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Abstract

Let OPD,, be the subgroup of all orientation preserving bijective
mappings of N-element set. It is shown that for N-odd there are N -even
n

derangements, and for N -even thereare __ even and n odd derangements,
2 2

respectively.
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1.0 Introduction and preliminaries
Let X, denote the se{tl,Z,/\ ,n} considered with standard ordering andTet P, and O, be

the full transformation semigroup, the partial sfmmation semigroup and the submonoid bf
consisting of all order preserving mappings of,, respectively. Another closely related algebraic
structure toO,, and P, are S, and D,, the symmetric and dihedral groups on the Xet, respectively.
Catarino and Higgins [12] introduced a new subseonig of X containing O, which is
denoted byOP, and its elements are called orientation preserviragpings. Also, they introduced a

semigroup P, = OP, [ OR, where OR, denotes the collection of all orientation revegsmappings.

Fernandes [14] studied the monoid of orientatioasprving partial transformations of a finite chain,
concentrating in particular on partial transforrma which are injective. Here, we consider the sulng
of orientation preserving bijective mappings. Intggalar, we pay attention to a subgroup of the eiital

group D,, of the order2n defined asD,, = {X, y‘ X"=1y*=1 xy= X_ly}.

Combinatorial properties of , and S, and some of their semigroups and subgroups resglct

have been studied over a long period and manyeisiieg and delightful results have emerged (see for
example [11], [8], [9]). Recently, inspired by therks of Laradji and Umar [8] and Bashir and Un®i; [
Bashir and Umar [7], obtained a geometric prooftfte number of even and odd permutations having

exactly K fixed points in the Dihedral group .. However, the algebraic proof of this result aldhg

lines of Catarino and Higgins [12] seem not to hiagen studied.
At the end of this introductory section we gatheme known results that we shall need in later
sections. In Section 2 we prove some results whiehwill need in the proof of the main result whish
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Theorem 3.4. Finally, in Section 3, we obtain thunber of even and odd permutations and the nuntber o
fixed points in the subgroup.

The semigroup of all order-preserving self mapsXof consist of all mapgr : X,, — X, with
the property thatx < Yy = Xa < ya . A map @ is order decreasing ik < X for all X in X, . Let
A= (al, a,, K ,as) be a finite sequence from the chaXy,. We say thatA is cyclic or has clockwise
orientation if there exist not more than one supsdr such thata, > a,,, where a_,, denotesa,. We
say that A = (ai, a,, K ,as) is anti-cyclic or has anticlockwise orientatiorttilere exists no more than
one subscript such that a < a,, . Note that a sequenc is cyclic if and only if A is empty or there
exist | D{O,].,K ,S—l} such thata,, <a,, <A <a,<a <A <a. I is unique unless the

sequence is a constant.
Let N[ N. Let us consider the following permutation{it K ,n} X

a_12/\n—1n
" 23A n 1)
1 2 A n-K n-k+1A n

Notice that &, LIOPD, andar'f =
k+1 k+2 A n| 1 Ak

for0OSk<n-1
Recall from [1] that an even permutation is a peaation which can be expressed as a product of
an even number of cycles of even length and/oroalymt of any number of cycles of odd length. A

permutation that is not even is called odd. Thevbeven permutations oK, , called the alternating group
is usually denoted byA, .

Recall also that, a derangemedit is a permutation such thaﬂ'(x) Z X, that is, a permutation

without fixed points.
Result 1.1

Let A be any cyclic (anti-cyclic) sequence. Thén is anti-cyclic (cyclic) if and only ifA has
no more than two distinct values.
If A= (ai, azK ,a[) is any sequence then we denoteAS/ sequence(at - K ,al), called

the reversed sequence Af.
Result 1.2

Let A= (al,azK ,at) be any sequence fronX,,. Then A is cyclic (anti-cyclic) if and only if

A’ is anti-cyclic (cyclic).
Result 1.3

If (ai,azK ,at) is cyclic (anti-cyclic) then so is
(@) the sequencekail,aiz,K a ) (i, <i, <A <i)
(b) and the sequenc@j ,aj+1,K a,a,K ,aj_l), foralll< | <t.
Result 1.4
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For non-constanty L] OP,, & is an order-preserving mapping if and onljléf < na.

2.0 Subgroup of orientation preserving mapping

We will use the following results, adapted to théogroup of Orientation preserving bijective
mapping case, which is easily proved.

We list some known results which may be found @] [114] that we shall need later.
Proposition 2.1

Any restriction of a member dDPD, is also a member dDPD,,

Proposition 2.2

Let a JOPD, and let (a1 K am), M= 1 be any cyclic sequence of membersXf, then the
sequence(alaK ama) is also cyclic. Similarly((aia’)a’K (ama)a)is cyclic.
Proposition 2.3 [11,Lemma 4.8]

Let a LJOPD, .Then the digraph ofr cannot have a non-trivial cycle and a fixed point.
Proposition 2.4 [11,Lemma 4.9]

Let @ LJOPD, . Then the digraph off cannot have two cycles of different length.

