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Abstract

1t 1t

This paper considers operators of the? EDDZ in the context of
non-commutative Integration, and construct intergting family of Lp
spaces over a quasilocal von Neumann algebra getextaoy such operators.
We defined a norm and showed that the norm satigifie Holder's and
Minkowski inequality.

Keywords Quasilocal Von Neumann, non commutativg dpaces, density
matrix.

1.0 Introduction

The construction of a non-commutativgdpace was carried out in [3, 4, 10, 12. 13]. Jtaey of
classical Markov Semi groups, their constructiomn @ngodicity uses the analysis of the Interpolation
family of an L, space associated to a probability measure. phper we consider the interpolating
family of L, spaces in the non-commutative context associated uantum Gibbs state on a quasilocal
von Neumann algebra. By using the thermodynamid lof the density matrix and normalized trace, we
define a norm and show that the Holder and Minkawsquality hold with respect to our defined norm.

2.0 Preliminaries

LetH be a Hilbert Spacd(H) the algebra of all bounded linear operatorddionA von Neumann
algebra is a *-subalgebmd of B(H) which is self-adjoint, and it contains the idgntoperator 1 and is
closed in the weak operator topology. Mt denote the positive elementsif A linear mapp on M.

defined by@ : M, — [0, 0] satisfying

(i P(x+y)=9(x)+o(y) for x,yOM,

@ @(Ax)=A(x) for xOM,,A =0, is called a weight.

(iif) If #(xX) =0= x=0, then the weightp is said to be faithful

(iv) If @(X) = Sup(x; ) wheneverx is the (0 — strong*) limit of a monotone increasing nek)
in M, then the weigh¢ is said to be normal.

(v) If (X X) = @(xX") then the weighd is called a trace
(vi) OXOM,Ox OM with X 1 X (0 —strong*) and @(X;) < . Then the weighp is
semi-finite.

A stated¢ on M is a weight such the#¢|| =1. The Von Neumann algebM is said to be a Quasi Local
Algebra if it has a nefM D} of W¥-Subalgebras having the following properties,
(i) If 0, 00, thenM, UM,
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(i) M =0 M, where the bar denote the uniform closure.
(iii) The algebradMl ; have a common identity.

More detailed exposition is given in [2], [5], [8]The construction is as follows: L&t be a d-
dimensional integer lattice and l&t [ Z? be a finite subset and consider the set

1t 1t 1
Mu:{pﬁ xp: :xOM,,t0 (0D, p, :;}.

Then the density matrig given by p = g—¢ is a positive self-adjoint operator such thgt =
T
1t
1and M, =p> Mp,? ,OxOM, . If [, <0, then M, OM , that is M, is increasing. We
1111
have the subsetM ; as ac-weakly closed von Neumann subalgebrasdvof AlsoM =M, . We

therefore calM a Quasi local Von Neumann Algebra. Here our s&te locally normal state given by
@, (X) =Tr, (pDX); XM, whereTr, is a partial normalized traced. In this work vesamed that
p; are locally measurable operators &nis regular and locally finite in Trunov sense [1Hence the

1-r 1-r

operators of the formp? * p.Z are closed operators.

3.0 The construction

We begin by defining the spaces
Lp(¢) and Lp(T)
where 7 faithful normal semi-finite trace ang is a faithful normal state. Lé¥l be a semi-finite von

Neumann algebra. Them_p(r) is the Banach space of measurable affiliated operavhich are

integrable in degre@ with respect tor L,(7) ={xOM :|x|°00 L} with norm ||><”rp = (T|X|p)5, X

DLp(T) 1< pno if ¢ is a faithful normal state, then there exist af-adjoint operator p0 =0
associated witiM called a density operator such th@at= T(p). Then Lp(¢) is the Banack space of

1 1

measurable operators which are integrable in degregéh respect tog . Lp(¢) = {XD M : p** x0F
T

€ Lp(r)} with norm ||><I|p =‘ , xOL, (#). The Banach spact. , (#) is isometrically

P

isomorphic to the Banach spade, (T) Define an isometric isomorphisd , : L, (¢) - Lp(r) by

