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Abstract 
 

This paper considers operators of the 2
1

2
1 tt −−

∧∧ ⋅ ρρ  in the context of 

non-commutative Integration, and construct interpolating family of LP
  

spaces over a quasilocal von Neumann algebra generated by such operators.  
We defined a norm and showed that the norm satisfy the Holder’s and 
Minkowski inequality. 
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1.0 Introduction 
 The construction of a non-commutative Lp space was carried out in [3, 4, 10, 12. 13].  The study of 
classical Markov Semi groups, their construction and ergodicity uses the analysis of the Interpolation 
family of an Lp space associated to a probability measure.  In this paper we consider the interpolating 
family of Lp spaces in the non-commutative context associated to a quantum Gibbs state on a quasilocal 
von Neumann algebra.  By using the thermodynamic limit of the density matrix and normalized trace, we 
define a norm and show that the Holder and Minkowski inequality hold with respect to our defined norm. 
 
2.0 Preliminaries 
 Let H be a Hilbert Space, B(H) the algebra of all bounded linear operators on H.  A von Neumann 
algebra is a *-subalgebra M of B(H) which is self-adjoint, and it contains the identity operator 1 and is 
closed in the weak operator topology.  Let M+ denote the positive elements of M.  A linear map ϕ on M+ 

defined by ],0[: ∞→+Mϕ  satisfying 

(i) +∈+=+ Myxforyxyx ,)()()( ϕϕϕ  

(ii)  ( ) ( )xx λλϕ =  for ,0, ≥∈ + λMx  is called a weight. 

(iii)  If 00)( =⇒= xxϕ ,  then the weight ϕ  is said to be faithful  

(iv) If )()( ixSupx =ϕ whenever x is the *)( strong−σ limit of a monotone increasing net {xi} 

 in M+ then the weight ϕ is said to be normal. 

(v) If  )()( ** xxxx ϕϕ = then the weight ϕ is called a trace 

(vi) MxMx i ∈∃∈∀ +  with xxi ↑  *)( strong−σ and .)( ∞<ixϕ   Then the weight ϕ is  

 semi-finite. 

A state ϕ on M is a weight such that 1=ϕ .  The Von Neumann algebra M is said to be a Quasi Local 

Algebra if it has a net }{ ∧M  of W*-Subalgebras having the following properties, 

(i) If 21 ∧⊂∧  then 
21 ∧∧ ⊂ MM  
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(ii)  ∧∪= MM , where the bar denote the uniform closure. 

(iii)  The algebras ∧M  have a common identity. 

More detailed exposition is given in [2], [5], [8].  The construction is as follows:  Let Zd be a d-

dimensional integer lattice and let dZ⊂∧  be a finite subset and consider the set  

 








−
=∈∈= +∧∧∧

−−

t
ptMxxM t

tt

1

1
),1,0(,:2

1
2

1

ρρ . 

Then the density matrix ρ given by 
τ
ϕρ

∂
∂≡  is a positive self-adjoint operator such that Trp = 

1 and +

−

Λ

−

ΛΛ ∈∀= MxMM
tt

,2

1

2

1

ρρ .  If 21 ∧≤∧  then 
21 ∧∧ ⊂ MM , that is ∧M  is increasing.  We 

have the subsets ∧M  as a σ-weakly closed von Neumann subalgebras of M . Also
1111⋅

∧∪= MM .  We 

therefore call M a Quasi local Von Neumann Algebra.  Here our state is a locally normal state given by 

( ) ( ) ∧∧∧ ∈= MxxTrx x ;ρϕ , where Trx is a partial normalized traced.  In this work we assumed that 
1−

∧ρ  are locally measurable operators and ϕ is regular and locally finite in Trunov sense [11].  Hence the 

operators of the form 2
1

2
1 ττ

ρρ
−−

∧∧ •  are closed operators. 

