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Abstract

It is shown that any fixed point of a Lipschizian strictly pseudo-
contractive mapping T on a closed, convex subset K of a Banach space X may
be norm approximated by an iterative procedure. Our argument improved the
convergence rate estimate obtained by Liu [2, Theorem 2].
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1.0 Preliminaries
Let X be a Banach space , K a non-empty ,convesetudf X, T a selfmap of K, lex, LIK. The
Mann iteration, (see[3]), is defined by

X.,=@-a, ) +a,Tx,, n=012.. (1.1)
The sequencéa’n} < (O ,1) satisfy
lima, =0, a, =+ (1.2)
n-o n=1
Definition 1.0
Let X be a Banach space . A mappihi$ said to be Lipshitzian if there exiskts> O such that
[Tx=Ty|< L|x -y forall x,yOK (1.3)

A mapping T is said to be strictly pseudo-contraetj3] if there exists a number>1such that the
inequality

= yll= @+ r)(x = y) = re(Tx =Ty (2.4)
holds for all x , y 0 K and r > 0. We also have that T is strictly pseudo-contvactollowing
Liu[2] this may be stated as there exi&ts] (0 ,1) for which

Ix = yls [x=y+ri(1 =T =ki)x= (1 =T -kl )yl| (1.5)
forall r >0and X, yUK .

The following result generalizes Liu [2, Theorematd 2] and provides a convergence rate
estimate when compared with the result of Liu [hedrem 2].Our result extends and improves the
convergence rate estimate of Liu [2].
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2.0 Main result
Theorem 2.1

Let X be a Banach space, K a non-empty, convexesuidsX. Let T : K — K be a Lipschizian
strictly pseudo-contractive mapping such tilgp= p for someo [l X . Suppose tha(a'n)

sequence ir(O,l] such that for some [ (O, k) ,forall nON

K-n . o @ - -
a. <———" ;while - « - Fix X K . Define for all n[J N
e R 5

Xn+1 = (1 - an )Xn + anTXn

Then, there s [k “(1r L) Lan] > 19 ,
1-(1-k)a, 1+k?

mon 1S a

On=0

! n
Such thaI“xn+1 -p ||s !_11(1_ L a, j ||x1 - p” Converges strongly tg .

Proof
Since T is strictly pseudo-contractive we have fidnb) that

[x = y]| =< ||x— y+r[(1-T -kl )x=-(1-T —kl)y]”
for any X, yLJK andr>0. Using (1.1), we obtain that,
(1-a,)X, = Xy =@, TX,, n=0,1, 2 ..
=[1-A-kK)a,1x,.,+ta,(l =T —kl)x
We note that
A-a)p=0-QA-K)a,lp+a,(l -T -kl)p (2.2)
By using the inequality (1.5) witt =X, and Y = 0
[Xaar = VIS [Xoes = 2+ X L0 =T = kI )Xoy = (1 =T = kI ) ol
=Xper = o+ a, (1 =T =Kkl ) (X0 = )

el e T TX . —a, TX, (2.1)

Thus, Osa, (1 -T -kl)|(X,r = 0) (2.3)

In view of (2.3), if follows from (2.1) and (2.2hat

(- a)exn = )z = @ ka1 = P+ T gL =T~ kDX,
- (=T -k)pl-a,|[TX,.. - Tx,|

>[1-(1- k)an]||(x
SinceT is Lipschitzian, we have
[(Tx, = x)[[=[Tx, =2+ p =%, || = [[(Tx, = p)+ (o - x,)

<[, = o] +[x, - A
<(1+L)x - o]

- p)”_an”TXn+1_TXn” (24)

n+1

Journal of the Nigerian Association of Mathematical Physics Volume 12(May, 2008) 13 - 16
An improved convergence rate A. A Mogbademu and QA. Akinfenwa J of NAMP



[TXpes = TX, [ L%
=L|@-a,)x, +a,Tx, - X,
=L|a,Tx, —a.,x,| (2.5)
=a,L|Tx, - x|
<a,L @+ L)%, - o

=% |

n+1

Substituting (2.5) into (2.4) We get
[1-@-K)a, 1% = )< @-a,)lx, = pf+ait (1+L)]x, - o]

=(1—an)+a§L(1+ L)%, = 2| (2.6)
(1-a,)+a?L(1+L)
O i N
" 2.7)

_ {1_ a,(k-(1+L))La,

1-(1-K)a, }”X" Al
a,|(k=(1+L))La, |

Since 1=(1=K) > 1’1722 for some/7 0(0,k)

Ths %= < [1- 1’1‘?2}”)% i .
< I'I(l— I a, j||x1 -] 2.9)

Clearly, ngllsz a, = 1+/7k2 a,=o and so!‘ill(l— 1+’7k2 a, j =0

Hence,lim ||Xn - p|| = 0 which implies that the sequen(e(n) strongly converges t@ .

nON

3.0 Numerical example.
Let X,K,T,L,k,p,n and (Xn)nDN be as the hypothesis of theorem 2.1, where

(a'n )nDN is the sequence i(lO ,1] given for everyn I N by
__k-n
R (PR
Then, we have the following geometric convergemate estimate fo(xn )nDN forall nO N
[Xooa = 015 A" - ]

where A :1-&
1+af
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. _k : :
We remark that the choicg = E where/] varies over(O,k) ,our A yields

2
A=1- K 2
AL(1+L)+———
L(1+L)
and theA value of Liu [2,Theorem 2] was given as
2
A=1- K

4(3+ 3L + |_2)

Comparing the convergence rate estimatel & values of our result and that of Liu [2, Theorgmusing
C++ programming language, thus:

#include <iostrearh>

int main()
{
int n, I
floatk, Liu, MogbadeAKkin;
I=1;n=1k=1;
cout<<"Liu\t\t"<<"MogbadeAkin"<<endl;
while (n<=6)
{
k= kin;
Liu = 1-(&K)/(4*(3+(3*)+(I"1))));
MogbadeAkin = 1-(k*K)/(((4*1)*(1+21))+(K*K)/(I*(1+1)))));
cout<<Liu<<"\t"<<MogbadeAkin<<endl;
n++ ;
l++ ;
}
return O;
}
We have (see Table 3.1).
Table 3.1
ITERATION A LU A MOGBADEMU, AKINFENWA
Step 1 0.964286 0.882353
Step 2 0.995192 0.989601
Step 3 0.999669 0.999421
Step 4 0.999986 0.999978
Step 5 1.000000 0.999999
Step 6 1.000000 1.000000

We observed in the above Table 3.1 that our minivahle as/] varies over(O ,k) is less than that of Liu
thus improving the convergence rate estimate obdaliry Liu [2].

4.0 Conclusion
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We have shown that Mann iteration procedure camndsal to approximate the fixed point of a
Lipschitzian strictly pseudo-contractive mappindinkd on a closed convex subset of a Banach sgage.
argument therefore, improves the convergence stite@e obtained by Liu [2].
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