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Abstract

The effect of wave steepness on higher order firataplitude Stokes
waves is investigated analytically and numericallyis shown that the phase
speed increases as the wave steepness increasesbyhaitiating the wave
instabilities. As the order increases, the phaseep also increases .However,
the impact of wave steepness on phase speed is proreounced for the wave

steepness parameteg = 009, where0.02<£<0.33
Beyond the upper bound, instability — wave breakicgmes in.

1.0 Introduction:
Wave steepness is the ratio of the wave height to wavelevayk, . - 1 whereH is the wave
L

height and_ the wavelength. The wave steepness fagtoanges from 0.02 to 0.14 for normal incidence
wave. According to Stokes (Kinsman, 1965) [6], the maximum valbgai)la-_. From the recent study,
7

the upper bound of is % (Constantin, 2001, Leblanc, 2004) [2].

In oceanographic environment, sailors are worried wheneverrdhneyto steep waves even though their
amplitudes may be relatively small.

From old times, the wave motion of the ocean waves extrem#ghctaed the attention of
mankind. Occurrence of extremely large and steep oceanifgeakves imposes a hazard to fishing
boats, ships, offshore and onshore structures. Small amplitudes veae sinusoidal. As the wave
amplitude grows, the crest becomes steeper and sharperthéitedughs flatten (Lukomsky et al, 2003)

[8].

Enhanced evidence and description of the wave kinematics durgm\stee events at sea are
often utilized by the offshore and ocean engineering industry. Theitiedda steep waves are required
for subsequent analysis of loads on ships, offshore platforms, tensiondegseas (Grue, 2004) [5].

Waves are one of the most important phenomena to be considered #maogrgvironmental
phenomena controlling maritime structures. The presence oésvmakes the design procedure for
maritime structures quite different from identical structures on land.

20 Wave steepness and stability
An essential part in the study of water waves is thebildgta Instabilities arise as the wave
steepness increases. It is well known that deep-watertygrexves are unstable to side band
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perturbations (Whitham, 1974 [14]; Stansell et al, 2003 [13]). eStokaves are stable ldt < 1.363 or

h< 1363 and are unstable kh >1.363 wherdk is the wave number arfdis

the mean water depth (Benjamin and Feir, 1967 [1]; Sedlestsky, 2005 [12]).
The stability conditions for waves in shallow water difsggnificantly from those for waves in
deep water (Mansour et al, 1999 [10]). In Stokes waves, daminot grow exponentially. Stokes waves

1
are unstable when the steepness parameﬂmceedsé. Following Leblanc (2004) [7], the critical

1 . . ”
steepness of the waves—és The lengthening of the waves is a necessary condition foe waergy to

grow. Otherwise, the waves will be too steep to be stable (StanaklR603) [13].

Stokes calculated theoretically that wave would remain stable ohly Virater particle velocity at
the crest is less than the wave celerity (phase velotfityje waves heights were to become so large that
the water particle velocity at the crest exceeds the walaity, the waves would become unstable and
break. Stokes found that a wave having a crest angle les@ 2Bathegree would break (angle between
two lines tangent to the surface profile at the wave crest).

3.0 ToexpressStokeswavesin terms of wave steepness

Following Kinsman (1965) [6], Fenton (1985) [4], Oyetunde et al (2004) {i4 expressions for
the third, fourth and fifth order Stokes waves height can be esqués terms of the wave amplitude and
steepness.

H =2a +%k2a3 (3.1)
and multiplying through b, we have kH = 2ak + %k?’a3 (3.2)
2ak = kH- §k3a3 (3.3)
_1 3,33
ak ==| kH- —k”a 34
5 - e 34)
_1,, 333
ka ==kH-=k"a 3.5
5 KH-3 (3.5)
ButlkH :l(EJH (sincekzﬁ) =n(ij=n. Also,
2 2\ L L L
3 3.3 3 3
k3a3:(ka)3: (EJ a3:87r a =(§J 7r3=(iJ 73 =733
L 13 L L
therefore ka=r& —gﬂ?’é‘s (3.6)

Thus,H = 2ato afirst orderH = 2a + O(a3)to order higher than first wheeas the wave amplitude.
Following Kinsman (1965) [6], the third order Stokes waves is of time, for

n =—acoskx + %ka2 cos2kx — gkza3 cos3kx (3.7)

