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Abstract 
 

 In this paper, the equation  
,fLu =

 
where L=A + B, A a K-positive definite operator, B an L-positive definite 
operator, is solved in a Banach space.  An iterative scheme which converges 
to the unique solution of this equations is also constructed.  Finally, a 
composed equation involving other operators of the accretive type is also 
solved in a Banach space. 
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1.0 Introduction 
 Let Ho be a dense subspace of a Hilbert space, H.  AN operator T with domain oHTD ⊇)(  is 

said to be continuously Ho-invertible if the range of T, R(T) with T considered as an operator restricted to 
Ho is dense in H and T has a bounded inverse on R(T).  Let H be a complex and separable Hilbert space and 
A be a linear unbounded operator defined on a dense domain D(A) in H with the property that there exist a 
continuously D(A)-invertible closed linear operator K with )()( KDAD ⊆ , and a constant 0>α  such 

that 

   ( ) ( )ADuKuKuAu ∈≥ ,,
2α      (1.1) 

then A is called K-positive definite (Kpd) (see e.g. [7]).  If K = 1 (the identity operator on H) inequality 1 

reduces to 
2

, KuuAu α>≥<  and in  this case A is called positive definite.  Positive definite operators 

have been studied  by various authors (see e.g. [2, 3, 4, 7]).  It is clear that the class of K-pd operators 
contains among others, the class of positive definite operators and also contains the class of invertible 
operators (when K = A) as its subclass. 

The class of K-positive definite operators was first studied by W.V.  Petryshyn, who proved 
interalia, the following theorem, (see [7]). 
Theorem P 

If A is K-pd operator and D(A) = D(K), then there exists a constant 0>α  such that for all 

)(KDu ∈  

     .KuAu α≤  

Furthermore, the operator A is closed, R(A) = H and the equation HffAu ∈= , , has a unique solution.  

The author and C. E Chidume extended this result to different Banach spaces and obtained convergence 
results in different directions (see [3, 4]).  We proved, among others, the following theorem. 
Theorem CA (see [4]) 



Journal of the Nigerian Association of Mathematical Physics Volume 12 (May, 2008), 29 - 32 
Composed operators of the accretive type S. J. Aneke      J of NAMP 
 

 Suppose X is a real uniformly smooth Banach space.  Suppose A is an asymptotically K-positive  
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definite operator defined in a neighborhood )( oxU of a real uniformly smooth Banach space, X.  Define 

the sequence }{ nx  by 0,),( 100 ≥+=∈ + nrxxxUx nnn , )(,11 ARyAxKyKr nn ∈−= −− .  Then 

nx  converges strongly to the unique solution of )( 0xUyAx ∈= . 

 The present paper looks at a composed operators of the K-pd and also of the K-pd and the weakly 
contractive map.  It is shown that each of the composed equations has a unique solution.  Furthermore, an 
iterative scheme that converges to the unique solution of the equation Lu = f, where L = A + B is 
constructed.  
 
2.0 Preliminaries  
 For a Banach space Xwe shall denote by J the duality mapping from X to 2x* given by  

   },,:*{
22

fxfxXfJx =>=<∈=  

where X*  denotes the dual space of X and <,> denotes the generalized duality pairing.  It is well known 
that if X* is strictly convex then J is single valued and if X* is uniformly smooth (equivalently if X* is 
uniformly convex) then J is uniformly continuous on bounded subsets of X* (see e.g. [6]).  We shall denote 
the single valued duality mapping by j.  Thus, by a single-valued normalized duality mapping we shall 
mean a mapping j: X → X* such that for each )(, xjXx ∈  is an element of *X  which satisfies the 

following two conditions: 

   .)(,)()(, xxjxxjxjx =>=<  

Lemma 2.1 (see e.g. [6]  
Let X be a real Banach space and let J be the normalized duality map on X. Then for any given 

Xyx ∈, , the following inequality holds: 

  ).()()(,2
22

yxJyxjyxjyxyx +∈+∀>+<+≤+  

Definition 2.2 
 Let Xbe a Banach space and let A be a linear unbounded operator defined on a dense domain. 

XAD ∈)( .  An operator A will be called K-positive definite (kpd) if there exist a continuously D(A)-

invertible closed linear operator K with ),()( KDAD ⊆  and a constant c ≥ 0 such that for )(KuJj ∈ , 

    ).(,)(,
2

ADuKucKujAu ∈≥>< . 

Definition 2.3 
 A mapping T with domain D(T) and range R(T) in X is called weakly contractive if there exists a 

continuous and nondecreasing function ++ →=∞ RR:],0[:φ  such that φ is positive on 

∞==−
→

+ )(lim,0)0(,0
0

tR
t

φφ  and for )(, tDyx ∈  there exists )()( yxJyxj −∈−  such that 

    ).( yxyxTyTx −−−≤− φ  

It is called d-weakly contractive if 

   ( ).)(,
2

yxyxyxjTyTx −−−≤>−−< φ  

The weakly contractive and d-weakly contractive operators were first studied by Alber and Guerre-
Delabriere [1]. 
 
