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Abstract

This work is a desire to construct an automorphism with discrete
spectrum using a numerical example. We briefly discuss how some of the
definitions and theorems about its behaviour can be implemented and verified
numerically. While it is not intended as a complete introduction to measure
theory, only the definitions relevant to the discussion in this work are
included. It went further to show that a necessary and sufficient condition for

a measure-preserving transformation ¢ on a unit circle s’ tobeinvertible is
that it must both be one-one and onto and concludes that it is an
automorphism if the real number, &, isone.
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1.0 Introduction

In ergodic theory, measure-preserving transformations aretismsecalled homomorphisms.
Homomorphisms with identical measures are endomorphisms. iB§eehdomorphisms are called
automorphisms.

But for the sake of definition we sayTif X — X is a transformation of a probability spade 4,
1) such that T is an invertible-measure preserving tramsfibon of the space then T is called an
automorphism. Bedford, Kaene and Caroline (1991) [1] and Petersen {8R8@)ese are always stated
theoretically.

Interestingly, Gewitz (2004) [2] constructed a homomorphism — andécgoansformation J on
the unit circle & In other words, he constructed a transformation that presehesglee measure and
showed that the transformation is ergodic using some rigorous iteration. Hpimethés work we present

an improvement using a simple interval computation method to shaw Tt is not only a

homomorphism (ergodic) but T is an automorphism by summarising it as a lemma with its
accompanying numerical verification.

Definition 1.1 '
A collectiond of subsets oK is called ag-algebra if it has the following properties:
0] If X A

(i) ALAIFALA

(iiil) U A OA O A, OA. See Gewitz (2004) and Isere and Osemwenkhae (2006) [[4].
j=1
This means that the union of many countable number of sétisiagain ind.
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Definition 1.2 '
A positive measure ‘W’ refers to a set function definec @ algebraA in a non-empty set X
whose range is in [@69] such that

()  n(g)=0and

(o0} [oe)
(i) p(U Aj )= ,u(Aj) holds for every collection {Ai}‘;’:lof a countable number of disjoint

j:]_ i =1
membersA, of A, (¢, being empty set of). Wikipaedia (2006) [[11]
Definition 1.3

X equipped with as-algebraA is called a measurable space denoted as\[)%; See Isere and
Osemwenkhae (2006) [4] and Knapp (1986) [5].
Definition 1.4

A measure space is a measurable spécd)(which has a positive measure p defined oncthe
algebra of its measurable sets. It is denotedkby (1). See Halmos (1950) [[3]

Definition 1.5

We wish to consider a transformation T defined on X under wthielhmeasure p is preserved,
i.e., i (TA) = p (A) for all p- measurable set§1A. See Gewitz (2004) [2].
Proof

See Gewitz (2004) [2]. ]

Definition 1.6

If T:X - X is a transformation of a probability spa¢e 4, ) such thafl is an invertible
measure preserving transformation of the spaceTt-eexists is measurable and bofhand T* are
measure-preserving thdris called an automorphism — see Isere and Osemwenkhae (2006) [4].

2.0  Constructing an automor phism with discrete spectrum

Theorem2.1

Let (X, 4;, 1) be measure spaceés; 1, 2, andT : X, —» X, a transformation. Suppose & a
sigma -algebra generatidg Then T is a measure-preserving transformation if and oty #ach sef
[74,, we have
1o (T (A)) = 112(A)

Remark 2.2

If TX(A) is also measurable for each measurable 8gt.AVe will refer to such a transformation
T as an invertible measure-preserving transformation.

Consider the transformatio, on the unit circle S We must first verify that each
transformation in question does in fact preserve lebesgusuneeee. measure-preserving . Once that is

done for each example, we can deduce that the transformation usoamgphism using definition 1.6
above.

Example2.1
Consider the transformatioh, :(0,1) - (0,1) defined by
T, (x) = x+amodi (2.1)
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which represents rotation on the unit circle by an angleefadiansgo LI .
We are going to use the additive form of the transformatioombelhere “mod I” simply means that we
are interested only in the fractional part of the outpurtcé&the unit circle is normalized to have length 1,
we may view the unit circle as a one-dimensional interval in Euclidear.spaee Gewitz (2004) [2].

The transformation (2.1) above can be rewritten as

x+a-1 if l-a<x<l
T.(x)= (2.2)
X+a, if 0sx<l-a
Using definition 1.5 above, we compute that

x—a+1 if 0<x<a
T,4(x)= 2.3)
x—a, if a<x<l1

Using (2.2) and (2.3) we can show that the transformation preserve Lebeszgigen
Consider an interval (a, B) R, with this, we must verify that
T *(ab)=(a-a)+1(b-a)+1)0(a-a,b-a)
T *(a,b)=((a-a)(b-a))0(a-a,b-0a)
(since $ has length I)
Clearly,u((a-a),(b-a))=b-a
And so the measurement of the interval (a,b) is unchanged under T i.eeiv@sdsbesque measure.
If S= (0, 1) then considek = (1/5, 3/5) a subinterval of S ard (1/5, 3/5) i.ex = %2 say.
Next, to show thaT is ergodic would have required some rigorous iterations becaissa real
number, we must take into account thatan either be rational or irrational. A simple MATLAB mefil

gives us insight into what happens wtleens rational. See Gewitz (2004) [2]. This is rather a oger
iteration. However, this work presents an improvement using a simple naheenmputation.

