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Abstract 
 

This paper is concerned with asymptotic solution, using multi-timing 
technique, of a nonlinear coupled elastic system in a dynamical setting where 
the structure investigated is a discretized imperfect spherical shell .The normal 
displacement at a point on the shell surface is assumed to be partly in the form 
of a symmetric pre-buckling mode, and partly in the form of buckling modes 
that have both axisymmetric and non-axisymmetric components. The 
geometric imperfection is assumed to be in the shape of the buckling modes. 
The explicitly time-dependent load function is assumed harmonic (or periodic) 
and the dynamic buckling load is obtained nontrivially with specializations of 
the results made. The results show, among other things, that (i) the only 
condition under which the effects of any coupling is felt is if none of the 
imperfections in the shapes of the modes coupling is neglected and (ii) 
neglecting an imperfection automatically nullifies the effects of the 
nonlinearity that is in the shape of the neglected imperfection. 

 
 
 
1.0 Introduction 

The subject of dynamic buckling has been a thriving area of research for the past forty years and 
there seems to be no letting down of the zeal, steam and even, impetus that the subject matter has so far 
generated. In most of the analyses frequently encountered, the ensuing time dependent loading histories 
are usually implicit in the time variable with the result that the resultant Mathematical formulation 
becomes time-autonomous. In this way, simple 

Mathematical techniques, including phase plane analysis, are easily evoked to solve the problem. 
In this investigation, we however encounter a loading history that is not merely explicitly time–
dependent, but is also dynamically periodic or harmonic. In this case, the application of phase plane 
analysis is inappropriate and recourse must therefore be had to a much more superlative technique to 
address the problem analytically. We stress that a knowledge of the dynamic buckling load of structures is 
of tremendous structural and engineering essence particularly in determining the state of dynamic stability 
of such structures for purposes of practical applications .Needless stressing that it is a failure criterion in 
places such as nuclear assemblies and Aeronautical and other Aerospace industries where thin-walled 
elastic materials are frequently used and where the interplay of the academic resourcefulness of the 
Applied Mathematicians and Structural Engineers, engaged in designing and manufacturing of modern 
day space vehicles and parts there of, is a professional calling. 
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2.0 Mathematical Formulation. 

Using step loading as a test case, the undamped version of the structure investigated here was 
originally investigated by Danielson [1] using the technique of Mathieu–type of instability .The inherent 
interest in the use of Mathieu-type instability lies in the fact that there are already in existence ,tables  for 
Mathieu–type of instability where readings could be easily read off without much mental labour. We shall 
however avoid the use of Mathieu-type of instability , for as noted by Budiansky  [2, page 100] , Mathieu-
type of instability is usually associated with many cycles of oscillations as opposed to just one shot of 
oscillation that normally triggers off dynamic buckling. Danielson however assumed the normal 

displacement ( )tyxW ˆ,,  at a point on the shell surface to be given by  

( ) ( ) ( ) ( ) ( ) ( ) ( )yxtyxtyxttyxW ,2 Wˆ2,1 Wˆ1,0 Wˆ0ˆ,, ξξξ ++=    (2.1) 

where 210   Wand  W,  W , which depend on the spatial variables x and y  , are respectively the pre-

buckling symmetric mode, the axisymmetric buckling mode and the non-axisymmetric buckling mode 

while ( ) ( ) ( ) ˆ   and  ˆ,  ˆ
210 ttt ξξξ are their respective time–dependent amplitudes. Danielson also assumed 

the imperfection ( )yxW ,  in the shapes of the buckling modes, namely 

( ) ( ) ( )yxyxyxW ,2 W2,1 W1, ξξ +=       (2.2) 

where 21   and  ξξ  are the respective  amplitudes of ( ) ( )yx,  Wand  yx,W 21  in (2.2). In most similar 

investigations, it is customary to assume the inequalities 10   ,10 21 <<<< ξξ . This restriction, though 
valid, is optional in this investigation .On substituting equations (2.1) and (2.2) into the associated 
compatibility and equilibrium equations characterizing a spherical shell, Danielson obtained the following 
coupled equations for the imperfect and undamped spherical shell :  

 ( ) 0ˆ ,ˆ02ˆ

0
2

2
0

1 >=+ ttf
td

d
λξ

ξ

ω
    (2.3) 

( ) 0t̂ , 01
2
22

2
110112ˆ

1
2

2
1

1 >=+−−+ ξξξξξξξ

ω
kk

td

d
 (2.4) 

