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Abstract

We establish a set of sufficient conditions for the relative
controllability of nonlinear perturbed neutral systemswith distributed
and time varying multiple lumped delays in control. The results are
established by using the Schauder fixed point theorem.
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1.0 Introduction

A neutral functional differential equation is one which the derivatives of the past history or
derivatives of functionals of the past history amelved as well as the present state of the syshkmtral
differential equations arise in many areas of agphathematics and such equations have receivetd muc
attention in recent years.

Systems with delayed control are natural modeldHerstudy of some economic, biological and
physiological systems as well as electromagnet&tesys composed of subsystems interconnected by
hydraulic and various other linkages [4]. More sfieslly, models for systems with distributed dedan
the control occur in the study of agricultural ecorcs and population dynamics [8].

The theory of controllability of functional diffendial equations has been extensively studied in the
literature. Fu [1] studied the controllability anldde local controllability of abstract neutral fuioctal
differential systems with unbounded delay by uding fractional power of operators and the Sadovskii
fixed point theorem. Mahmudov and Zorlu [6] studted approximate controllability of semilinear neit
systems in Hilbert spaces by using the Schaudedfpoint theorem. Balachandran and Anandhi [5]
established sufficient conditions for the controilidy of neutral functional integrodifferential fimite delay
systems in Banach spaces by using the analyticgseug theory and the Nussbaum fixed point theorem.
Balachandran et al [2] obtained some existencdtsefar nonlinear abstract neutral differential atjons
with time varying delays by using the Schaeferdiymint theorem and as an application the contribifg
problem is discussed. Balachandran and Anandhinj@stigated the controllability problem for nedtra
functional integrodifferential control systems iarach spaces.

The main purpose of this paper is to extend theltesf [3] by considering a more general class
of nonlinear perturbed neutral time varying systemth distributed and multiple delays in controlsibg
Schauder’s fixed point theorem sufficient condiidor the relative controllability in a given tinngterval
are formulated and proven.

2.0 Preliminaries
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Let E be the real ling—0,) and E" the Euclideann -dimensional vector space. Let
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h>0 be a given real number. For a functioti[t, —h,t;] - E" and tO[t,,t,] O E, we use the
symbol X, to denote the function oj-h, 0] defined byX (S) = X(t +s) for sL[—h,0]. Similarly, for

a functionu:[t, —ht;] - E™ and t O[t,,t,] O E, we use the symball, to denote the function on
[—h, Q] defined byu,(S) =u(t +s) for st[—h,0]. The symbolC = C([—h,0], E") is the space of

continuous functions froi—h,0] — E", with sup norm.

Let us consider the nonlinear neutral system wigtributed and multiple time varying delays in
control, represented by the following differenggjuation:

£00x)= TExu0)+ [ d,BLOXUENE+6)
FE (X0, UM O) UML), 0 @ )kl G OXXO =), tO[-h0] 1)

satisfied everywhere on the intervil, t,], (t, <t,), and wherexdJE", u is an m-dimensional
control function withuJC_[t, —h,t,], B(t,8,X,u) is an nxm-dimensional matrix, continuous in
(t,x,u) for fixed &, and of bounded variation i¢ on [—h,0] for each (t,x,u)O[t,,t,]xE™™,
f,F:ExCxE™ - E" are nonlinear reah -vector functions which are continuous and Lipsziit
in both X and U . The integral is in the Lebesgue — Stieltjes sevtseh is denoted by the symbdlg. The
continuous  strictly increasing functionsv (t) :[t,,t] - E, 1=0,1,2,...N, represent deviating
arguments in the control, that i&¥ (t) =t —h(t) where h(t) are lumped time varying delays for
i=0,1,2,...N. The operatorD,D:EXC — E" is atomic atO and uniformly atomic a0 in the
sense of Hale [10]. Instead of the atomicity asgionpon D, we may assume thdD is of the form

D(t,9) =@(0)-g(t,p), where g: EXC - E" is continuous and uniformly nonatomic at zero on

E xC in the following sense.
Definition 2.1

For any (t, ) JEXC, and £ 20, $20, let Q(t, ¢ i1,8) ={w OC: (t.¢) DEXC, | -
d < up(6)=¢6),6 m-s60[-h0].

We say that a continuous functigh: ExXC — E" is uniformly nonatomic at zero ok X C fif,
for any (1, @) DEXC, there exists, >0, £, >0 independent of(t,¢), and a scalar function

p(t, @ 1,s), defined and continuous fdt, ), for sUJ[0,s,], #0[0, 4], nondecreasing in, s
such that

Po = P(EXC, 1hy,S,) =SURc P € 9 Uy S K -
and l9t.w)-9t.0)|< o -d
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for tUE, ¢ 0Q(t, ¢, 1,s) and allsU[0,s,], 0[O0, £4,].
Definition 2.2

The setz(t) :{ X(t), X, ,ut} is said to be the complete state of the systeh) .timet .
Definition 2.3
The system (2.1) is said to be relatively Conthdéaon[to,tl] if, for every initial complete state

Z(t,) and every vectox, JE", there exists a contral JC_[t,,t,] such that the solution of the system
(2.1) satisfiesx(t,) = X,.