Supposex [1Q i.e. of the form% ,p,qUZ, g#0andx € (1/5, 3/5)i.e. %2 say

Then from definitions (1.2) and (1.3) above
x+a-1l, ifl-a<x<1

x+a, if0<x<l-a

Then fora:% andx:%
Y+y-1, ifl-¥<¥<1
T%(}/z):
Y+y, f0<sy<%
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_%41 %5%51
T%(}/z):
y4) If O<%<y
Thus: T }/2 /4 ForT }/2) / does not exist foﬁs%<% is not true.

Slmllarly,

X—a+], if0sx<a
(%)=

x—a, if asx<l

Fora:% andx:%,wehave

Y-¥+1, fOs¥y<¥y
T, (%)=
-y, if ¥<y<l
19, fOSK<Y
T, (%)=
%, if ¥<¥y<1

1 1
“1(y)= 5 1(y)=19/ i T<
ThusT, (}/2)—44. ForT, (}/2)— 44 is not true. Reasofl < > < > is not true.

Observe that %4 £ %4

Therefore:T, (}/2) 7 T;/;l(%)

Now, letaJQ.i.e.a =1 andx =% (say), since its is a Lebesgue measure [0,1].
From (2.2)

%+1—1 if 1-1<%sl
Tl( 2):

%+lif0£%<1—l
%, if0<%sl

Tl( 2):
3,.if0< ¥ <0

ThereforeTl(}é): % if0<%<1
-3/ : :
For Tl(}é)— A if 0 <%2 < 0 does not hold; reasons:

0] 0< % < 0 does not exist
(i) ¥ > 1, we are considering a unit circle with normalized lerigéimd a lebesgue measure [0,1].

From (2.3), we have,
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%—1+1 if Os%sl

V-1 i1y <1
[
-1, ifisl)<
Again, Tl_l( 2)=% if0<%s1. For Tl_l( 2)=—% if 1s%<1 is not true.  Thus,
Tl( 2)=T1_1( 2). Considering a Lebesgue measure [0,1] Wt;e(ng) =0 and%D A A= (%%)
- Thena{r(1))=1T(15)). therefore (T H(A) = (T (M) = (A
Next, T, 43¢, 3()= (3 1)+ 1.(3¢ -1)+ )0 (3 -2 3¢ -
=96 +1l26+1)n k442
(.34 %-2%)
=l -13-1o (5 -1.3-1)
=(4-%)o 4% %)

Clearly, ,u(% ].,A 1) A % % is unchanged undéel; . Recall that we take only the additive

2
fraction E Therefore, T is ergodic if and only ifa 1 Q as shown above. This agrees with the

preposition below.
Proposition 2.3

T, i.e. rotation on the unit circle;Ss ergodic with respect to lesbesgue measure if and only if
a Q. See Gewitz (2004) [2] and Petersen (1983) [7].

Proof
We employ Birkhoff's ergodic Theorem — see Gewitz (2004) [2] for detail.
Lemma 2.4

If T, and T, exist and preserve lesbesgue measure, Thés an automorphism with discrete
spectrum whenevaer is unity.

Proof
Let T,: (0, 1) - (0, 1) be measure-preserving transformation @aridbesgue measure. The

proposition above shows th#j is ergodic.
Since the measures are identical tAgnis an endomorphism. It only remains to show thaiis
bijective (invertible). For everyr [1Q and using (2.2)
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X, f 0<x<1
To (x)=
x+1if 0<x<0
T,(x)=T,(x,) iff x, =x,, 0x,%,0(01). T,(x) is one-one. ObviousI)Ta(x) is onto, for every
d0(02)ta0(04) such thafT, (a)=d. Therefore,T,(x) is both 1 — 1 and onto. u
The necessary and sufficient condition fby to be invertible is thafl, is one-one and onto i.e it
must be bijective. Theﬂ'a(x) is an invertible-measure-preserving Transformation on a lebesgasure|[0,

1].HenceT, is an automorphism (compare Definition 1.6). Next, we show thatuteenarphismT, has
discrete spectrum.

A spectrum is any array or sequence of vectors or funceéogsan orthonormal basis of [G].
Let {f;} be an orthonormal basis df,(G) then eachf is an eigen vector of automorphisf see

Whankim and Kim (1983) [11] and Levi (2000) [7].

In measure theory any set that is finite or countablefisatkto have measure zero, therefore, if
we simply expand the set in question by including an arbitraribllgpositive interval centered at each
periodic point, then under rotation on the circle (which we have showe measure -preserving) if we
chose the intervals to be arbitrarily small, their uniomryehas measure less than unity. In the interval
we will have a set of positive real numbersX.e [0, o].

We will observe a sequence which forms a basis of the gpage (...%,%,%...).

Obviously the functions span the space. Herigehas discrete spectrum.

3.0 Conclusion
The entire work is a construction of an automorphism with discretetrape The proposition
summarizes the first stage of the construction. Then the lemmalimax of the construction process. We

have been able to show thaf, T(0,1) —» (0,1) preserves lebesgue measure using an interval computation
method. This establishes that whanis rational then T, will not be ergodic except whem is unity. The

work show further that T is an automorphism with discrete spectrum and that it is noteomiynomorphism
since it is an invertible measure preserving transformation.
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