( ) 0ˆ  , 02210122ˆ

2
2

2
2

1 >=+−+ t
td

d
ξξξξξξ

ξ

ω
   (2.5) 

where 2 10   and  , ωωω  are the circular frequencies  of the associated  modes and k1 > 0, k2 > 0 are 

constants. The parameter λ  is a nondimensional load parameter (nondimensionalized with respect to the 

classical buckling load Cλ ) and ( )tf ˆ  is the actual explicitly time-dependent  load function , which, in our 

case , takes the form         
 ( ) totf ˆcosˆ ϕ=       (2.6) 

Danielson investigated the step loading case whereby ( ) 1ˆ ≡tf  .To arrive at equations (2.3) - (2.5), all 
geometric nonlinearities greater than the quadratic were disregarded .To analytically determine the 
dynamic buckling load Dλ  , which is here defined as the largest load parameter  for which  the solution of 

the problem (2.3) - (2.5) has a bounded solution for all time 0ˆ >t  , Danielson  adopted  the following 
assumptions , which , in addition to our determining  the value  of Dλ , are also subject of intense scrutiny 
in this investigation: 
(a) Quantities of the order of shell thickness can be neglected . 
(b) Tangential inertia and boundary effects are negligible. 
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(c) 1ξ  can be set  equal to zero, assuming that unsymmetric imperfections are the main  cause of the 
buckling phenomenon. 

(d) The effects of the quadratic term 2
11ξk  may be neglected compared to the coupling between the 

buckling modes for initial post buckling behaviour. 

(e) The ratio of subsequent frequencies, namely, 
1−i

i

ω
ω

, 2,1=i  may be taken  as ( )2

1

1 ν− , where ν  is 

the Poisson’s ratio. 
 Since the authenticity of assumptions (c) -(e) is also a subject of investigation, we shall , at least 
for now, ignore these assumptions , but however note   , abinitio, that  such a disregard of assumptions (c) 
-(e) necessarily adds to the apparent computational complexities that seem to characterize the solution 
.The dynamic buckling load Dλ  satisfies the inequality 10 ≤<<< CSD λλλ , where Sλ  is the associated 

static buckling load of the structure .According to Budiansky [2] ,the dynamic buckling load Dλ  is 
calculated from the condition 

     0=
ad

d

ξ
λ

     (2.7a) 

where,  in our case , aξ  is the sum of the maximum buckling modes , namely 

    caa 21 ξξξ +=      (2.7b) 

and where ca 21   and   ξξ  are the maxima of ( ) ( ) ˆ   and  ˆ
21 tt ξξ respectively. Our initial pre-occupation will 

then be to analytically determine, using multi-timing scaling technique, uniformly valid asymptotic 

expressions for ( ) ( ) ˆ   and  ˆ
21 tt ξξ subsequent upon which the dynamic buckling loadDλ  is determined 

using the maximization (2.7a).The analysis enunciated  here is related, in spirit, to those by Ette [3], 
Wang and Tian [4-6] , Wei et al [7], Batra and Wei [8], Zhang et al [9] and Ette [10] of which the present  
study is a direct extension. 
 
3 0 Solution of the problem 
 We let t̂0t ω=  and substitute same, together with (2.6), into (2.3) and get 

( ) ( )








====+

0

0, 0
0000    ;   cos02

0
2

ω
ϕϕξξϕλξξ

dt

d
t

dt

d
   (3.1a) 

For simplicity of the analysis, we have not introduced damping on the pre-buckling mode ( )t0ξ . On 

solving (3.1a), we get ( ) ( ) 21  ;  cost- tcos
21

0 ϕϕ
ϕ

λξ ≠
−

=t   (3.1b) 

We next substitute (3.1b) into (2.4) and (2.5), simplify the resultant equations and after, introduce the 

viscous damping terms 
dt

d

dt

d 21  
2  and  

 
2

ξδξδ  to the simplified equations corresponding to equations 

(2.4) and (2.5) and get respectively 

( ) ( )cost- tcos1
2
21

22
11

2cost- tcos11
212

2
1

2
ϕξξξϕξξ

ξ
δ

ξ
∈=+−∈−++ hkQkQhQ

dt

d

dt

d
 (3.2) 

