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Abstract

In this paper, the equation
Lu=f,
where L=A + B, A a K-positive definite operator, B an L-positive definite
operator, is solved in a Banach space. An iterative scheme which converges
to the unique solution of this equations is also constructed. Finally, a
composed eguation involving other operators of the accretive type is also
solved in a Banach space.
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1.0 Introduction
Let H, be a dense subspace of a Hilbert spece AN operatorT with domain D(T) O H, is
said to be continuously Hnvertible if the range o, R(T) with T considered as an operator restricted to

H, is dense itH andT has a bounded inverse B(T). LetH be a complex and separable Hilbert space and
A be a linear unbounded operator defined on a démsainD(A) in H with the property that there exist a

continuouslyD(A)-invertible closed linear operatér with D(A) [0 D(K), and a constan&r >0 such
that

(Au,Ku)= a|Ku[’, uD D(A) (1.1)
thenA is called K-positive definiteKpd) (see e.g. [7]). IK = 1 (the identity operator ad) inequality 1

2
reduces to< Au,U >> a||Ku|| and in this casA is called positive definite. Positive definiteesptors

have been studied by various authors (see e.@,[2, 7]). It is clear that the class of K-pd miers
contains among others, the class of positive definperators and also contains the class of iferti
operators (when K = A) as its subclass.

The class of K-positive definite operators wastfstudied by W.V. Petryshyn, who proved
interalia, the following theorem, (see [7]).
Theorem P

If A is K-pd operator and D(A) = D(K), then there exists a constant @ >0 such that for all
uD(K)
[Au] < aKul

Furthermore, the operatéris closedR(A) = H and the equatiorAu = f, f [0 H , has a unique solution.
The author and C. E Chidume extended this resutlifferent Banach spaces and obtained convergence

results in different directions (see [3, 4]). Wewed, among others, the following theorem.
Theorem CA (see [4])
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Suppose X is a real uniformly smooth Banach space. Suppose A is an asymptotically K-positive
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definite operator defined in a neighborhood U (X,) of areal uniformly smooth Banach space, X. Define
the sequence {X .} by X, OU(X,), X,sy =X, +1,, N=0, 1, = K'y-—K™Ax,,y[OR(A). Then
X, converges strongly to the unique solution of AX =y [JU (X,) .

The present paper looks at a composed operatohe ¢f-pd and also of the K-pd and the weakly
contractive map. It is shown that each of the cosed equations has a unique solution. Furthernaore,
iterative scheme that converges to the unique isolutf the equatiorLu = f, whereL = A + B is
constructed.

2.0 Preliminaries
For a Banach spacéve shall denote by J the duality mapping fréro 2 given by
I={fOX*<x f>=|x =]},

whereX* denotes the dual space of X and <,> denotes thergized duality pairing. It is well known
that if X* is strictly convex therJ is single valued and X* is uniformly smooth (equivalently X* is
uniformly convex) therd is uniformly continuous on bounded subsetXb{see e.g. [6]). We shall denote
the single valued duality mapping py Thus, by a single-valued normalized duality niagpwve shall

mean a mapping X — X* such that for eactx I X, j(X) is an element ofX* which satisfies the
following two conditions:

<% 09 >= 109 100 =[x
Lemma 2.1(see e.qg. [6]
Let X be a real Banach space and let J be the normalized duality map on X. Then for any given

X, y I X', the following inequality holds:
[x+ W < +2<y, jox+y) > Dix+y)DI(x+y).

Definition 2.2
Let Xbe a Banach space and ketbe a linear unbounded operator defined on a ddos®in.

D(A) X . An operatorA will be called K-positive definite (kpd) if therexist a continuously D(A)-
invertible closed linear operatrwith D(A) [J D(K), and a constart> 0 such that forj [1 J(Ku),
< Au, j(Ku) >2c||Ku||2, udD(A)..

Definition 2.3
A mappingT with domainD(T) and rangdR(T) in X is called weakly contractive if there exists a

continuous and nondecreasing functiog: [0,0] ;= R" - R" such that ¢ is positive on
R" -0,¢(0) =0, Itirrg @t) =co and for X, y O D(t) there existsj(X—Yy) J(X—y) such that
[T =Ty <[x= |- (x- ).

Itis called d-weakly contractive if

. 2
| <Tx=Ty, j(x=9) > [ <[x =y - olx- o)
The weakly contractive and d-weakly contractive rapms were first studied by Alber and Guerre-
Delabriere [1].