It is known ([9] and the references therein) thader the prevailing assumptions &, f,g,B,F, and

u for each@IC there is a unique solution of (2.1) with initiadlue ¢ at t, . The solution is continuous
with respect to initial data and parameier

A function X is a solution of (2.1) througﬁto,w) if and only if there exists & >0 such that
X satisfies the equation

D(t,x)= D(to,qo).|.J'tt f (s,><s,u(s))ds+jtt X (t,s,x,u )(J'_Ohng GO xul6E+0)ds

+I;X(t,s,x,u)F(s,x(s),u Wo S).U W 6)),-.H @ €)),.0u Wy & ))is, tOI[t, ],
X(t) =9, (2:2)

where X (t, S, X,U) is annxn matrix function defined fol < S<t +h, continuous inS from the
right, of bounded variation is, X (t,S,X,u)=0,t<s<t+h.
Since

D(t, %) =x(t) - 9(t. %),
we deduce that the solutiox(t) of (2.1) is given byX(t +t,) = @(t), t O[-h, 0],

x(t) = D(t,, @) + g(t,x[)+f f (s,xs,u(s))ds+j: X t,s,%,U )(j_ohng(s,H XU ) 6+0 )ds

+I;X(t,s,x,u)F(s,x(s),u Wo SNUW ), @ €)Wy & )NIS T2, (23)

Observe that the second to the last term of (28)ains the values of the control fo<t,, as
well as fort >t,. The values of the contral(t) for t[I[t, —h,t,] enter into the definition of the initial

complete stateZ(tO) . Thus, the second to the last term of (2.3) magrénsformed to take care of this by

interchanging the order of the integration. Using insymmetric Fubini theorem, as in [11], we hthee
following:

X(t +t,) = @At) ,t O[—h, 0], x(t) = D(t,, @) + g(t,x[)+J'tt f (s,x,u(s))ds
+[0 dg [°X(t,5-6,x,U)B(s-6.8.x,uk, G)is

A (I° X @.5-0x0)d,.B (50,0 x)u s
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t

X (5, XU)F (8,X(8).U (W (6)). (4 6)),--1 @ 6)),..4 G § )Nlis (2.4)
0

where the symbong denotes that the integration is in the Lebesg8teltjes sense with respect to the

variable @ in B and
B(s,d,x,u), s<t

Bt(s,e,x,u)={ 0 oot

Define p(t, x,u) =Dt @)+ gt.x )+ [ f (5% uE))s,
at.xu,) =" dg [° X(t.s-60,xu)BE-6.6 xu), 6)s

Z(t,s,x,u)= j_oh X(t,s-8,xu}d,B s-6,8xu)

and thenx n-dimensional controllability matrix

W(t,,t, X,u) = J';IZ(tl,s,x,u 2T ¢,.8.x u)s

wherer denotes the matrix transpose. Note Mto,tl, x,u) is symmetric and nonnegative-definite. The
solution of (2.1) withu as a control is given by (2.3). L&tLIC([t, —h, 7], E") , 0< T <o . Define

X, (t)=x(), tOft,—-ht,],

%, (0 =x(t,), tO[t,t,+1],
and define@ :[—h, ®) — E" by

pt) =¢t), tO[t,—ht],

() =¢(0), t0[0,0).

It follows from these definitions and from (2.3athX is a solution of (2.1) oﬁto, t,+ T], if and only if
X(t, +t) = @(t) +k(t), -h<t<r,
wherek(t) satisfies

— t
k) =9t +t, @ +k) = 9t @)+ | f(s+to,2 +k, u(s+to))ds
+[L X (4, S+, 0+ k,u)(fhdgs(sﬂo,e,w ku@E+t,+8)|ds

+H X (04, 5+, g+ K UF (S+, @ (6)+K (8)U W 5+ L)) (W, 5+ L) .
LW (S+t,)), .. Gy 5+ 1,)))s, K, =0.

3.0 Main result
We are now ready to obtain our main results orré¢lative controllability of the nonlinear

perturbed neutral system (2.1). For this, we aiket
p= (X,UO,Ul,...,ui s oMy ):J E" x E(N+l)m

and let | p| =X +[ug| +[uy| +... ] + ..+ |uy ]

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 63 - 68
Neutral systems with distributed and multiple delay = R. A, Umana J of NAMP



where|[F denotes the standard norm in the finite dimensiBoalidean space.