( ) ( )cost- tcos221
2cost- tcos22

222
2
2

2
ϕξξξϕξξξδξ

∈=+∈−++ SRSR
dt

d

dt

d
 (3.3) 
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( ) ( )
1,2i , 0

0id
 , 00 ===

dti
ξξ         (3.4a) 

where   
21

1
h  , 

21

2

1

2

S, 
2

0

1  , 
0

2R , 
0

1

ϕϕ

ω
ω

ω
ωλ

ω
ω

ω
ω

−
=

−










=







∈=








=








=Q   (3.4b) 

In general , we consider 10 ,10 1,R0 1,Q0 , 10 <<<∈<<<<<<<< δλ  and emphasize  that the 
small viscous damping is taken, for simplicity of analysis, only on the buckling modes. We consider the 
two small parameters δ  and  ∈  to be Mathematically independent and now let  tδτ =  so that we have  

2,1, , 
2

t , 2t t, 2

2
  ; , t, =++=+= ατταξδταδξαξαξ

ταδξαξαξ

dt

d

dt

d
  (3.5) 

where a subscript following a comma indicates partial differentiation .We let 

( ) ( ) ( ) ( ) ( ) ( )∑
∞

=
∑
∞

=
∈==∑

∞

=
∑
∞

=
∈==

1 0
 ,j ,22

1 0
 ; ,j ,11

i j

jititt
i j

jititt δτητξξδτζτξξ   (3.6) 

where the symbols j ij i  and in   as  ηζij are superscripts and not powers .We now substitute (3.5) and 

(3.6) into (3.2) - (3.4a) and equate  the coefficients of 0,1,2,j ; 1,2,3,i , ==∈ L
ji δ 3,... 

and get the following equations:  ( )cost- tcos1
10210

 t,
10 ϕξζζζ hQtM =+≡  (3.7a) 

   10
 ,210

,211
τζζζ ttM −−=      (3.7b) 

   10
 ,211

 ,211
,212

τζτζζζ −−−= ttM    (3.7c) 

   ( )
2102

2
2102

1cost- tcos1020





−





+= ηζϕζζ QkQkhM  (3.8a) 

( ) 20
 ,220

,211102
2211102

12cost- tcos1121
τζζηηζζϕζζ ttQkQkhM −−−+=   (3.8b) 

( )  20
  ,221

 ,221
,2

211111022
2

211121022
1cost- tcos1222

τζτζζηηηζζζϕζζ −−−

















+−


















++= ttQkQkhM   

         (3.8c) 
10210

 t,
10 ηηη RtN +≡          (3.9a) 

10
 ,210

,211
τηηη ttN −−=         (3.9b) 

10
 ,211

 ,211
,212

τητηηη −−−= ttN         (3.9c) 

( ) 10102cost- tcos1020 ζηϕηη RSN −=                (3.10a) 

( ) 20
 ,220

,2101111102cost- tcos1121
τηηηζηζϕηη ttRSN −−





 +−=             (3.10b) 

( ) 20
,221

 ,221
,21012111112102cost- tcos1222

τητηηηζηζηζϕηη −−−




 ++−= ttRSN (3.10c) 

The initial conditions are evaluated at ( ) ( )0,0, =τt  and are given by  

 ;0s 2
 ,

k 2
 t, , 020

 t, ,0s  1
 ,

k 1
 t,  ; 010

 t, ;3,2,1,0;,3,2,1,0j =+==+==== τζζζτζζζζ LL jii (3.11a) 
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, 020
 t, ,0s  1

 ,
k 1

 t,  ; 010
 t, ;3,2,1,0;,3,2,1,0j ==+==== ητηηηη LL jii             (3.11b) 

L1,2,3,k 1,-ks  , 0s 2
 ,

k 2
 t, ===+ τηη                 (3.11c) 

The solution of (3.7a), using the initial conditions in (3.11a) relevant to 10ζ ,is 

( ) ( )  1,Q ; 
12

cos
2 2Q

 tcos
1sin10cos10

10 ϕ
ϕ

ϕξτβταζ ≠












−
−

−
++=

Q

t
hQtQt             (3.12a) 

( ) ( ) 0010 ; 
12

1
2 2Q

1
0q ; 01010 =













−
−

−
=−= β

ϕ
ξα

Q
qh              (3.12b) 

We substitute (3.12a) into (3.7b) and ensure a uniformly valid asymptotic solution in the time scale t by 
equating to zero the coefficients of cosQt and sinQt and getting respectively 
   0  1010    and  01010 =+′=+′ ααββ               (3.13a) 

where 
( ) ( )′=
τd

d
.The solutions of (3.13a) subject to (3.12b) are 

( ) ( ) ( ) ( ) ( )010010 ;   01010 ,  010 αατατατβ −=′−== e                (3.13b) 
On solving the remaining equation in (3.7b), we get 

