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Abstract

In number theory, Sylvester's sequence is a seq@eotintegers in
which each member of the sequence is the producthef previous members,
plus one. The first few terms of the sequence &e3, 7, 43, 1807 .,.its
values grow doubly exponentially, and the sum & reciprocals (Sylvester’'s
Series) forms a series of unit fractions that comges to 1 i.e.

1 1 1 1
T+ S+ —+

2 3 7 43 180

Sylvester's Series and Egyptian fractiofs, as both of them can be used in

+ ... to 1. We examine the connection between

number theory to represent any XD(O,].), in the form

1 1 1 _ e :
=—+=-+=+... where a<b<cC.. Besides the difficulty in

a b c
generating a, b,c... using Sylvester's Series is overcome by developing
Algorithms for Egyptian fractiong1].

1.0 Introduction
Sylvester’'s Sequence is named after James Jogdmster, who first investigated it in 1880.

Definition 1: Formally, Sylvester’s Sequence cardeéined by the formula
n-1
S, =1+[1S (1.1)

The product of an empty setis 1,,§9 =2. Also S, and S, will be

31=1+|jl5| :1+|j80=1+2=3

2-1 1
S, =1+[]S =1+[]S =1+S,xS, =1+2x3=7

Alternatively, one may define the sequence by éueirence formula
S =S.(S4 -Y+Lwith § =2 (1.2)
where S, and S, will be
S =5/(s,-1)+1=2(2-1)+1=3
S, =5(s -1)+1=3(3-1)+1=7

It is straight forward to show by mathematical iotlon that (1.1) and (1.2) are equivalent, as segirthe
examples above.
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Beside taking the sum of the reciprocals of Sybes sequence Sylvester also developed a

P
method for converting any fractior-g # O into its Egyptian form.

2.0 Sylvester’s method
Sylvester's method provides a simple way to conaey proper fraction? to a series of unit

q
fractions.
Example2.1
3 3 .
—=—+a bit
8 9
3_1,3x3-8x1
8 3 3x8
31 1
_ =4 —
8 3 24

In the example above, the second and final unittifva occurred on the first application of
Sylvester’'s method. More often the method is applecursively until a one appears in the final nate

e.g. l:l+abit

11 14
l_£+ 7x2-11x1
11 2 11x2
7 _1 3
_— = — 4 —
11 2 22
3 3 .
Now — =—+abit
22 24
3 _ £+ 3x8-22x1
22 8 22x8
3 1 1
- = — 4 —
22 8 88
Therefore 7.1 + 1 + 1
11 2 8 88
we express Sylvester’'s method mathematically as
P P .
—= +abit , where
q Qg+X
0] X is define such thaf] + X is the first integer divisible by’ , greater tharq] .

P
(i) The bit is obtained by first expressing—— as a unit fraction and then cross multiplying & g
g+X

Px(q+x)-qx1
P(g+x)

3.0 Connection with Egyptian fractions
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The unit fractions formed by the reciprocals of traues in Sylvester’s sequence generate an
infinite series.

1 1

- 1 1 11
Z_ T+ (3.1)
=3 27377 43 1807
The partial sums of this series ha e a simple form
11 _S§- 2
—_— = 3.2
=S S -1

as may be proved by induction. Clearly this idgristtrue for | =0, as both sides are zero. For larger
expanding the left side of the identity in (3.23ing the induction hypothesis produces.
G1_ 1 &1_ 1 S,-2_S,(s,-1)-1_5-2
— - 4 Z — = +
i=0 S Sj—l i=0 S Sj—l Sj—l Sj—l(Sj—l _1) Si -1
as in equation (3.2)

. . . S -2 . .
Since this sequence of partial sumé—— converges to one, the Overall series form aniiefin
-
Egyptian fraction representation of the number one:

111 1 1
I=—+—+—F+—+—+... (3.3)
2 3 7 43 1807
from (3.3 one can find finite Egyptian Fraction megentations of one, of any length by truncatinig th
series and subtracting one from the last denomirfiatexample

1 11
1=—+—+=

2 3 6

111 1
1==+=+=+—

2 3 7 42

111 1 1
1==+2+=+—+

2 3 7 42 1807
We observe that the sum of the first k terms of itifanite series in (3.3) provides the closest
possible underestimate of 1 by dnterm Egyptian Fraction. For example, the firstrfearms of (3.3) add

0 1805 , and therefore any Egyptian Fraction for a numgerin the open interva{@
180¢ q 1806 '
of least five terms.
It is possible to interpret the Sylvester's Seaqeeas the result of a greedy algorithm [2] for
Egyptian Fractions that at each step chooses th#lesnpossible denominator that makes the pddiah
of the series be less than one. Alternatively,ténms of the sequence after the first can be vieagethe

1] requires

denominators of the sequence the denominatoreaidd greedy Egyptian expansionJJf [3].
2

4.0 Uniqueness of quickly growing series with rational sums

As observed, Sylvester's Sequence seems to beauichaving such quickly growing values, of
reciprocals that converged to a rational numbeis T$ seeing clearly, if a sequence of integersvgro
quickly enough that

aza’,-a_+1 (4.1)
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and if the seriesp = z 1 converges to a rational numbar then, for all n after some point, this
a

sequence must be define by the same recurraﬁ_@— a,, +1that can be used to define Sylvester's
sequence

5.0

Conclusion
Not only is Sylvester's series a form of Egypti@action, it's indeed an improved form of it,

converging faster than any other form of unit fiaes$ of 1 in Egyptian form. The series also gives lhest
underestimate of 1 in Egyptian form.
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