Theorem 3.1
Let the continuous functiof- satisfy the so called growth condition
- |F(,
lim M =0 (3.1)
== |p|

uniformly in tD[tO,tl] , and suppose that the functidh is continuous and uniformly nonatomic at zero
and f is continuous and uniformly Lipschitzian in thestidwo arguments. Then the system (2.1) is
relatively controllable or{to,tl] if there exists a positive constahtsuch that for each pair of functions
(%) OC, [t t]1%C,[to 1]
detwW ¢, t; x u)=1.
Proof:
Let Q=C_[t,, t,]xC [t, t] and define the nonlinear continuous operator

T:Q - Q by T(x,u)=(y,v),

where

v(t) = Z7 (L, 1, X, UMW t,,t,, X U)X, — pt,x.u)-qt,.x u )
—J::X(tl,s,x,u)F (s, x@)uw, ) uw,)),...u e 6)),..u W, ¢ )Nis
for t [ty t,], andv(t) =0 for t [-h,0];
y(t) = p(t,x,u)+q(t,x,uto)+j: Z@t,sxuyN@cys

+H XS XUIF EXE)U Wy 6 0 6)),-k 04 6,1 Gy $ NS

for tO[t,, t,], and y(t) = @At) fort [—h,0].
Let

a=supf|Z €t xu):kuOXtOft, )
a, =suf{W™ € 8, x 1) 1u IX 104, 1,
aezsup{|p¢1,xu}+‘q(1)<uto b+|X]J VD ED ID(otl}] ‘
a, =sup{|X ¢ sxu)uoC, L1},
3 =sup{|F 6X6)1 (% €)1 0, 6)),.. 4 @ §)).--4 W €)) Xu WX, s0[t, 41},

b=max{ ¢ -t ).} . ¢, = (2N +4)paaa,t,~t,), C, = (2N +4)a, (t, —t,),
d, = (2N +4)a,a,ap, d, =(2N +4)a,, c=max{c, c,} , d =max{d, d,} .
Then,

V(O] < aala,+aaqt,~t)] =d[(2N+4b]™ +caf(2N +4)p]*
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<(d+ca)[(2N +4)b]™
and
|y(0)] < 8+t~ to)ay |V + (t,-tJa a. = b[[v| + d, (2N + 4)* +c,a (2N + 4)*
<b|v|+(d +cag)(2N + 4)™.
It follows from the growth condition (3.1) that feach pair of positive constantsand d , there exists a
positive constant such that, i11 p| <r,then

d+c|F(t, p)<r, foraltO[t,t]. (3.2)

Now, takeC andd as given above, and lét be chosen so that (3.2) is satisfied.
Therefore, if we take

[ <rN+2)", fulsrn+2)
and moreover,

HutOH <r(N+2)™, then|p| = |x(s)| +i|u(w,(s))| <r forall sO[t,,t,].
i=0
It follows that d+Ca; <r. Therefore, |V(t)| <r[(2N+4)b]™  for all tO[t,t] and hence
IV|<r[(2N+4)b]™. It follows that |y(t)|<r(2N+4)*+r(2N+4)"=r N+ 2)* for all
tO[t,, t,] and hen04| y|| <r(N+2)™". Thus we have proved that if
H ={(x u 0Q:|x|<r(N+2)™ and|u| < r(N+2)"},

then T maps H into itself. Since all the functions involved ihet definition of the operatol are
continuous, it follows thatl is continuous and hence it is completely contirsuby the application of
Arzela — Ascoli theorem. Since the delt is closed, bounded, and convex, then by Schaufiegd point
theorem there exists at least one fixed pdxfu) I H such thatT (X,u) = (X,u). It follows that, for

(x,u) =(y,Vv), we have

X(t) = p(t,x,u)+a(t, xu, )+ [ ZEsxuuE)s

+L XS XU)F SX)0 0 ) 0 6)),t 0 €)1 0 € WS,

Thus X(t) is a solution of the system (2.1) and

X(tl) — p(t,X,U)"‘Q(t,X’uto )+J:Z(tl,S,X,U )ZT ¢1 Z X UW‘l (o I, xu )E(l_ p (1)( U
(6 XU~ [ X (S XU X6 W 6)U 0, 6)),.- (1 6)),--4 @, §)sds
+jt:1X(t1|S,X,U)F(S,X(S),U(Wo ENUW6)), b W ), Wy €)WIS=X

Hence, (2.1) is relatively controllable ¢t, t,] .

4.0 Conclusion
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Using Schauder’s fixed point theorem, sufficienhditions for the relative controllability on the
time interval [to, tl] , of a certain special class of nonlinear pertunbedtral systems with both distributed

and lumped multiple time varying delays in the cohthave been derived. A similar method may be
applied to derive sufficient conditions for theclled absolute or functional controllability oftlsystems
considered.
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