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Abstract

Sufficient conditions for the relative null controllability of
nonlinear systems with time varying multiple delays in the state and control
are developed. Conditions are placed on the perturbation function which
guarantee that if the linear control base system is proper and if the
uncontrolled linear system is uniformly asymptotically stable, then the
nonlinear delay system is relatively null controllable. As application, an
exampleisgiven to illustrate the obtained results.
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1.0 Introduction

The concept of controllability plays a major rola finite-dimensional control theory.
Controllability is the property of being able t@st between two arbitrary points in the state sp@ce
the other hand, null controllability is the propedf being able to steer all points exactly to tr@in.
This has important connections with the concetalbilizability. Investigation into the controlldiby of
functional differential systems to the origin hasacted great attention in recent years with tfewving
interest in disease control models in which the emnof infected individuals is desired to be colhid
to zero. Several authors have studied the nullrobtability of various kinds of dynamical systems.
Balachandran et al [2] studied the local null coltability of nonlinear functional differential sigms in
Banach spaces whereas in [5] Balachandran andrhaaldanvestigated the null controllability of neaitr
evolution integrodifferential systems with infinitdelay. Iyai [9] discussed the Euclidean null
controllability of linear systems with delays imt& and control. lheagwam and Onwuatu [4] derivedta
of sufficient conditions for the relative contrdiiity and null controllability of linear systemsitiv
distributed delays in the state and control wheiliealg] Onwuatu studied the null controllability of
nonlinear infinite neutral system. Eke [3] estdiid a set of conditions for the null controllalyilvf
linear control systems. Umana and Nse [6] studiednull controllability of nonlinear integrodiffeméal
systems with delays whereas in [1] Umana discusisedelative null controllability of linear systems
with multiple delays in state and control.
In this research we develop sufficient computabikerga for the relative null controllability onlzounded

interval [O,tl] of nonlinear systems with time varying multipldaie in the state and control variables.
Our results extend those of [9, 4, 1] to nonlineatems with multiple delays in state and control.

2.0 Preliminaries
Let N and M be positive integersE the real lind—c0,). We denote byE" the space of

real N -tuples with the Euclidean norm denoted[ﬁylf J is any interval oE , the usual Lebesgue

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 69 - 78
Nonlinear systems with multiple delays in state andontrol R. A. Umana J of NAMP



e-mail: reubenandy@yahoo.com

space of square integrable (equivalent classesfuofftions from J to E" will be denoted

byL,(J,E"). L([0,t,], E") denotes the space of integrable functions fi{@yt,] toE". N will
be used for the collection of all reAlIX M matrices with a suitable norm.

Let h>0 be given. For functionx:[-h,t] - E, t0[0,t;] we use the symbok to
denote the function ofi—h, O] defined by (S) = X(t +s) for sO[-h,0]. C=C([-h,0],E") is
the space of continuous functions mapping the vatef—h,0] intoE". Similarly, for functions

u:[-ht] - E™,t0O[0,t,], we use the symbol, to denote the function ofi—h,0] defined by
U, (s) =u(t+s) forsti[—h,0].
Consider the nonlinear system with time varyingtipld delays of the form:

P P
&) =X AOX(E-h)+> B Ou(t-h)+f(txt).xt-h).u)ut-h) (2.)
i=0 i=0
x(t) =¢t) tO[-h0]
where xOE", uJE™, tO[0,t,] for t, >0.
A(t) are nxn continuous matricesB (t) are Nxm continuous matrices angi(t) is a continuous
vector function on the interva[—h,0]. Throughout the sequel, the control sets of isterare

IB= Lz([O,tl], Em), lUOL, ([O,tl], Em) a closed and bounded subset|® with zero in the

interior relative tol B .
We shall show that if the free system

&) =D AMX(t-h) (22)
is uniformly asymptotically stable, and the Iir;;zantrol system
&) =D AOX(T-h)+> B®ut-h) (2.3)

is relatively controllable, then system (2.1) imtieely null controllable provided the continucfusction
f satisfies some smoothness and growth conditions.