( ) ( ) ( )























 −

−






 −

−+=
222

 tsin
2

12

sin
12sin11cos11,11

ϕ

ϕϕξτβτατζ
QQ

t
hQtQtt             (3.13c) 

( ) ( )


















−






























 −

−






 −

=== 02222
12

1
22q ; 21011 ; 0011 q

QQ

qh

ϕ

ϕξβα             (3.13d) 

If we substitute into (3.7c) and ensure a uniformly valid solution in t by equating to zero the coefficients 
of  cosQt  and sinQt , we solve the resultant equations to get respectively 

( ) ( ) ( )














∫ 











 ′
−−==

τ αβττβτα
0

ds 10011
 

11     and   011 Q

se
e              (3.13e) 

On solving (3.9a) subject to the relevant initial conditions as in (3.11b), we get 

( ) ( ) ( ) 1,R , 
12R

 tcos
22R

 tcos
2sin10cos10,10 ϕ

ϕ

ϕξτθτγτη ≠














−
−

−
++= SRtRtt     (3.14a) 

 ( ) ( ) 0010 ;  
12R

1
22R

1
3q  ;32010 =















−
−

−
=−= θ

ϕ
ξγ qS             (3.14b) 

We next substitute the relevant terms into (3.9b) and to ensure a uniformly valid solution in t ,equate  to 
zero the coefficients of  cosRt and sinRt  and get respectively 

01010    and    01010 =+′=+′ γγθθ                 (3.14c) 
On solving (3.14c) subject to (3.14b), we get 

( ) ( ) ( ) ( ) ( )010010 ;    01010 , 010 γγτγτγτθ −=′−== e               (3.14d) 
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The remaining equation in (3.9b) is solved to get 

( ) ( ) ( )























 −

−






 −

−+=
222

 tsin
2

12

sin
22sin11cos11,11

ϕ

ϕϕξτθτγτη
RR

t
SRtRtt             (3.15a) 

( ) ( )


















−






























 −

−






 −

=== 3222

2

2
12

1
24q ; 42011 ; 0011 q

RR

qS

ϕ

ϕξθγ             (3.15b) 

We substitute into (3.9c) and ensure a uniformly valid solution in the time scale t by equating to zero the 
coefficients of cosRt and sinRt and solve the resultant equations to get respectively 

( ) ( ) ( )














∫ 











 ′
−−==

τ γθττθτγ
0

ds 10011
 

11     and   011 R

se
e              (3.15c) 

We need the following simplifications in the substitution into (3.8a) which follows shortly: 

( ) ( ) ( ) ( ) ( ){ }[
( ) ( ) }]{  t1cos4r t1cos32cos2 2cos101

 t1cos t1cos tcos tcos102
cost- tcos10

−++−+++

−+++−++=

ϕϕϕξ

ϕϕαϕζ

rtrtrr

QQQQ
h

h
     (3.16a) 

where   
12

1
2r , 22

1
1r ; 

12
1

22
1

430
−

=
−

=
−

+
−

===
QQQQ

rrr
ϕϕ

           (3.16b) 

( )

( ) ( ) ( ){ }

( ) ( ){ } ( ) ( ){ }








−−+
−





 −

−−++














−
−

−++














−
+






























 −

+






 −

+










+






























 −

+






 −

+=






 t1cos t1cos
)12(22

2)1(
 t1cos t1cos

12
101

 tcos tcos
22

101
2

12

2cos
222

 t2cos

2

2
1

2

2cos2
10

2
12

1
222

1

2

2
1

2

2
102

1
2102

1

ϕϕ
ϕ

ξαξ

ϕϕ
ϕ

αξ

ϕ

ϕξ

α

ϕ

ξα
ζ

QQ

h
QQ

Q

h

QQ
Q

h

Q

t

Q

h

Qt

QQ

h
QkQk

(3.17a) 

We similarly need 

( )











+






























 −

+






 −

+=






2

2cos2
10

2
12

1
222

1

2

2
2

2

2
102

2
2102

2
Rt

RR

S
QkQk

γ

ϕ

ξγ
η  

( ) ( ) ( ){ }  tcos tcos
22

102
2

12

2cos
222

 t2cos

2

2
1 ϕϕ

ϕ

γξ

ϕ

ϕξ
−++















−
+






























 −

+






 −

+ RR
R

S

R

t

R

S  
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( ) ( ){ } ( ) ( ){ }








−−+
−





 −

−−++










−
−  t1cos t1cos

)12(22

2)2(
 t1cos t1cos

12
102 ϕϕ

ϕ

ξγξ

RR

S
RR

R

S
(3.17b) 

