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Abstract 
 

This investigation examines the dynamic stability of a 
damped imperfect  spherical shell within the precinct of a random 
dynamic load applied just after the initial time. The statistical 
characterizations of the random load ,such as the mean  and the 
autocorrelation , are assumed given and non-vanishing .In 
particular, the autocorrelation of the  random dynamic load is a 
stationary noise that is correlated as an exponentially decaying 
harmonic function of time . Such stochastic and random 
characterizations of the dynamic load function confer some 
element of randomness on the normal displacement whose 
statistical mean we shall first seek for the determination of the 
dynamic buckling load . Lastly, the dynamic buckling load is 
determined via a suitable maximization and certain useful 
deductions are made . Assuming  that the variance of the random 
load is 0R  and using the mean normal displacement as a relevant 

statistical characterization of the response, it is observed that the 

dynamic buckling load is of order 1
0
−R , that is 









0

1
 

R
O , of the 

load  variance 0R  

 
 
1.0 Introduction   

Over the years, investigations into the dynamic buckling of most commonly used  
elastic structures have  concentrated primarily on those loading histories that have been 
observed to be purely deterministic  in nature. Such loading histories include step loading, 
rectangular loading, impulsive loading and even periodic loading , among a few  others. These 
loadings express the time variable either implicitly or explicitly and thereby resulting either in 
autonomous cases or non-autonomous problems as the case may be. However, while random 
dynamic loadings (as opposed to deterministic loadings) have been severally  investigated in 
most nonlinear dynamical systems, they seem not to be frequently  discussed  in the context of 
dynamic buckling .Common daily experiences dictate that practical dynamic loads  need not 
always be strictly deterministic but could have some  embodiments of  randomness which may 
be either stationary or non-stationary . Amongst such commonly known  random dynamic loads 
are  Earthquake ground motion, wind gusts, launch phase of missile flight and pyrotechnic 
firing , all  which are treated as non-stationary processes. We stress that although the possibility 
of randomness of dynamic loadings  in nonlinear dynamical  systems has long been recognized 
, very few previous investigations ( this author is however unaware of such previous works) 
have actually addressed the subject  matter in the context of dynamic buckling . 
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2.0 Formulation 
The relevant differential equations for the case of deterministic loading in respect of the 

undamped structure investigated here, were sufficiently derived by Danielson [1] when he 

considered the normal displacement  ( )tyxW ˆ,,  at  a point on the shell surface to be given by 

( ) ( ) ( ) ( ) ( ) ( ) ( )yx,2 Wˆ2yx,1 Wˆ1yx,0 Wˆ0ˆ,, ttttyxW ξξξ ++=   (2.1) 

where ( ) ( ) ( )yx,  Wand  yx,  W, yx, W 210  are the pre-buckling symmetric mode, the 

axisymmetric buckling mode and the non-axisymmetric buckling mode respectively while 
( ) ( ) ( )ttt 210    and  , ξξξ  are their respective time dependent amplitudes .Danielson took the 

imperfection ( )yxW ,  to be in the shape of the buckling modes , namely 

( ) ( ) ),(2 W2yx,1 W1, yxyxW ξξ +=     (2.2) 

where 21    and  ξξ  are their respective deterministic amplitudes satisfying the inequalities  

. 1   0  and 1 0 21 <<<< ξξ By substituting equations (2.1) and (2.2) into the relevant 
compatibility equation as well as the dynamic equilibrium equation characterizing an imperfect 
spherical shell, Danielson derived the following equations ,as here modified to include viscous 
damping on only the buckling modes: 
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doc

td
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( ) ( )
0,1,2.i , 0

ˆ
0

0 ===
td

d i
i

ξξ      (2.6) 

Here, λ  Is a nondimensional load amplitude , satisfying the inequality 10 << λ  and 

nondimensionalized  with respect to the classical buckling load Cλ  while ( )tF ˆ  

Is, in our case, a randomly stochastic time dependent univariate load function with 

known statistical characterizations such as mean and autocorrelation ( )tR f
ˆ , both which are 

assumed non-vanishing. The parameter oc  satisfies the inequality 10 << oc  and indicates a 

viscous damping constant which we assume to be the same in the two buckling modes   

( ) ( )tt ˆ   and ˆ  21 ξξ .We again  stress that for ease of analysis, we have assumed damping only on 
the damping modes. In Danielson’s investigation, the load function was a step load whereby 

( )tF ˆ =1 for . 0ˆ >t  The parameters 
2 10

  , ωωω and are the circular frequencies of the 

associated modes while 0k , 0 21 >>k  are constants considered known .Our pre-occupation is 

to determine a certain value of λ , called the dynamic buckling load , denoted by Dλ , and 

satisfying the inequality 10 <<<< CSD λλλ , where  Sλ  is the static buckling load . We 

define the dynamic buckling load Dλ  as the largest load parameter for which the solution of the  

problem remains bounded for all time . 0ˆ >t For solution, we adopt regular perturbation 
procedure and first determine uniformly valid asymptotic values of ( ) ( ) ( )ttt 210    and  , ξξξ .The 

random load function ( )tF ˆ confers some element of randomness on the normal displacement 