The above conditions o) and B, ensures that for each initial daf,¢) a unique solution
X(t) of system (2.1) exists throud®,¢) which is continuous ir{(0,¢). This solution is given by

X(t) = ><(t,0)¢<o>+i [ Xt.s+h)AG+h pEXs+[X ¢ )Y B ) 6-h Xs
i=0 —h 0 i=0

+Jt-X(t,s)f(s,x(s),x(s—h),u(s),u(s—h))ds (2.4)

This formula can be rewritten as
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——, 0o

K= X (OO | X Es+h)A G+ pEXs+ [ X €.s+h B 6+ by, 6)s
i=0 -h

p
i=0

=

p t-h i
+Z;, j X(t,s+h)B.(s+h)u(s)ds+jxa,s)f(s,x(s),x(s—h),u(s),u(s—h))ds (2.5)

where X(t,S) is the fundamental solution of system (2.2) widaltisfies the equations:

P
%X(t,s)=ZA(t)X(t—h,s),t>s (2.6)
i=0
I, t=s
X(t,s) = :
9 {0’ . @7
P
or %X(t,s):—ZX(t,s+h)A(s+h),t>s (2.8)
i=0
P
Define Z(t,s) =) X(t,s+h)B(s+h) (2.9)
i=0
t
and the controllability matrix W(0,t)= I Z(t,s)Z" t,s)ds (2.10)
0

wherem denotes the matrix transpose.
Definition 2.1

The system (2.1) is said to be relatively contim#aon [O,tl] if for any function @[ 1C and

any vectorXx (1 E", there exists a contral (] 1B such that the solutioX(t) = x(t,0,@,u,f ) of (2.1)
satisfies X(LO,p,u,f )=¢@, X(t,0,¢,u,f )=X. Itis relatively null controllable of0,t,] if

X, =0 in the above definition.
Definition 2.2
The reachable sdR(t, 0) of (2.3) at timet is a subset oE" given by

R(t,O):{j'Z(t,s)u(s)ds uld IB}.

Definition 2.3
The system (2.3) is said to be properE! on [0,t,] if /7" Z(t,,S) =0 almost everywhere

sO[0,t,], 7UE" implies/7 =0, wheren" is the transpose df .
Definition 2.4
The domainD of relative null controllability of system (2.13 the set of all initial functions

@1C which can be steered to the oridM] E" in finite time, usingu 01U .

From the above developments, we now proceed tbledtasome crucial facts leading to the main rasult
of this paper.

Firstly, we have the following:
Proposition 2.1

The following statements are equivalent for system (2.3)
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(i) W(O,t,) isnonsingular for each t, >0
(ii) system (2.3) is proper in E" for eachinterval [0, ;]
(iii) system (2.3) isrelatively controllable on each interval [0, t,] .

Proof:
First we show that (i) => (ii)

L}
LetW(O,t,)= .[Z(tl,S)ZT (t,,s)ds. Define the operator
0

K:L(0,t],E™ - E" by K(u) :jZ(tl,s)u(s)ds

where K is a continuous linear operator from a Hilbertcgpto another. ThuR(K) [0 E" is a linear
subspace and its orthogonal complement satisfiesretratior{ R(K)}D =N(K") where K" is the
adjoint of K, K":E" - 1U O L,. By the nonsingularity of\W(0,t,), the symmetric operator
KK™ =W(0,t,) is positive definite and hence
{RK)}"' ={0} ie N(KD)={0} .
Forany7 OE", uJL, the inner product
<n,Ku>=<K7,u>

<7, Ku>=< n,j Z(t,s)u(s)ds> = qu[Z(t, 9Ju(9ds.

Thus K" is given by n - n'[Z(t,9)]; sO[0,t].
N(K") is therefore the set of all su¢h(] E" such that
2Z(t, 9] =0,
almost everywhere if0,t,] . Since N(K") ={O} , all such/} are equal to zero, ig =0.