3.0 Main results 
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 We establish the following results: 1.  Let Abe K-pd, i.e. there exists a continuously D(K) – 
invertible closed operator K and a constant α: 

    ( )ADuKuKuAu ∈>≥< ,,
2α  

Let B be L-pd, then there exist L and β such that ;,
2

LuLuBu β≥>
 

 
 
 

.,)(),min(

,

,,

,,,,)(,)(

2

22

22

LKifLK

KBLAprovideLuKu

LuKuBuLuAuKu

LuBuKuBuLuAuKuAuuLKuBA

⊥+≥

⊥⊥+≥

+><+><+≥

><+><+><+><=>++<

βα

βα

βα
 

Thus, BA +  is (K + L)- positive definite provided the following orthogonality conditions hold: 
   ., LKandKBLA ⊥⊥⊥  

Theorem 3.1 
Let X be a real separable strictly convex Banach space and let A be a K-pd operator, B and L-pd 

operator with domain )()()()( LDKDBDAD ∪=∪ .  Then there is a constant 0≥θ  such that 

    .)()( uLKuBA +≤+ θ  

Furthermore, the equation 
     fuBA =+ )(  

has a unique solution. 
Proof: 

Let ., LKQBAP +=+=  We take ( ) ( ) ( ) ( ) ( ) ( )LDKDQDBDADPD ΥΥ ==  

Then     ).()()( LDKDQD ⊇⊇  

We introduce in D(Q) a new inner product and norm defined respectively by: 

  .||;)(,)(,],[
000 QuuvLKuLKQvQuvu =>++>=<=<  

Clearly P is closed since addition is continuous.   
Also P is invertible (same reason). )()()( QRKRQR ⇒⊇  is dense in H.  K is continuously 

D(A) invertible; L is continuously D(B) invertible.  This implies K+L is continuously invertible in 
)()( LRKR ∪ .  The rest of the proof follows as in theorem P, to establish that Lu = f has a unique 

solution.  In the next result, we construct an iteration process which converges strongly to the unique 
solution of the equation Lu = f in a Banach space.  This result generalizes all others (see e.g. [3, 4, 7]).   
Theorem 3.2 

Suppose X is a real Banach space and XXADA →⊆)(| is a K-pd operator; 

XXBDB →⊆)(|  is an L-pd operator with 

   ).()()()()()( LRKRLDKDBDAD ∪=∪=∪  

Define the sequence un by .0,),( 1 ≥+=∈ + nruuADu nnno  nn PxQfQr 11 −− −= , where 

)(;, LKRfLKQBAP +∈+=+= .  Then un converges strongly to the unique solution of 

., BAPfpu +==  

Proof: 
Clearly BAP +=  and LKQ +=  are invertible. 

nn PxfQr −=  
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( ) nnn QrxPfQr
n

Pr
11 −=−=

++  

( ) φπ nnnnnnn QrjQrQrQr PrPr2Pr
222

1 −−=−=+  (by Lemma 2.1) 

 ( ) φπ 1

2
,2 +−≤ nnn QrjQrQr  

 
2

1

2

1 2 ++ −≤ nn QrQr γ . 

 
 
 
 

 
 
Hence 

    
.)21(

)21(
212

1

22

1

nn

nn

QrQr

QrQr

−
+

+

+≤

≤+

γ

γ
 

It follows that the sequence }{ nQr  is monotonically decreasing, and hence it converges to a real 

number δ > 0.  Since Q has a bounded inverse, then 0→nr  and thus fQxn → , i.e., fxBA n →+ )(  

or fQxn
1−→ , the unique solution of the equation .)( fuBAQu =+=  

In the next section we study some composed operators involving the K-pad and some accretive 
type operators such as the weakly contractive, (see [3, 4, 7] for detailed study of these class of operators 
and consequent convergent results proved.  In particular, we show that a composed equation involving the 
weakly contractive and the K-pd has a unique solution. 
Theorem 3.3 

Let A be a K-pd operator equation and B a weakly contractive operator.  Then the equation 
     XffBAu ∈= ,  

has a unique solution. 

Proof A satisfies:   ,)(,
2

KuKujAu α≥>  

and B satisfies the following inequalities: 

     ,)( yxyxByBx −−−≤− φ  

where φ is as defined above. 

    

Ku

AuKu

AuAu

AyAxAyAxBAyBAx

α
φα

φ
φ

≤

−≤

−=

−−−≤−

)(

)(

)(

 

It follows that the convergence of {ku} implies that of {BAu}.  But K is continuously invertible.  
Hence as in [7] BAu = f has a unique solution.  
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