We now substitute relevant terms into (3.8a), using (3.16a,b) and (3.17a,b),and simplify to  get 

[ ( ) ( ){ } ( ) ( )
( ) ( ){ }] [

( ) ( ){ } ( ) ( ){ }]t1cos t1cos15 tcos tcos14

2cos132
2t1cos t1cos122cos11r t2cos10

 t1cos9r t1cos8 t cos tcos72cos65
20

−++−−+++
−−++−++

++−++−++++=

RRrRRr

RtrkQrtr

QQrQQrQtrrM

ϕϕ
ϕϕϕ

ϕϕζ

 (3.18a) 

( ) ( ) 00,020
,0,020 == tζζ                 (3.18b) 

( ) ( ) ( )















































 −

+






 −

+−















































 −

+






 −

+=
2

12

1
222

1

2

2
2

2

2
10

2
2

2
12

1
222

1

2

2
1

2

2
10

1
2

5
RR

S
kQ

QQ

h
kQr

ϕ

ξγ

ϕ

ξα
τ

  

  
2

10ξhr
+                  (3.18c) 

( ) ( ) ( )  ; 53
2

2252
2

1151105  RQSkRQhkRhr ξξξ −+=               (3.18d) 

 
2

122

1
2222

1

2

2
3

53;
2

122

1
2222

1

2

2
0

52R  ; 
2
0

51






























 −

+






 −

+=






























 −

+






 −

+==

RR

q
R

QQ

qr
R

ϕϕ

    (3.18e) 

( ) ( ) ( ) ( )  , 
22
11

2

2

h
107;  

2

2
01106r , 2

2
101

2

6 













−
+===

ϕ

ξατξα
τ

Q

hkQ
r

QqhkkQ
r             (3.18f) 

 ( ) ( )
22

0
72R , 

2
0

71,72
2

1171107
ϕ

ξξ
−

==−=
Q

qq
RRQhkRhr              (3.18g) 

( ) ( ) ( ) ( )  
2

04
81R, 82

2
1181108 ; 

12
1011

2
104128 







 +
=+=

−
−−=

qr
RQhkRhr

Q

hkQ
r

h
r ξξ

αξ
αξτ  (3.18h) 

( ) ( ) ( ) ( )  92
2

1191109r , 
12
11

2
131029r ;  

12
0

82 RQhkRh
Q

hkQ
r

h

Q

q
R ξξξξατ +−=













−
++−=

−
= (3.18i) 

( ) ( )  
2)22(2

2)2(1
2

2)22(2

2)1(1
2

2
11

10r , 82R
12

0
92 , 032

1
91







−
−

−



+==
−

=−=
ϕ

ξ

ϕ

ξξτ
R

SkQ

Q

hkQhr

Q

q
RhqrR  (3.18j) 

( ) ( ) ( ) , 
2222

1
102R ,  

2
1

101R  ; 103
2

22102
2

111011010






 −

==−+=

ϕ
ξξξ

Q

r
RQSkRQhkRhr (3.18k) 

( )  
2)12(2

2)2(1
2

2)12(2

2)1(1
2

2
22

11r ;  
2222

1
103R







−
−

−



+=






 −

=
R

SkQ

Q

hkQhr

R

ξξξτ
ϕ

            (3.18l) 

 ( ) ( ) ( ) 113

2

22112

2

11111111 0 RQSkRQhkRhr ξξξ −+=  

2222

1
113R  , 

2222

1
112R ,  

2
2

111R






 −

=






 −

==

ϕϕ RQ

r              (3.18m) 
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( )













 −−

+













 −−

=
22)12(

2)2(2
22)12(

2)1(12
12r

ϕ

ξ

ϕ

ξτ
RR

Sk

QQ

hk
Q

              (3.18n) 

