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Abstract

The ground state energy of the single-band Hubbard model on the
one dimensional lattice is computed using perturbation theory. It is shown
that for two electrons the results obtained gets better as the positive on-site
coulomb interaction (U) and the number of sitesN areincreased provided the

ratio (Uj is made small. In other words, contrary to expectations,
N

perturbation theory is applicable even if U is chosen to be large provided N is

also chosen large enough so that theratio U issmall.
N

1.0 Introduction

One of the major goals of condensed matter phydiasng the past decades has been to
understand the role of electronic correlations dfids'. The underlying physical mechanism of this
correlation is captured by the single-band Hubaodef,

(1.1)
H=-t ZCi"ach+h.c +U2n“nil
(.o i

Here Ci}, Cjgare the creation and annihilation operators respdygtfor an electron of spiw in the

Wannier state.<i, j> means the summation is only over nearest neighbites, N;, = CiJ'UCanre the

number operators,is the electronic hopping parameter between neasghbour sites andj.h.c denotes
Hermitian conjugation and U is the on-site intei@cenergy. The validity and convenience of perditidn
theory in the context of the Hubbard model has gewed very recently [2] for small U values.

In this work we have shown that perturbation tlyegive correct result for the ground state energy

U
when U and the number of lattice sites N are batbd, provided the rat(oﬁj is made small. This is an

extension of the work of Galan and Verges (1993, [@kanigbuan and Idiodi, (2006 [2]), where the
perturbation theory works up to intermediatd)J— values as large d3 = 4. Firstly, we discuss the
formulation and the present the results. Finally,dsaw up some conclusions.

2.0 Fundamentals of the pertubative method
The idea of the present approach is to divide tami{onian equation (1.1) in two parts, and

consider the interaction part as a perturbatidn= Hy +H ; where
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(2.1)
—_ +
Ho = -t zciacja'l'
is the kinetic energy term, and (i.i)o
describes the interaction between electrons dsdhe site.

The perturbation calculation begins by constructhmgone-electron Bloch wave functions that diagjeea
Ho, and which are

1 ik.R;
Q(U_Ize ]Cja (2.3)
R;
+ _ 1 -ik.Rj _+
o —fZe cis|0) (2.4)
R;
where Rruns over all the cluster sites, and the allowastewectors k have the form
P 21 .

ki ="=% L=11=12A,

These states satisfy periodic boundary conditiomasdaagonilize | with eigenenergies

(k) =-t cos%, (2:5)
for 2 electrons on 2 sites, and 2
k = -2tcos—,

gk )=-2tco C 2.6)

For 2 electrons on N sites N > 2.
In the Hartree-Fock approximation the wave funcfimmthe ground state of the system can be wrdten

l'IJO = |_| A\7 l'IJVaC (2.7)

which contain creation operators referring to Bédi levels below the Fermi levelrEUsing (8) one can
construct many-body wave functions of the HatreekRgpe.

M
0| [0, |9 e

. n=l .
where M is the total number of electrons movinghia cluster and

an’ 2 ZUn (2.9)

In this way we classify many-body Wave functlonSG{dmg to both wave vectd( and sp|n0
The number of wave functions is restricted to thibeg provide the smallest kinetic energyfér the 2

electrons. 2
To = . &(ky) (2.10)

n=1
The ground state energy matrix to second orddrdrperturbation U is given by

Journal<s SHGs A mikyoh i Hﬂ%ﬁ?}yﬁ@
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(2.11)

The ground state wave function is given by

l'I',gs = an nga + Z Dc)'q')l?—a (2.12)
a o

where the zero-order coefficieng are obtained from the diagonalization of the sdeorter Hamiltonian
matrix (equation 2.11) whereas first-order coedfits 3 are given by

NG U o9

J
a To—To
3.0 Results
Using the perturbation method of Il, we obtainigrd state energies and wave functions for 2

electrons on N sites of 1D lattice N = 2, 4, 618, 12, 14, 16, 18, 20, 40, 80. For N = 2, the gbstate
energy is given by

Eg =-2t+U
(3.1)
and the corresponding ground state wave function is
-1 -
Wgs—§“1T1l>+‘2T2l>+‘lT2l> ‘1l2T>J (32)
ForN > 2. U
Eg =4t + ZN (3.3)

and the corresponding ground state wave function is

Woe =& %\I T l>+§:um jl>—‘il jT>] (3.3)

i=1 i,j=1
i%]
N Perturbation | Variation N | Perturbation Variation
2 2.0000 -0.8284 2 6.0000 -0.4721
4 [ -2.0000 -3.4186 4 | 0.0000 -3.2078
6 -2 6667 -3.6845 6 -1.3333 -3.5984
3 -3.0000 -3.8005 8 -2.0000 -3.7572
10 | -3.2000 3.8622 10 | -2.4000 -3.8374
12 -3.3333 -3.8990 12 | -2.6667 -3.8835
14 -3.4286 -3.9228 14 | -2.8571 -3.9125
16 | -3.5000 -3.9390 16 | -3.00000 -3.9318
18 | -3.5556 -3.9506 18 | -3.1111 -3.9454
20 | -3.6000 3.0592 20 | -3.2000 -3.9553
20 -3.8000 -3.0888 40 | -3.6000 -3.9883
30 | -3.9000 -3.0971 80 | -3.800( -3.997(
Table 3.2 Ground State Energy (Eg/t) as a Table 3.Z: Ground state energy (Eg/t) as a
function ofN. for U/4t = 1 function ofN. for U/4t = 2
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Figure 1 Difference in values of Eg/t as a function of
N from Perturbation and Variation

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 37 - 40
Ground state energy 0. R. Okanigbuan and J. O. Adiodi J. of NAMP



Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 37 - 40
Ground state energy 0. R. Okanigbuan and J. O. Adiodi J. of NAMP



Figure 3.1: Difference in values of Eg/t as a functionNof
between perturbation method aratiational method
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4.0 Discussion
We have computed ground state energies for 2 electon N sites, WhenU_ =1 and U_ =2
4t 4t

using equations (3.1) and (3.3). Results obtaineceveompared with the result of Chen and Mei (1989
[4]).0obtained using variational calculation.

In Table 3.1, When% =2, that is% =1 and N =2 in units where the hopping intedrall,
perturbation calculation gives 2.0000 for the epavpile the value obtained from variational caldiga
is -0.8284. In Table 2, WheHI\T =01, that is% =2 and N = 80, perturbation calculation gives -3.8000
for the energy while the value obtained from véawizdl calculation is -3.9970. There is significant

U
deviation in the values obtained by both methodsrnNhl\T is large. Thus, perturbation calculation is
U . . . Eg
favoured by small values of the ratJﬁ—. In Figure 3.1, we have plotted the differencevatues ofT

U
against the number of sites N f{ér{tc =land E = 2 respectively. It is shown in the graph that fagtaN,
say 80, the energy difference is very small.

The total energy given by the Gutzwiller ansatz—iét(l—%) in the infinite —U limit, and the

one given by the correlated ground state in thgelaU limit asymptotically is_ 4{1_ ij and they
N 2

both agree with the one given by perturbation methajt + 2U_ for very large N.
N

5.0 Conclusion
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It is well known that perturbation theory breaksviiovhen U is large. In this study, we have been

able to show that even if U is large, provided neréase the number of sites N sufficiently enougths

that Uﬁ is small we can still apply perturbation theorieTerucial parameter is not just U %I
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