This establishes the properness of system (2.3).
Next we show that (ii) => (iii).
We now show that if system (2.3) is proper theis itelatively controllable on each inter\/[aﬂ,tl] . Let

nOE", if system (2.3) is proper then n'[Z(t,9)] =0
almost everywheresJ[0,1,] for eacht, implies7 =0.

t
Thus j n'[Z(t,9)]u(s)ds=0 for uL,.
0
It follows that the only vector orthogonal to thet s
t
R(t,,0)= {jz t,s)u(s)ds:ul Lz}
0
is the zero vector. Hencc{ R(t,, 0)} : ={ q ,i.e R(t,0)=E".
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This establishes relative controllability §@,t,] of system (2.3).
Finally, we show thatiif) => ().
We now show that if the system (2.3) is relativaiytrollable thedN(O,tl) is nonsingular.

Let us assumed for a contradiction th&t=W/(0,t,) is singular. Then there exists #nvector Vv # 0
such that WW' =0.

Then j Mz(t, 9]  ds=0.
This implies that ||V[Z(t, S)]”2 =0,
Hence V[Z(t,s)] =0

almost everywhere fot [J[0,t,] .

This implies thatv # O, which contradicts the assumption of propernesthefsystem. This
completes the proof.

We also have the following:
Theorem 2.1

System (2.3)isrelatively controllable if and only if O IntR(t,, O) for each t, > 0.
Proof:
R(t;,0) is a closed and convex subset Bf'. Therefore a pointy, on the boundary of

R(t,,0) implies there is a support plarf& of R(t,,0) through Y, . This means thag' (y—Y,) <0

for eachy LJR(t;,0) where/s7 # 0 is an outward normal t@7. If U, is the control corresponding tg,
we have

7' 2t 9ueds<nT [[Z(t 9]u( g ds

for eachuJIU . Since IU is closed and bounded, it is assumed to be asphiére and the last
inequality holds foru 11U if and only if

7' [1Z(t 9lu(dss< [7'[Z(t 91u(9 ds = [|7"Z(t. 5) ds

and u () =sgny'Z ¢ s)
as Y, is on the boundary. Since we always h&/e R(t,,0), if O were not in the interior oR(t;, 0),
then it is on the boundary. Hence from the prewgdrgument, this implies that

O:Jt"/fZ(t,s)‘ds
0

so that n'Z(t,s)=0aesO[0t].
This by definition of properness of system (2.3plies that the system is not proper sifge O, hence
if OO IntR(t,,0)

n'Z{t,s)=0aetd[0]
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would imply 77 =0 proving properness and by Proposition2.1, it ischeded that system (2.3) is

relatively controllable for each interval,{g.
In the next section we harness the results putliegabove to establish the main result of thisspap

3.0 Main result

Theorem 3.1
In (2.1), assume that

() the zero solution of system (2.2) isuniformly asymptotically stable so that every solution of (2.2)
satisfies ||X(t)|| <M ||(4| e ™ where @ >0, M > 0 are constants;

(i) system (2.3)is relatively controllable on [0,t;] for each t; > O;

(iii) the continuous function f satisfies all smoothness conditions for the existence and uniqueness of
solutions;

(iv) f(t,0,0,0,0= C
Then system (2.1)is relatively null controllable with constraints.

Proof:

Suppose that the solution of system (2.1) wif{@,u, f ) = @ satisfiesX(t,g,u, f )= 0O for

someUl]lU , then from equation (2.5)

0=

t-h t
X t.9)+ | ZEsu(E)Ks+ [ X .5)f (6.x6).x6~h)u6)u6-h)Hs

0

where

p 0 p 0

X (L= X0 [ X ¢ 5+h)A G+ XS+ | X(t,5+h)B (5+h)u,(9)ds
h

i=0 -h i=0 —

so that

t-h t
xL(t,go):—j Z(t,s)u(s)ds—jxa,s)f (s,X(s),x(s—h)u6)uc-h)ps.