 
3.0 The construction 
 We begin by defining the spaces  

( )ϕρL  and )(τρL   
where τ faithful normal semi-finite trace and ϕ  is a faithful normal state.  Let M be a semi-finite von 

Neumann algebra.  Then )(τρL  is the Banach space of measurable affiliated operators which are 

integrable in degree p with respect to τ }|:|{)( 1LxMxL ∈∈= ρ
ρ τ with norm ( )ppr

p
xx

1

τ= , x 

∈Lp ( )τ ∞≤ πp1  if ϕ is a faithful normal state, then there exist a self-adjoint operator 0≥ρ  

associated with M called a density operator such that ( )pτϕ = . Then ( )ϕpL  is the Banack space of 

measurable operators which are integrable in degree p with respect to ϕ .  ( ) =ϕρL { pMx 2
1

: ρ∈ x p2
1

ρ  

Є ( )}τρL  with norm 
τ

ρ
ρ ρρ pp xx 2

1
2
1

= , ( )ϕρLx ∈ .  The Banach space ( )ϕρL  is isometrically 

isomorphic to the Banach space ( )τρL .  Define an isometric isomorphism ( ) ( )rLLJ ρϕρρ →:  by 

( ) ppxJ 2
1

2
1

∧∧= ρρρρ  where ∧ρ  is a non singular operator called the density matrix or the Radon-Nikodym 

derivative, for a finite volume dZ⊂∧ , satisfying the condition 1=∧ρTr  where 2
1

2
1 ττ

ρρρρ
−−

∧∧∧ =  is 

the density matrix for the local algebra ∧M .  We begin the definition of the norm on ( )τϕρ ,L  as follows:  

Let ∧∧ ∈ Mx with 2

1

2

1 tt

xx
−

∧

−

∧∧ ≡ ρρ  
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We take sipz += /1  and 10
1

1 <<
−

= t
t

pt . 

 
 
 

Then we will have:  
( ) ( ) τ

ϕ
ρ ρρρρ

p

tt

tx
p
isP

p
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istpxUx 2
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)(2
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We take 
p

Z
1= ; then we will have for simplicity the norm  
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  (3.4) 

Now we claim that (3.4) is a norm, the closure of which gives our Lp(ϕ) spaces and the polar decomposition 

in place makes the element 
( ) ( )

)(2

1

2

1

ϕρρ p

tt

Lx ∈
−

∧

−

∧  unique and well defined.  Hence we have 

 10,:),( 1
2

1
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1

2

1

2

1
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∈∈∈=
−

∧

−

∧+∧

−

∧

−

∧ tandLxMxMxtL

pttttt

p ρρρρϕ  (3.5) 

And for p = 2 we have 

 








∞∈∈= ∧∧∧

−

∧

−

∧ π
pttt

xTrMxMxtL 4
1

4
1

,:),( 1
2

1

2

1

2 ρρρρϕ - A Hilbert Space (3.6) 

We are going to show the Holder inequality and the Minkwoski inequality for this norm. 
 
4.0 Holder’s inequality 
For ],1[,, ∞∈qp  satisfying pq LyLxqp ∈∈=+ ∧∧ ,1/1/1  and 1Lyx ∈∧∧  we have 

ϕϕϕ

pq LLL
yxyx ∧∧∧∧ ≤

1
.  Using the trace property and nothing that t

pqp
−==+ 1

1
,1

11
, 

q

1
= t, we 

have   
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tx
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,
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5.0 Minkowski’s inequality 

To prove the inequality 
ϕϕϕ
ppp

yxyx ∧∧∧∧ +≤+ .  We follow Majewski and Zegarlinski 

Paper [4] 
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For simplicity we let: 
q

p
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)1(
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∧∧= ρρ      (5.2 

   
q

p
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)1(
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,
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and so we have  ( )
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p
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Note that we have   
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p
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For p > 2 we use the Holder’s inequality on each term on the right of equation (5.8) – (5.11) for the first 
term. 
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To show the second estimate on equation (5.8) we have 
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Now, we use Holder’s inequality for each term in (5.17).  For the first term in we have 
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Likewise the second term is given by the same argument and we have 
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Hence we repeat the same argument for the two remaining terms in combing all, gives us: 
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6.0 Conclusion 
The Lp spaces we have constructed are quite useful in studying generalized quantum conditional 

expectation for such operators which will later be useful in the construction and study of their dynamics. 
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