( )tyxW ˆ,, , whose mean ( )tyx ˆ,,∇  we shall next determine in terms of the statistical 

characterizations of the random load .Lastly , we determine the dynamic buckling load Dλ by 
using the maximization [2,3,4] given by 
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     0
 

=
∇d

dλ
     (2.7) 

Actually, the mean normal displacement ∇ , at this level of analysis , is functionally dependent 
on only the time variable because, we have earlier on eliminated the spatial dependence by  the 
simplification that yielded the equations (2.3) - (2.5). 

For the averaging process to be initiated, we define the Mathematical expectation L  by 

 
( )









∞→= ∫ t̂d 
T
1

    lim
    

0

T

T LL
      (2.8) 

3.0 Solution of the problem 
For ease of the analysis, we shall ignore the inertia of the pre-buckling mode and thus 

approximate the pre-buckling mode by 

    ( ) ( )tFt ˆˆ
0 λξ =       (3.1a) 

We let tt ˆ
1ω=  and get 

    1,2n , 
ˆ 1 ==

dt
d

td
d nn ξωξ

     (3.1b) 

We substitute (3.1a,b) into equations (2.4) - (2.6) and simplify to get  
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2
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We consider 10 <∈< and now let 

 ( ) ( ) ( ) ( )∑
∞

=
∈=∑

∞

=
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We substitute (3.3) into equations (3.2a-c) , using (3.3) and equate equations of the same orders 
of ∈ to get 

( )tfQ
dt

d

dt

d
M 11

1 
2

2
1

2
1 ξηηδηη =++≡    (3.4a) 

 

( ) 2
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2
1112 ζηηη kktQfM −+=     (3.4b) 

( )tfP
dt

d
P

dt

d
N 21

1 
2

2
1

2
1 ξζζδζζ =++≡    (3.5a) 

( )tfPN 1112 ζζηζ +−=     (3.5b) 

( ) ( ) ( ) ( )
L1,2,3,i, 0

0
0

0
0 =====

dt
id

idt
id

i
ζζηη    (3.6) 

The solution of (3.4a) is 

 ( ) { } ( ) ( ) ( )∫ −++= −
    t

0

-t  1
11

 t - 
1 sin  t sinb tcos τψτ

ψ
ξψψη τδδ tef

Q
aet     (3.7a) 

where 
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 ( ) 10 ,  1 2 <<−= δδψ        (3.7b) 

On using the appropriate initial conditions for ( )t1η  as in (3.6), we have 011 == ba  so that we 
have 

 ( ) ( ) ( ) ( )∫
−

=−=
t e

tfhQt
0

  

11

sin
h  , d 

ψ
ψτττττξη

τδ

    (3.7c) 

Similarly, the solution of (3.5a) is 

( ) ( ) ( ) ( )  P 0 ; 22-P ; 
0

sin P) ( 
q, d 21 pP

t e
tfqt <<=∫

−
=−= δδϕ

ϕ
ϕττδ

ττττξζ  (3.8) 

On solving (3.4b), we have 

 ( ) ( ) ( ) ( ) ( ) ( ){ }∫ −−−+−−=
t

tktkttQfht
0

2
12

2
1112  d   ττζτητηττη   (3.9) 

The solution of (3.5b) is 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )∫ ∫ −−+−−−=
t t

ttfqttqPt
0 0

1112 d  d  ττζττττζτητζ   (3.10) 

Thus we have, after expanding the terms in (3.9) , 
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 (3.11) 

Similarly, on simplifying (3.10), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )
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( ) ( ) ( ) ( ) ( ) L+
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−−−+−− 21 

0

1

0
211212321 31 ττ
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τττττξτττττ dd

t t
tftfqqdddtf   (3.12) 

We shall now evaluate the mean normal displacement ( )t∇  which is achieved by assuming the 

averaging process in (2.8) and noting that the autocorrelation ( )tR f  of the random load 

function )(tf  is given by 

 ( ) ( ) ( ) Ω<<Ω=+= − 0  , 0 ,  cos   
0 ατττ ταeRtftfR f    (3.13) 

Thus, when 0=τ  , we have ( ) 00 RR f =  which is the variance of the load over the interval of 

definition of the problem. The autocorrelation in (3.13) was used by Fraser [5] , Amazigo [6] 
and Cederbaum et al [7] , among others . The analysis presented here is related to those by 
Spanos et al [8] and Lin and Cai [9]. We note that the normal displacement W(t) now takes the 
form 
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Thus, the mean normal displacement ∇ , becomes 