On solving (3.18a,b), we obtain 

( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

 
212

 t1cos
212

 t1cos
1522

 tcos
22

 tcos
14242

2cos13
2

2

212Q

 t1cos
212Q

 t1cos
12

42
 t2cos11

242
 t2cos10

12

 t1cos9
12

 t1cos8

2

 tcos

2

 tcos7
23

2cos6
2
5sin20cos20,20




















−−

−+
+−

+−



















−−

−+
+−

++
−

−













−−

−+
+−

+−
−

+
−

+
+

+
−

−
−

+









+
+−

−
−+−++=

RQ

R

RQ

R
r

RQ

R

RQ

R
r

RQ

Rtr
kQ

r
Q

r

Q

r

Q

Qr

Q

Qr

Q

Q

Q

Qr

Q

Qtr

Q

r
QtQtt

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ

ϕ
ϕ

ϕ
ϕ

ϕ
βτατζ

 

( ) ( )1,1R ),(,2,2,2,
2

,
2

1 ±±±≠ ϕϕϕϕ
RRQ                 (3.19a) 

( ) ( ) ( ) ( ) 0020 , 182
2

2171
2

1161020 =++= βξξξα RkSQRkQhhR              (3.19b) 








−
−

−
−

+
−

−
−







−
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We need the following simplification in the substitution into (3.8b) which follows shortly   

( ) ( ) ( ){ } ( ) ( ){ }
( ) ( ){ } t 1sin- t1-sin20 2sin192sin181

 t1sin t1sin17 tsin tsin16cost- tcos11

++++

−++−−++=

ϕϕϕξ
ϕϕϕζ

rtrtrh

QQrQQrh
     (3.20a) 

where ( ) ( )
22

19r , 
2

12

1
18r ; 

2
21017016r ;

2
11

1716
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=
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=====

ϕ

ϕξβ

QQ
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rrr (3.20b) 
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              (3.20c) 

We also have 
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[ ( ) ( )
( ) ( ) ( ) ( ) ] t1sin30r t1sin29 2sin28r tsin27r tsin26r

 t1sin25r t1sin242sin232sin22
2

1211102
12

−++++−+++
−++++=

ϕϕϕϕϕ
ζζ

rtQQ

QQrtrQtrQkQk      (3.21a) 

where 

( ) ( ) ( ) ( ) ( ) 23
2
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3
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2
1
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2
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22R, 22

2
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2
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Q
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=−===  (3.21b) 
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We also have 
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2
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30R

QQQQ ϕϕ

ϕ
               (3.21j) 

We shall similarly need 

( ) ( )[
( ) ( ) ( ) ( ) ]   t1sin39r t1sin38r t2sin37r tsin36 tsin35

 t1sin34r t1sin332sin322sin31
2

2211102
22

−++++−+++
−++++=

ϕϕϕϕϕ
ηη

RrRr

RRrtrRtrQkQk      (3.22a) 

where 
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( ) ( ) ( ) ( ) ( )   32
2
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2
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2
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2
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R
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If we substitute the relevant terms into (3.8b) from (3.19a, 3.20a) and (3.22a), we ensure a uniformly 
valid solution in t by equating to zero the coefficients of cosQt and sinQt and getting respectively  
 02020  and  02020 =+′=+′ ααββ              (3.23a) 
 The solutions of (3.23a) subject to (3.19b) are 

   ( ) ( ) ( ) ( ) ( )020020 ;   -e 02020 ; 020 αατατατβ −=′=≡              (3.23b) 
On re-arranging terms in the remaining equation in (3.8b), we have 

( ) ( ) ( ) ( )
( ) ( ) ( )[
( ) ( ) ( ) ] tsin53r tsin52r t1sin51

 t1sin502sin49
2

222sin48 t2sin47r t1sin46r t1sin45

 2sin44r t1sin43r t1sin42r tsin41r tsin40
21

ϕϕ
ϕϕ

ϕϕϕζ
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( ) ( ) ( ) 00,020
 ,0,021

 t, ;  00,021 =+= τζζζ                 (3.24b) 

where 
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2
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On solving (3.24a,b),we obtain 
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where  ( ) ( ) ( ) ( ) 873
2
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We also have 
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We shall need the following simplifications in the substitution into (3.10a) which follows shortly: 

( ) ( ) ( ) ( ) ( ){ }[  t1-Rcos t1cos- t-Rcos tcos
2

cost- tcos 10
10 −+++= RR

S
S ϕϕγηϕ  

( ) ( ){ }] t1cos58r t1cos572cos56r t2cos55542 −++−+++ ϕϕϕξ rtrrS             (3.28a) 
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We also need 
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We now substitute into (3.10a), using (3.28a-c), and simplify to get 

( ) ( ){ } ( ) ( )
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On solving (3.2a,b) we get 
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We now perform the following simplifications which are needed in the next substitution into (3.10b) 
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We now substitute (3.31a,b) and (3.32a,b) into (3.10b) and to ensure a uniformly valid solution in the 
time scale t, equate to zero, the coefficient of cos Rt and sinRt and get respectively and 