1 1
prXpr

1 1
Jp(X) = p3’ ppZ° where p is a non singular operator called the density ixatr the Radon-Nikodym

1 1
derivative, for a finite volume_ [J Z*, satisfying the conditionTrp, =1 where p, = P2 P2 is
the density matrix for the local algebM . We begin the definition of the norm d.np (¢, T) as follows:

=t
Let X, UM with X, = p 2 X0.2
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’ 4 x ey aopE |
o[ =3, e @ = [p2U |pa? X002 | P (3.1)
p
Wetakez=1/p+i S and p, :ﬁ0<t<1.
| s | e | 0 e wo’
Then we will have: ”XD”p =1lpy™ U, |pn? xp? |p(t—is)p,™ (3.2)
p
p (1+Rs) 1-1) 1-1) ) a+ps) |P g
%[, =| Trlos™ Uyylon? xp0? |t =is)p,™ (3.3)
1
We takeZ = — ; then we will have for simplicity the norm
p
N [ NG R
X[ = | Tr o U, |02 xps | P27 34

Now we claim that (3.4) is a norm, the closure bfck gives ouly($) spaces and the polar decomposition
(1-t) (1-t)

in place makes the elemept 2 X 2 L unique and well defined. Hence we have
Mil pD p

1-t 1-t

Lp(¢,t):{p;xp;DMD:xDM+.

1-t 1-t

pE xp?

pt
DLl} and 0<t<1 (3.5)

And forp = 2 we have
1-t 1-t

L,(d,t) ={p52 xp2 OM,:xOM,,Tr

3y i
pixpt

3 i oo} - A Hilbert Space (3.6)
We are going to show the Holder inequality andNtekwoski inequality for this norm.

4.0 Holder’s inequality
For p,q,0[L] satisfying 1/ p+1/q=1x,0L,,y 0L, and Xyy,0L;, we have

Z < "XD”iq ”yD"fp . Using the trace property and nothing th]é\t+1 =1 1 =1-t, 1: t, we

X
Yo q ' p q

have %oy, = Tr(pé“ 20, o xpry|pZ 2‘*) (4.1)
. @,t | L1

=[Tr| p3° *PU, o2 2x 2 2y|piP ™ (4.2)
T @ ¢ @) | 1,1

=[Tr| P2 U, |p? P2xpy? pRy|psF * (4.3)
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1,1 ) ¢ @) ot 1,1

=[Tr| P27 U, |ps? P2XP,° pé% g° 2“] (4.4)
1,1 toot @t @)y 1,1

=Tr p2q ZpUx,t ,02XD,02 Ux,tlo 2 yp 2 JpZP 2q (45)
1 ooty L.t -t @yp) L

=[Tr pz‘*(ux,t P2Xp? ]pz“ U, lo 2 yo 2 ||p%F (4.6)
t tot 1 @t @) L

=Tr(,02qUx,t PEXP? pz“]Tr(pz"Ux,tp 2yp ? prJ (4.7)
L L S @-t) @) L

< T{,quUx,t pXp? pquT{pszx,tp 2 yp ? ,02"] (4.8)
L ot L 1 (1) @] L

< Tr(pzqux,t P2X0? pz“JTr(pz"Ux,tp 2 yp ? prJ (4.9)
¢

oYl <l e, (4.10)

5.0 Minkowski's inequality
To prove the inequalit)ﬂxD + yD”i S”XD”T; +||yD”i' We follow Majewski and Zegarlinski
Paper [4]

p P P
1 @) @)y L 1 (-t)  (@t))q L
P_ 2 2 wn 2 | A2 2 2 yn 2 | N2
||XD+yD||¢ =Tr prUx,t IOIZIZ X:OD2 pr + prUx,t IOIZIZ pr2 pr (5.1)
P
-y IGORK]
For simplicity we let: A, =U, |0* X0’ (5.2
P
-t IGORK]
By :Ux,t IL)DZ prZ (53)
1 1 1 1P
. 1 @ 1 1
and so we have x5 + yEI||Lp(¢) =Tr|p2 A p3® + p3PB,p2° (5.4)
P
. (K
Note that we have A =U, |p? X P’ (5.5)
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. (t-t) x) (t-t) %
By :Ux,t p y IOD (56)
helpc +y,|! =
1 1 p-2
:Tr‘[ A( zp + D J( A( zp + D pépJ A( zp + D ypép (5_7)
1o, o\ o 1 1 1 1 1 |P2
= Tr‘(ﬂéppwé" Xpé" Pypé"l AP+ pE B o (5.8)