3.0 Main results
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We establish the following results: 1. Labe K-pd, i.e. there exists a continuously D(K) —
invertible closed operatd¢t and a constamt:

< Au,Ku >2 a|[Ku[",ud D(A)

Let B be L-pd, then there existandp such thatBu, Lu>=> ,6’||Lu||2;

<(A+B)u,(K+L)u>=<Au,Ku>+<Au, Lu>+<Bu,Ku>+<Bu,Lu>
a||Ku||2+ < Au, Lu>+ < Bu, Ku > +,6’||Lu||2
a|Ku|® +B|Lu|®  provide AOL,BOK

mina, B)|(K +L)|°, if K OL.

Thus, A+ B is (K + L)- positive definite provided the following orthagality conditions hold:
AUOL, BOK and K L.

1\

1\

v

Theorem 3.1
Let X be a real separable strictly convex Banach space and let A be a K-pd operator, B and L-pd

operator with domain D(A) [0 D(B) = D(K) O D(L) . Thenthereisa constant @ = 0 such that
I(A+B)u|| < G|(K +L)ul-
Furthermore, the equation
(A+B)u=f

has a unique solution.
Proof:

Let P= A+B,Q=K +L. we takeD(P) = D(A)Y D(B)D(Q) = D(K) Y D(L)
Then D(Q) O D(K) O D(L).
We introduce irD(Q) a new inner product and norm defined respectilagly

[u,V], =< Qu,Qv>=<(K + L)u,(K + L)v>; [u],=|Qui.

ClearlyP is closed since addition is continuous.

Also P is invertible (same reasof}(Q) [ R(K) = R(Q) is dense irH. K is continuously
D(A) invertible; L is continuouslyD(B) invertible. This implies K+L is continuously initible in
R(K) O R(L). The rest of the proof follows as in theorem & establish thatu = f has a unique

solution. In the next result, we construct anaten process which converges strongly to the wiqu
solution of the equatiobu = f in a Banach space. This result generalizes ladiret(see e.qg. [3, 4, 7]).
Theorem 3.2

Suppose X is a real Banach space and A|D(A) 0 X - Xis a K-pd operator;

B|D(B) O X - X isanL-pd operator with
D(A) O D(B) =D(K)OD(L) = R(K) OO R(L).

Define the sequence u, by U, OD(A),U,, =U,+r,n=0. r, =Q'f —Q'Px,, where
P=A+B,Q=K+L;fOR(K+L). Then u, converges strongly to the unique solution of
pu=f,P=A+B.
Proof:

Clearly P = A+ B andQ = K + L are invertible.

Qr, = f - Px,

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 29 - 32
Composed operators of the accretive type S. J. Anek Jof NAMP



Qr,,=f- P(xm): Qr, - Pr,

|Qr..o|” =[Qr, —Pr,|” =]Qr.|" -2 1 Pr, j(Qr, —Pr,) @ (by Lemma 2.1)
<far,|* -2mQr, (@) 0
<[Qr.l” - 24"

Hence

@+ 2p)Qn..|* =[x’
lQr...| < @+2p)7Qr .

It follows that the sequencgQr,} is monotonically decreasing, and hence it convetgea real

numberd > 0. Since Q has a bounded inverse, then> O and thusQx, — f ,ie,(A+B)x, - f

or X, - Q7'f , the unique solution of the equati€pu = (A+ B)u = f.

In the next section we study some composed opsratgplving the K-pad and some accretive
type operators such as the weakly contractive, [3eé, 7] for detailed study of these class of rapars
and consequent convergent results proved. Incpiati we show that a composed equation involvirgy t
weakly contractive and the K-pd has a unique smiuti
Theorem 3.3

Let A be a K-pd operator equation aBé weakly contractive operator. Then the equation

BAu=f,fOX
has a unique solution.
Proof A satisfies: Au, j(Ku) >= a||Ku||2,
and B satisfies the following inequalities:
[Bx=By] <[~y - g(lx- v,
wheregis as defined above.
|BAX=BAY| < [[Ax=Ay| - (| Ax- Ay])
= Aul - g(Ad)
< a|Kul - (| Aul)
< a|Ku|

It follows that the convergence oky} implies that of BAu}. But K is continuously invertible.
Hence as in [7BAu =f has a unique solution.
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