0

Recall the definition oR(t,, 0) and now define

Y(t,0)= {—jf X(t,s)f (5,x(8),xE—h)uc)uc—h)dsull IU} ‘

If we now set

t-h t
V(t1,0)={—j Z(t,s(s0ds— [ X ¢.)f 6x6)x6=h)u6)u6-h)ys uDIU}

0 0

then V(t,,0)0 R(t,,0)+Y ¢,,0)

By definition, the domainD of relative null controllability of system (2.13 the collection of

all initial functions @[1C such that there exists and ULJIU such that the solution of system (2.1)
with X,(0,p,u, f )= @ satisfiesX(t,0,¢,u,f )= 0. By (ii) and Theorem 3.100J IntR(t,, 0) and
so there is an open bab such thatOOs [ R(t;,0). Hence S+Y(t,,0) is a ball aroundY (t;,0).

Therefore,001Y (t,,s) O IntV (t;, 0), for t, >0, so thatOI IntD .
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Also by (iv), 0D . SupposeOIIntD , then there exists a countable seque{m‘(«}f ocC
such thatg — 0 asi — o and no@ is in D for anyi so thatg # 0. Let X(t,®,0)= X, then
since @ JD for anyi, X(t,@,u)# O for anyi so, by the variation of constant formula, we have
sequence{ )g}f O E" such that — O asi — o and noX is in V(t;,0) for any t;, therefore
OO IntV (t;, 0) - a contradiction. This contradiction shows tRHt] INtD . Therefore there exists a ball

B, around the origin contained i such thatOU B, OJ IntD. By conditions (i) and (i), every
solution of the system

&t) = ZP: AOx(E-h)+ f(tx(t),x(t-h),0,0)

(which is a solution of system (2.1) with =0) satisfies X(t,0) - 0 ast — co. Hence at some
t, <o, we have X (LO)UB,. Therefore for someulJIU, and somet, >t,, the solution
X(t,, X, (£0),u, f ) of system (2.1) satisfieX(t,, X, U, f )= 0. Hence system (2.1) is relatively null
controllable.

4.0 Application

Assuming piecewise continuity o (t,S) with respect td, and making use of arguments as in
Proposition 2.1, we get the following:

Lemma4.1
The system (2.3) is relatively controllable fyt,] if and only if for  OE", 77 Z(t,s) =0

on[0,t,] implies/7 = 0.

Proof:
Immediate from Proposition 2.1.
Lemma 4.2
t
The system (2.3) is relatively controllable [ t,] if rank DZ(t, S)Z' (t, S)ds} =n.
0
Proof:

Relative controllability of system (2.3) impliesaththe controllability matrixW(O,tl) be

t
nonsingular. By the non-singularity ¥%/(0,t, ), the symmetric 0peraton(t, S)Z' (t,s)ds
0

t
is positive definite. But this holds if and onlyrénk D Z(t,s)Z' (t,S)dS} =n.
0

These criteria are difficult to use, since the matalued functionZ(t,S) can be analytically

obtained only in exceptional cases. In order tadi@easily with many Iagk\ , we introduce as in [8] the
following determining equation.
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Let J=(jo, Js--1J,) be a multi-index defined as a vector, whejgi =0,...,p are
P
integers (not necessarily positive) and defi||1&|=2ji. Let E be a multi-index with

i=0
j=0,,k=0,1,...p CIearIy|Ei| =1. LetH =(hy,h, ...,hp ) be a vector of delays with

(J,H)=iiih- (4.1)

Assume thatA (t) and B (t) are respectivel{q—2) and (q—1) continuously differentiable on

[O,tl] . For systems with delays in state and controbitermining equation is

Qk(‘]'t) =iA(t)Qk—l(J - Ei = (E| H ))_%Qk—l (J - Eo ’t) (4.2)

for k=1,2,..0— 1, tO [Ot,  with initial conditions
Q0.0 = {BI Y toD, ou fz)rrojthja (*3)
where Q, (J,t) is some matrix. We deduce from (4.2) and (4.8) th
(i) Qk(J,t)ZOfor|J|¢k+1orforJ<O;
(ii) if some A(t) or B (t) are undefined fot <0, thenQ, (J,t) with J = O,|J| =k+1,
k=1,2,...9— lis undefined fot <0;
(i from (4.2) and (ii) it follows thatQ, (J,t),|J| = k +1, is undefined also fot — (£ ,H) <0

and by induction fot —(J,H) <O0.
Theorem 4.3
Assume A(t), B (t) arerespectively (N—2) and (N—1) continuously differentiable on

[0,t,]. 1f rankQ, (t,) =n (4.4)
where én(tl)z{ék(J,tl),k=o,1,...n— Jt-0H» }) (4.5)

~ g-1
and Q,(J,t) = ZQk(R,tl) for |R| =|J| =k+1 and (R H)=(J,H), then system (2.3)is
k=0

relatively controllable on [0, t;] .