1, 1 ES p-2
+Tr( o2 Kot | 08,07 ) |0 ApT + 018 o
1 1 1 a1 |P2
+Tr\(p2pB b oa g l SA0P + pPB o
p-2

+Tr

(pé"BJpé"j(pé“ Bypé"j SA P +piB,p7

For p > 2 we use the Holder’s inequality on each ternttenright of equation (5.8) — (5.11) for the first
term.
1| P2

[pé"AZpé")[péWpép) and |\p* A p7 + pi'B, o

s 2\ 2| o 1 1 1|P2
OsTr(pé"AEpé“ X,Oé"&pé“] 2 ALY+ PIB,oY (5.9)
N N N E E N E 1|P2
< (Tr‘( > ALY )( é”&pé“)j(ﬂ ALY+ P BT j (5.10)
141 p-2
(Tr‘( o ”Ay)(&pé ’ ))[ ¥ AT+ B i j (5.11)
1, 1 1 1 1 1|P2
<Tr (pé&&péj” T APT +piB, oy (5.12)
p-2
<Tr A&p 5 pé"Byp (5.13)
1 1 s a1 ||P?
<Tr 2 ALY+ P By oY (5.14)
To show the second estimate on equation (5.8) we ha
1 1 1 1) L N 1 1|P2
S Tf( S”AEPE”)(DS“BW&D] ALY+ P BT (5.15)
éppyupépl AP + Pl B oY }X ((,OSPBy 5”1 DA PY +pYB,pY j(5.16)
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1 P22 1|2 2
(Tr(pu#&ﬁxpu]pé“/xpé + B0 ] (Tr(pu BSBpr)péWpé +B,07 j (5.17)
Now, we use Holder’s inequality for each term irll{§. For the first term in we have
1 1y 1|P2)2
S(Tr[péﬁfﬂpaj A 0L+ OB, j (5.18)
1.4 1y . A p-2
<(rlo AA 02 [ Trlp2 A p2 + p22 B, 0 (5.19)
< (Tr 7 ALY j FA O + P B0 (5.20)
1 a2 1 1 1 (P2
PApPY| 0P APY +pB o7 5.21)
Lo(¢) Lo(p)
Likewise the second term is given by the same aeguiand we have
1 1 1|P2 %
S(Tr[pa BB,0: |07 A0 + 07 B0 (5.22)
G g 2 p—2
<|p"B, o AA o 4 ,oé"B (5.23)
Lp(¢) Lo(p)
Therefore we have
1\ 1 1 1|P2
S(Tr[pépﬁx )[pé“ ) ”jpé%pg +P7Bo7 (5.24)
1 12 1 112 1 1 1 Y
SALL  |PYByPE 2 AL+ P B, o (5.25)
Lp(¢) Lp(#) ols)
Hence we repeat the same argument for the two némgaierms in combing all, gives us:
1 1 1 1 1||P2
[+ | At | 0B AL + 0 B2
(5.26)
Y T N [ T T TR 1 1 1 1 a|P2
iaal |oteet| [t +ate ot letnpt +ai ol
¢ o5
Hence %+ Yol = |07 A + 02 B (5.27)
a 1 1 1 2 p-2
S( épA(pE + pépBypép J A(pr + D yp (5'28)
¢ ¢
S AT+ B <oz Aoy +‘ 7 B,of (5.29)
Lp(¢) Lp(¢) Lp(¢)
¢ ¢
%+ yullp <[l *Dvel; (5.30)
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6.0 Conclusion
The Lp spaces we have constructed are quite usefitldying generalized quantum conditional
expectation for such operators which will lateruseful in the construction and study of their dyrean
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