) subgétiithere for§ , that (6.3) is an implicit formula
for calculating | ;. An accurate, but approximate and straight forwardnula for calculatingl  is to

ignore the terms
LY (1)
Ac Ac

and the resultant formula ,from (6.3) ,and (7sl) i

nm
1-
l,all 2 |2m ll/( l,l/]

A 3AnYV 3
© H(5¢1 _491)Q56{1+,7(7TQ53+¢/ ng)}
Qse
The nature and restriction placed on viscous dagpi this investigation must be appreciated.
Here; the damping is not related to the amplitudienperfection so that any variation of any of thepes
not necessarily affect the other.

(7.2)
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