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Abstract

This paper presents more results on the classes of convex sets and
functions. The results are follow-up to similar results obtained on the classes
of convex sets and functions by [1] and [9]. These relationships were further
shown among convex sets which were not considered in the above references
and more results were proposed and proved.
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1.0 Introduction
The classes of convex sets and functions have been attratdimipas of researchers because of
its usefulness in optimization theory, convex optimization problems, convessisnetic.
Prominent among researchers are Amara and Ciligot-Travaiddfrjeson [3], Jeyakumar and
Wolkowicz [4], Lifsic [5], and Simons [8]. Others include Zalinescu [9]
ConsiderX a real topological vector space. We say that the series
2 Xn
n=1

n
is convergent (resp. Cauchy), whe3g = > xk .
k=1

is convergent (resp. Cauchy) if the seque(ﬁrg)

nON

For everyn LI N ; of course any convergent sequence is Cauchy.
Let A X ; be a convex series with elementdofife mean a series of the form

2 AmXm
m=1

with (A.)00,,(x,)0A and ¥ A =1.
m=1

If furthermore, the sequen(:em)is bounded we speak about a bounded convex series. We say that A is

cs-closed if any convergent convex series with elemerfihas its sum i\

A is cs-complete if any Cauchy convex series with elememsi®itonvergent and its sum is in
A. Similarly, the seA is called ideally convex if any convergent bounded convex setile®l#ments of
A has its sum irA andA is bcs-complete if any Cauchy bounded convex series with eleimieAtss
convergent and its sum isAn

Relationship among these sets are as follows: Any cs-closéslideally convex, every ideally
convex set is convex. Every cs-complete set is cs-closedvang @mplete set is cs-complete Xifis
complete, ther\ [ X is cs-complete (bcs-complete if and onhifs cs-closed (ideally convex).
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cs-complett —» cs-close

’ '

bcs- complete —» ideally —» conve)
Figurel

The notions of ideally convex sets were introduced by Lifsjcds-closed sets by Jameson [3],
cs-complete sets by Simons [8] while results and propeatikEs-closed set were contained in the work
of Amara and Ciligot-Travain [1], Zalinescu [9] introduceseyal interiority notions on the sets such as
A, riAetc.

Proposition 1.1
Consider X areal topological vector space. Let A [1 X then

0) Every cs-complete set is cs-closed and every compl ete convex set is cs-complete

(i) If Xis complete, then A [1 X is cs-complete (bcs-complete) iff A is cs-closed (ideally convex)
(1) cs-closed set isideally convex and every ideally convex is convex.

Proof

@i Let > A X,

n=1
be a convergent (resp. Cauchy) convex series with elementsd#nate by x its sum. Let a sequence
(xn)D Aconverges tx[] Aand has its sum ii\. thus cs-complete. Since any convergent series is

Cauchy. Then cs-complete is cs-closed.
(i) The proof of ii) follows from ) and shall be omitted.
(iii) LetA [0 X be a non-empty convex set and

z/‘nxn

nx1

be a convergent series with elementsApfienoted by x its sum. Suppose the Aé$ closed and fix
al A, we have, DA +{1— ZAk}aDA

k=1 k=n+1
taking the limit forn — oo, we obtain thatx JclA= A i.e. A is cs-closed. Furthermore, if the sequence
(xn)is bounded, we speak about a bounded convex series with elemertig®ita sum iiA. Therefore

x [0 Aand thus A is ideally convex (resp. convex).

The next result shows other properties of cs-closed and ideally convex sets [ |

Proposition 1.2 [9]

() If A O Xis csclosed (resp. ideally convex) for everyi Ol thenN;q A is cs-closed (resp.
ideally convex).

(i) If X, isatopological vector space and A [] X, iscs-closed (resp. ideally convex) for everyi U1,
then(jq A is csclosed (res. Ideally convex) iffjo) Xj (which is endowed with the product

topology).