Expressing the profile of third order Stokes waves in terms of wayangte® we have
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g:—coskx +%7r8(1— :—;nze?’Jcoska- g 7262 cos3kx (3.8)

while the phase speed is 2= %(1 + a2k?2 ) (3.9)

and in term of wave steepness, co= %(1+ 7r2.9 (3.10)

To fourth order,

n = -acoskx + (% ka? + % k3a4J coska-l;’ k2a3cos3kx + %k‘?'a4 cosAkx (3.11)

g -Coskx + (1 ka+ 17 k3a3J cos.2kx-§ k2a2 cos3kx + 1 k3a3 cosakx (3.12)

3

= -coskx + 2ka (1+—2k2 2jcoska 8k2azcos3kx + 3k?’a?’cosAkx (3.13)

2 2
= -coskx + %(n’a - §7l'383j[1+ 17[7&: —§7Z'383] }COSZKX— g[m; - 271'383] c0os3kx

(3.14)
3.3 3
+3(7Z'8— V¢ ] cos4kx
= - coskx +—(7r8 —§7r3 3][1+ Enzez }coska - —|:7r2 2_ . }cos3kx
8 12 (3.15)
+ I:n3e3 = }cos4kx
=-coskx +£[7T8+1—77[383—37[383j0082kx 37T2820053kx += 7[3 3 coskx
2 12 8 8 3 (3.16)
=—COS|<X+E7rs£1+2—57r283j0082kX- 3 7262 (1- §7r282]0083kx+1'7r383 coAkx
2 24 8 4 3
Following Kinsman (1965) [6], fourth order phase speed is
2= 901+ p22 + L p4A ) = 9094 42,2144 (3.17)
k 2 k 2
To fifth order,
—_ 12,1143 _(3,3,2,23 54 1,34
n=-acoskx + (2a k+ 6a k=)cos2kx (8a k< + 96a k™)cos3kx + 3‘k ™ coAkx (3.18)
_ 8l k4 cosskx
96
1= —cosoc+ (2 ak+ll a3k3)colx - (2 a2k2+§a4k4)co§3kx + 113a3costix
a 96 3 (3.19)
3—161‘]'k‘1'cos5kx
96
=-coskx + lak(1+1—1a2k2)coszkx- a2k2(§+2—35a2k2)0053kx + Ek3a3cos4kx
2 3 8 96 3
3—1a4k4c035kx
96
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= —COSkX+1(7ms:7r383)[l+ %1”282 - ...}coska- nzsz[g’ +29i657r252 + ....}cos3kx

(3.20)
+ é 3¢3 cosak- 67r4s4c055kx
=—-coskx + 1 s+—97r3.93 COS2KX - 3 7262 2357r464 cos3kx
2 24 8 96
(3.21)
é 33 cosdk - 3613 44 cosokx

Following Oyetunde et al (2004) [11], the fifth order phase speed is

c?= L+ AP+ pAA ) = J(1r %% +ats?) (3.22)

THIRD ORDER PHASE SPEED AND WAVE STEEPNESS
112

1.1

1.08

1.06

phase speed

1.04

1.02

|
|
1
0 0.02 0.04 0.06 0.08 0.1 0
wave steepness

12 0.14

Figure3.1: Third order Phase speed and wave steepness
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FOURTH ORDER PHASE SPEED AND WAVE STEEPNESS
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Figure3.2: Fourth order phase speed and wave steepness

FIFTH ORDER PHASE SPEED AND WAVE STEEPNESS
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Figure 3.3: Fifth order phase speed and wave steepness.
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THIRD,FOURTH AND FIFTH ORDER PHASE SPEED VS WAVE STEEPNESS
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Figure 3.4: Third, fourth and fifth order phase speed andensteepness in increasing order with the thirdrorde
having the lowest value.

40 Conclusion

It can be observed that increase in wave steepness in Stakes @ften found in deep water has
positive impact on the phase speed. The phase speed increasesnduease in wave steepness which
equally increases the wave possibility of instabilities. iflceease however is apparent for steeper waves
where the wave steepness parametex 009. The apparent increase in phase speed and wave
instabilities has impacts on fishing boats, ships, offshdréaailities, coastal and ocean engineering
generally. It is also observed that the higher the order of Stokes waddgher the phase speed.
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