3.0 Even (odd) permutations

We turn our attention to the number of even (odethptation of X, N —even (odd).
Lemma 3.1

The set of alla L1 OPD,, is a cyclic subgroup obD,,.

Proof
Every subgroup of a cyclic group of order less th@nequal to the order of the group.

a= (a1 a,\ an) is a cyclic subgroup ofX,, and sincea [1 OPD,, then by Proposition 2.2, the
sequence(ala a,a N ama) is cyclic and if 7JOPD,, then (alar a,ar N\ amar) is

n?

cyclic.
Lemma 3.2

Every @ JOPD, is either a derangement or an identity,f (e) =n, f (a) =0
Proof

It is clear from Proposition 2.4 that the digragh@ cannot have two cycles of different length
and Proposition 2.3 implies the result.
Lemma 3.3

If n is odd, the set of aly JOPD, forms a cyclic subgroup oy, of ordern .
Proof

A = {a DSn| ais even}, since everya(;t e) JOPD, is a derangement, an@ is of odd
length. Then every permutation of odd length isneaad a product of even or odd number of even
permutations is even. Hené@PD, is a set of even permutations and Lemmai@dlies the result.
Theorem 3.4

If N is even, there are exactly even permutations and exactly odd permutations.
2 2
Proof

Every a;' JOPD, 1< ms<n-1 is defined as,
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al = . i,n—-i+1)=11+m 1+2mA 1+n-m
Pe[]6n-ivy= )

Let |Tk| be the length of one of the cycles (ﬂr'f and ‘a"‘ be the number of disjoint cycles in

a,'f. If n is even we first consider even valuestof, m=n = 2k .and then carry out the induction

process of the proof.
First considerm = n = 2K , we have,

Case |
m=n=2k

a"=@11+n 2+n 3+nA 1+n-n)=(1),

implies that @" hasn fixed points.

Case ll
a"?>=An-1n-3n-5A n-(n-3)=3)2nn-2n-4A n-(n-4)=4)
A (k k+n (k+2n)+n (k+n)+2n A n-(n-k)-2=k+2)
To determine the nature of the permutat'miﬂ_2 , we only need to determine the length of one of

the cycles in the product of disjoint cyclesmﬂa_2
Now, let

T,=(Ln-1n-3n-4A (n-(n-23))
be one of the cycles af" 2.

-_n__._n
E n-(n-3)-1 2

Since by Proposition 2.4, ay™ [JOPD,, cannot have two cycles of different length, weairit
n n n

that |T|=—. By the same Proposition , we can only have— cycles each of length-, which is a
12 2 2

product of even number of odd (even) length cydiésnce a"?isa product of even number of even
(odd) length cycles.

Case Il

m=n-4

a"*=@1n-3n-7n-11A n-(n-5)A (4 nn-4A n-(n-8)). Then the

_ n
length of one of the cycles, says = (1 n-3A n- (n —5)) of the permutationa@™ ™ is Z By a
similar argument as in case 1, we hz#aé’_‘“ = 4, Thus for any value of1 the permutatiorﬂ’”_4 is a
_ n

product of four even numbers of even (odd) lengttes. Hence" * is an even permutation er even
(odd).
Case IV
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We now consider a general case far— N—m,
m ={2 4,K, n-2}
my

|_|(i n-m +i n-2m +i n-3m +i A m_ +i)

1=1

an—mk =
Denote one of the cycles of"™ by T, ,
T,=(@n-m+1 n-2m +1 n-3m +1A m +1)

n n
such that the length of, Tis |Tk| =—_. By similar argument as in cases I-1ll, fer— even (odd), the

n—my

permutationd is a product of mp(an even number) of even (odd) length cycles.

n
It is clear that forn =4k there isE even numbers andﬂ odd numbers. We conclude from
2

Cases | - IV, that iln =4k and m = 2Kk, then there ard! even permutations.
2

n
We now pay attention to the remaininf permutations. By a similar argument as in the cdse
m=2k we consider,m=n-m,, m, is an odd numberm, = {1, 3K ,n—]} such that for any

- n , . , ,
cycle, say, T, of a™™ we have|Tk| =——. Sincen is even andMm, is odd we consider two cases:
m
T
Case |

M, does not divideN.

Thena™™ ™ is a cyclic permutation of length, N — even.
Case Il

m, divides N

Let n=m.d .Sincen is even andM, is odd, and then it is clear thak is an even number.

n-

a"™™ is a product of nr cycles each of lengthl , is a product of odd number of even length cycle.

Finally we conclude that ifi is even, then for any value ¢h satisfying Cases | and ™ is

n N
an odd permutation, and there arze m, s

in N.
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