0202002020 =+′=+′ γγθθ and                 (3.33a) 
On volving (3.33a), we obtain 

 ( ) ( ) ( ) ( )020; 02020,020 γγτγτγτθ −=′−′=≡ e                (3.33b) 
After re-arranging the remaining terms in the substitution into (3.10b), we get 
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On solving the(3.34a,b), we get 
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So far, the expressions for the time dependent components of the normal displacement are 
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 +=∈ 22221 20211 10,1 δδζδζζδζτξ OOt           (3.38a) 

( ) 
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4.0 Components of maximum displacements 

To determine the maximum values a1ξ and c2ξ of ( ) ( )τξτξ ,  and  , 21 tt  respectively, we shall let 

a and  τat be the critical values, at maximum displacement , of t and   τ  respectively for ( )τξ ,1 t  .We 

shall similarly let tc and τc be the corresponding values of t and τ for ( )τξ ,2 t  at maximum displacement 
and  now assume the following asymptotic series: 

( ) ( ){ } 11 10010 a ta  ; 11 1001 0 LL ++∈++==++∈++= ttttttttat δδδδτδδ  (4.1a) 

( ) ( ){ }LL ++∈++==++∈++= 11
~ 10

~
01
~

0
~ c tc  ; 11

~ 10
~

01
~ 0

~ ttttttttct δδδδτδδ  (4.1b) 

Using the first of (12) (for )1=α ,we observe that the condition for maximum displacement  
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of ( )τξ ,1 t  is    ( ) ( ) 0,, 1 ,t, 1 =+ aataat ττξδτξ    (4.2a) 

If we substitute the relevant terms into (47a) , using (46a), and equate to zero the coefficients of 
2  and   , ∈∈∈ δ , we get respectively 
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 t ,0
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 t t,01     t;  010
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where (4.2b) is evaluated at ( ) ( ). 0,, 0tt =τ From the first of equation (4.2b) ,we have 
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An approximate value of 0t is obtained from (4.2c) by maintaining just the first three terms in each of the 

relevant Taylor series expansions to get  
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From the second equation in (4.2b), we have 
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From the third equation in (4.2b), we have 
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As in (4.2a) ,the condition for the attainment of the maximum displacement c2ξ is 

( ) ( ) 0,, 2 ,t, 2 =+ cctcct ττξδτξ       (4.3a) 

On substituting the relevant terms into (4.3a), using (4.1b), and equating the coefficients of
2  and   , ∈∈∈ δ , we have the following respective equations 
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where (48b) is evaluated at ( ) ( )0,~, tt =τ .From the first equation in (4.3b), we get 
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From the second equation in (4.3b) , we have 
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From the third equation in (4.3b) , we have 
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where  ( ) 862218612
2

0
20
, 0,~ RSRStt ξξξη +=      (4.4g) 
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By determining (3.38a) at ( )aat τ, , using (4.1a), we get the only nonvanishing terms of ( ) aaat 11 , ξτξ =  as 
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Similarly , by determining (3.38b) at ( )cct τ, ,using (4.1b), we get 
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The following terms appearing in (4.5a,b) are easily evaluated as follows: 
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We also have 
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On substituting  all the relevant evaluated terms into (4.5a), we get 
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We next evaluate relevant terms in (4.5b) as follows: 
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We also have 
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where 
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The maximum displacement c2ξ  easily follows from (4.5b) to give 
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Thus, the sum of the maximum displacement, ,aξ follows from (2.7b) thus: 
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 5.0 Dynamic buckling load Dλ . 

The dynamic buckling load Dλ  easily follows from the maximization (2.7a). This is however 
preceded [3,10] by a reversal of the series (4.16a) in the form  

  L++∈= 2
21 aa dd ξξ        (5.1a) 

By substituting into (5.1a) for aξ from (4.16a) and equating  the coefficients of 2  and  ∈∈ , we have  

 
3
1

2
2

1
1  d ,  

1
C

C

C
d −==        (5.1b) 

The maximization (2.7a) now follows from (5.1a,b) to yields ( )
22

2
1

22
1  

C

C

d

d
Da =−=λξ  (5.1c) 
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6.0 Analysis of result and conclusion. 