Proof:

For the proof see [8].
Example 4.4

Consider the system

®t) = AX(t) + AX(t-D)+AX(Et-2)+But)+But-D)+But- 2)
+i(t x(t), xt —h),ut),ut-h)) (4.6)
where

(3 s ah Dol Jol5 el )

f =(e®*sin(xt)+xt—h))cost { }u {—h))).
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Heren=Kk=2.
Take H =(h,,h,h,)=(0,,2)J = (o J, 4, F (2,0,R= r(r,r, F (@2, Fromthe
definition,E =9,,i =0,1,2. ThusE, =0,E = 0,E, = 1.

2

(J,H)=> jjh =0+0+2=2
i=0
2

(RH)=Y'rh =0+ 2+ 0= 2

i
i=0

|J|=iii=2+0+1=3

|R|=iri =1+2+0=3

& ={Q.().k=01.n-1I -0 H R}
Q,={Q.().k=013 -0 H)2 4={Q0)Q,0)) -2 §

By definition ék(\]) = Zl“Q(R) for |R| :|J| =k+land(RH)=(J,H).
Thus Q,(3) =Q,(R) andQ (I) =Q(R).
But Qk(J)=ZZ:AQk_1(J—Ei),fork=1,2,..,q—1
_[B, forJ=E
%) _{O, for other J

H (R =B, = Lo
enceQ,(R) =B, = 10

Q(R) = AB,+ ABy+ AB,

2 o A A
= + +

-2 -5)\-1 0 (0 -J(-1 -1 0(-1
s o3 o 45 4

= + + =

30 1 0 (-1 0 (3

rankéz=rank{(§o(\]),©1(\]):tl—22(%

1 0 0O 1 00O
rank = rank =2=n.
-1 0 3 0 0 0 30

By Theorem 4.1, the linear base system of (4.6¢latively controllable fort, 2 2. We now
show that the free part of system (4.6) is unifgradymptotically stable. The free part of systdmb) is

&t) = Ax(t) + Ax(t -1+ Ax(t-2) (4.7)
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The solution of system (4.7) is uniformly asymptatiy stable ifX(t) — O ast — oo . This can
happen if the roots of the characteristic equdtiave negative real parts.

detf Al - (A, + Ae™” +Ae™)]
det(/] oj_(z 2}(0 e‘fj{e'? oj “o
0 A -2 -5/ (0 -e’) (-e¥ 0

det A-2-e* —(2+e’))_ 0
2+e®  A+5+e”

A2+31+ e’ -(1+3e* -6=0.
Comparing this result with the equatiolf +bA +gAe™" +k =0 whose roots will have

negative real part ib > g,b > 0,q > O (see Driver [10], pp.327), we conclude that thetsaf the

characteristic equation of system (4.7) have nega&al part. Hence the zero solution of system) (4.
uniformly asymptotically stable. Moreover

| (&, x(), x(t ~h),u@).u—h)) =|e™ sinx ¢ }+ x ¢ ~h))cos  }u (-h Y<e™ 0.

Hence by Theorem 3.1, system (4.6) is relatively cantrollable with constraint.

5.0 Conclusion

The paper contains sufficient conditions for thatiee null controllability in a given finite time
interval for nonlinear systems with time varyingltiple delays in state and control. These condgiare
given with respect to the uniform asymptotic stapivf the free linear base system and the coratdity
of the linear controlled base system, with the agsion that the perturbation functioh satisfies some

smoothness and growth conditions. A similar metimay be applied to derive sufficient conditions for
the so called absolute or functional controllapitf the systems considered.
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