( ) ( ) ( ) ( ) ( )
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We note that based on the averaging process in (2.8), the mean normal displacement ∇  is 
evaluated at infinite time .We shall now evaluate each of the integrals in (3.15).The first 
integral in (3.15) is evaluated to give  

 ( ) ( ) ( ) r ;  d   122
11

0

1 τ
δψ

ξτττξ −=
+

=−∫
∞

tf
rQ

tfhQ               (3.16a) 

where we have, for convenience and for ease of further analysis, taken the mean 

( ) 1 rtf =−τ  of the  random load  f(t) to be  constant over the interval of averaging. This 

need not be the case in all situations.  Similarly, the second integral in (3.15) gives 

 ( ) ( )   d   
222

12

0

2 P

r
tfq

δϕ
ξτττξ
+

=−∫
∞

                (3.16b) 

 The third integral in (3.15) gives 
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The fourth integral in (3.15) is evaluated as  follows : 
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The fifth integral in (3.15) is evaluated as follows: 
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We next evaluate the sixth integral in (3.15) as follows: 
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The last integral in (3.15a) is now evaluated thus: 
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Thus the mean normal displacement ∇  follows from the full simplification of (3.15) to give 

 L+∈+=∈∇ 2
2

2
1 CC                   (3.26a) 

where 
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4.0 Dynamic buckling load Dλ  

 We observe that the mean normal displacement ∇  in (3.26a,b) depends on the load 
parameter λ  through the small parameter ∈.To determine the dynamic buckling load Dλ , we  
[2,3,4] first have to reverse the series (3.26a,b) so that 

 L+∇+∇∈= 2
21 dd         (4.1a) 

By substituting into (4.1a) for ∇  from (3.26a), and equating the coefficients of 2  and  ∈∈  we 

have 
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The maximization in (2.7) is now easily accomplished through (4.1a) to give 
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where D∇  is the value of ∇  at Dλ .If we evaluate (4.1a) at =λ Dλ , we have 
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where D∈ is the value of ∈ at =λ Dλ .On substituting into (4.1d) for all the terms , we have 
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which gives a formula for evaluating the dynamic load Dλ . 
 
5.0 Analysis of result and conclusion 
 For clarity, we expand (4.2) in full in the following way 
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We readily observe that the dynamic buckling load Dλ is of order 1
0
−R , that  is 
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the variance of the random load and where we have re-introduced the circular frequency 1ω  

through the relation 
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. Because the load parameter Dλ appears only on the 

left hand side of (5.1), it is therefore clear that equation (5.1) is an algebraic equation that 
determines Dλ directly and needs no further simplification. The result gives the dynamic 
buckling load of the structure in the presence of both axisymmetric and non-axisymmetric 

imperfections .The terms multiplying 2121  and  k , ξξk in (5.1) are the obvious contributions to 
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dynamic buckling of the quadratic terms  , 2
22

2
11 ξξ kk  and the coupling term 21ξξ respectively 

in the governing equations .Similarly, the terms multiplying 40 F     andF  in (5.1) are also the 

contributions of the coupling terms 0201   and  ξξξξ respectively .Thus , if we assume the 

presence of only the axisymmetric imperfection, then 0, 0 21 =≠ ξξ  and from (5.1) we have 
the following result 
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From (5.2a) we observe the following: 
 
 
(a) The effects of the coupling terms 0221   and  ξξξξ  are absent . (b) The effect of the 

quadratic term  2
22ξk is also absent. (c)The effects of the quadratic term  2

11ξk and the coupling 

term   01ξξ  are however not absent.  The corresponding static buckling load Sλ  can be 

obtained from the governing equations (2.4) and (2.5) by dropping the inertia terms, the viscous 

damping terms as well as  , setting ( ) 1=tf , 2ξ =0  to get  

 ( ) 11
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If we eliminate the imperfection parameter from (5.2a) using (5.2b),we get 
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If however we assume the presence of only the non-axisymmetric imperfections, then

0, 0 21 ≠= ξξ  and the result (5.1) becomes 
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We note from (5.3a) that (a) the effects of the coupling terms 2101   and  ξξξξ  are absent  (b) 

The effect of the quadratic term  2
11ξk is also absent .(c) The effects of the quadratic term  2

22ξk

and the coupling term   02ξξ are however not absent. 

The corresponding static buckling load Sλ for this case is  
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On eliminating the imperfection parameter from (5.3a) using (5.3b), we have 
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From both (5.2c) and (5.3c), we observe that it is possible to obtain the dynamic buckling load 

Dλ  in terms of the associated static buckling load Sλ .Besides, from (5.2c) and (5.3c), we are 

able to determine the values of Dλ  by by-passing the imperfection parameters. Lastly we 
conclude from (5.1), (5.2) and (5.3) that the only condition for the coupling effects  to be felt is 
that the imperfections in the shapes of the modes coupling be not neglected. 
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