Since the terms 21 Q  and  Q  are independent of the load parameter Dλ ,the result (5.2a) is an 

algebraic equation that determines Dλ  directly and  is valid for small values of δ and ∈. All along, we 
have tacitly implied that all results, if not explicitly expressed, are uniformly  and asymptotically valid. 
As a consequence, none of the terms in any of the denominators is deemed  
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to vanish. The terms in (5.2a-c) are indicative of the contributions to buckling of the various terms in the 

governing equations (2.3) - (2.5). For example, the terms multiplying ( ) ( ) 21

2

22

2

11 , ξξξξ SandSQkhQk  

in (5.2a-c) clearly show the contributions to buckling, of the terms 21
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respectively as they appear in the governing equations. Similarly the terms multiplying Sh 21   and  ξξ in 

(5.2a-c) are also the contributions of the terms 0201 ξξξξ and  as they appear in equations (2.4) and (2.5). 

Thus if we assume the presence of only the axisymmetric imperfection, then 01,02 ≠= ξξ and from 
(5.2) we get 
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From (6.1a), we note following: 
(a) The effect of the coupling term 21ξξ  is absent. 

(b) The quadratic term 2
22ξk , has no effect . 

(c) The effect of the coupling term 02ξξ  is also absent while that of 01ξξ  is the only coupling effect 

felt. 

(d) The only nonlinear term that dominates buckling phenomenon at this stage is 2
11ξk . 

We can readily obtain the static buckling load λs from the governing equations by setting  02 =ξ  and 
getting 
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We can eliminate the parameter11ξk  from (64a), using (64b), to get 
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On the other hand, if we assume the presence of only the non-axisymmetric imperfection 2ξ then, we set 

01 =ξ (Danielson’s assumption) and get the following result 
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From (6.2a), we note the following; 
(a) The effect of the coupling term 21ξξ is once again absent. 

(b) The quadratic term 2
11ξk has no effect. 

(c) The  nonlinear term that dominates buckling is the quadratic term 2
22ξk . 

(d) The effect of the coupling term 01ξξ is also not felt while that of 02ξξ  is felt. 

The static load Sλ in this case of 01 =ξ is obtained from     ( ) 22
2 3
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3
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Using (65b), we readily eliminate the imperfection parameter 2ξ from (65a) to get 
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We thus see from (6.1c) and (6.2c) that in both cases, we are able to eliminate the respective 

imperfection parameters 1ξ and 2ξ (as the case may be) so that in each case, we can actually determine the 

dynamic buckling loaf λD from a knowledge of the associated static equivalent λS.  We now summarize 
the result as follows: 

(a) Danielson’s assumption of neglecting both 2
11ξk and 1ξ is seen to be superfluous because, by 

neglecting only 1ξ , we automatically neglect the effects of 2
11ξk ; the converse is not true. 

(b) Similarly, by neglecting 2ξ , we automatically neglect the effect of 2
22ξk ; the converse is not 

true. 
(c) Once an imperfection is neglected, we automatically neglect the effect of the nonlinearity that 
is in the shape of the neglected imperfection. 
(d) The only condition under which the effect of the coupling term 21ξξ  is felt is if none of the 
imperfections in the shapes of the modes coupling is neglected. The  is infact also true of the coupling 

terms 01ξξ and 02ξξ  because  by neglecting 1ξ first and next 2ξ , we see that effects of 01ξξ and 02ξξ are 

respectively nullified. Thus, with the exception of the effects of the   coupling term 02ξξ , Danielson’s 

result could not have accounted for any other coupling effects involved in the formulation since he 

neglected 1ξ . 

(e) Lastly, Danielson neglected the quadratic term 211ξk on the assumption that the coupling term 

21ξξ  has a dominant effect ,for condition at initial buckling ,compared to the effect of 2
11ξk . We have 

however seen that by having neglected 1ξ ,the effect of the coupling term 21ξξ   is automatically nullified. 

Thus ,it is only the quadratic term 2
22ξk and the coupling term 02ξξ  that dominate buckling at this 

instance and not the coupling term 21ξξ  as envisioned by Danielson.  All these deductions (and even 
more) could not have been arrived at or accounted for if we had adhered strictly to Danielson’s 
assumptions. Thus, we lastly observe, among other things that, while some of Danielson’s assumption 
naturally give a leeway to solving a rather seemingly nonlinear coupled problem, some of his other 
assumptions , seem, in our judgement, to have unwittingly over- simplified the solution. By setting 0=δ
in (5.2a-c), (6.1a,c) and (6.2c) (that is , no damping), we realize the exact results obtained in [10] . 
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