Proof
The proof of {) is immediate, while fori{) one must take into account that a sequence

(XN)nDN O X =i Xj converges tax[1 X (respectively is bounded) if and onl)()i)converges to
x'in X, (resp. is bounded) for everyl | . [ |
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20  Classesof convex functions

In this section we introduce several classes of convex fundéoger than the class of lower
semicontinuous convex functions which will reveals themselves to be uséiel sequel
Letf : X - O, we say fis cs-convex if

n
f(x)<liminf > A f (%)
v

where D AX,

n<l
is a convex series with elementsXoénd sunx ] X . Also, we say that f is ideally convex, bcs-complete,
cs-closed, cs-complete, li-convex or Ics-closed iffgjpé( ideally convex, bcs-complete, cs-closed, cs-
complete, li-convex or Ics closed, respectively.

Of course, taking into account the relationship due to Zalinescu [9] for convebofs.

fIsc-convey —® f sc-conve)

f sc.complettc —» f sc-closec —>» flsc-conve)

f bsc-completc — f ideally-convex — f li-convey —» f-conve)

and the reverse implications being not true, in general.
The main result of this work is as follows:

Theorem 2.1

Let f: X - 0O

(1) If f is cs-convex, then fis convex, whileif f islsc-convex then f is cs-convex.
(i) If f is sc-convex then f is cs-convex, whileif f is cs-convex then f is cs-closed
(iii) If fiscs-closed then f islcs-closed.

(@iv) If fisli-convex (resp. Isc-closed), then f is convex.

Proof

n-oo

n
(i) Supposd is cs-convex. Leff : X — O, if fis cs-convext (x) < liminf Z/]k f (%)
k=1

Wheneverz A, X, is a convex series with elemedtsnd sumx ] X

n21

OnO0,X1,-+, Xp OX, A1 +---+ A =1
and X => Ax,

nx1

F(Ax 4. 44X )< A F(x)+...+A4 f(x,)
ie F()<Y A, F(x,)

n<l

Hencef is convex. Since f is convek,s lower semi continous (Isc) if and only if epis closed in
Xx[,i.e [f <A]is closed]A OO . Thusf is cs-convex.

(i) From () f is Isc-convex (resp. sc-convex)f is cs-convex. To show thatfifs cs-convex thehis
cs-closed convex. Lét: X — O be a continuous affine functional (i.e. p=x"+afor some

x"OX"anda00), f: X - Ois cs-convex if and only if +a is so.
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Let f : X - O have non-empty domains whehnis bounded below by a continuous affine
function and assume th&t= O, thusf is cs-closed.

(i)  The proof of {ii) follows from (i) and consequentlyi\j follows. The classes of li-convex and
Isc-closed functions have good stability properties and somdeste tproperties are shown in the
following results.

Proposition 2.1. [9]

0] If f :X — O isli-convex (resp. Ics-closed) for everynJ N , then suppose nON, f,is li-

convex (resp. lcs-closed).

(i) If f, f,,...,f :X - Oare li-convex (resp. lcsclosed) functions andA[I,, then
f, +f,+...+ f and Af, areli-convex (resp. |cs-closed)

(i) If F:XxY - Ois li-convex (resp. lcsclosed) and X is a frechet space, then
h:Y - O, h(y) =inf, ., F(x,y) isli-convex (resp. Ics closed).

Proof
We treat only the “li-convex” case and that of Ics-closed is imnediat
(i)  Becausepi(supnrN fn)=NpoN eRi fn » the conclusion follows

(i) TakingR : X = 0, grR =epi f, (i =12) we have thaepi(f1+ fz): gr(Fx’1 + RZ)

hence the conclusion follows. Alsepi (Afl) =T (epi f1)for A >0, whereT : X x0 - X x[J

is the isomorphism of topological vector spaces givefi(lyt) = (x,At); hencelf,is li-convex in this
case. If A =0, Af1 =/ dom f;. but domfy =Pry (epi f1)and sodom f;is li-convex, whencA, is Ii-
convex.

(i)  We have thapic f =P|YXR(epi5 F). Sincespi, F if li-convex and X is a frechet space, we
have thaepi. f is li-convex u

3.0 Concludingremarks
The paper attempts to investigate further results on #sse$ of convex sets and functions and
shown the relationship existing between them.
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