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Abstract

The present article presents a mathematical mottektudy the time
dependent two phase magneto-hydrodynamic (MHD) flowa parallel plat
channel having one phase occupied by electricalynducting fluid and the
other phase by non-conducting fluid. Both the plesswere incompressible
and the flow is assumed to be time dependent. it regions are coupled by
equating the velocity and shear stress at the ifaee. Using the Green’s
function approach, expressions for velocity in boffhases were obtained for
general class of time dependent movement of bougdar sudden change in
pressure gradient or both. As a special case, espions for time dependent
velocity fields in both phases were obtained duestedden change in the
pressure gradient.

1.0 Introduction

The study of two phase flow is of great importance because of applications in several
industrial and physical fields. Due to its practical apfilices, in last thirty years two-phase flow has
been widely researched and reported in literature underatédealized assumption [1-5]. For instance,
Shail [5] considered the two-phase flow of conducting and non-conductiogpmessible fluids in a
horizontal channel in the presence of transverse magnetic fielés lvown theoretically that significant
increase in the flow rate of conducting fluid can be obtained ftalde choice of ratio of viscosities and
the depth of the two phases. Lohrasbi and Sahai [6] studiethehmal characteristics of [5], by
accommodating the viscous and Ohmic-dissipation in the energyieqguarhe two-phase flow was
further examined by Malashetty and Leela [7-8] by considering bottephas an electrically conducting
and solved the momentum and energy equation analytically for sinouit and open circuit cases
respectively.

In all above discussed works momentum and energy equationsaneedsto be independent of
time. The present mathematical model addresses the tratwsiephase flow of viscous, incompressible
fluid in a horizontal parallel plate channel having one phase oatbpielectrically-conducting fluid and
other by non-conducting fluid. A closed form solution is obtained using Green’s functiwaelpp

2.0  Governing equation and solutions
The physical situation corresponds to that of the time dependent twongithse
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(magneto-hydrodynamic) flow in a horizontal parallel plate chapasially filled with conducting fluid.
The physical model shown in Fig. 1 consists of two infinite paral&eplextending- andz — directions.
The region0< y< dandd <y< h are occupied by two different fluids of densityand o, which are

electrically non-conducting and conducting respectively. The vtgepsf both fluids are also assumed
to be different. A constant magnetic field of unifornestithB, is applied in they — direction. The flow
formation inside the channel is due to the application o$temn external pressure gradient or (and) by
the sudden movement of the boundaries. With these assumptions, theidness governing equations
for both phases and corresponding initial, boundary and interface conditions are

2
a:tl =-P+ %321 (2.1)
ou 90U
6t2 =-Pa+ya 6Y22 -aM U, (2.2)

The initial boundary and interface conditions are:

U1(0Y) =F1(Y), U20Y) =F2(Y),

U1(t.0) = f1(t). (2.3)

Ua(t,H)=fa(b)

gt _,, Ma())
Ui, D=U»2(t, D, =Y
1 D=U2 ), — =

The dimensional quantities introduced in equations (2.1 - 2.4) are givishaohdymbols. Equation (2.3)
represents the general nature of initial and boundary conditiorspedific situation can be handled by
proper selection of initial and boundary conditions. It is more coemend solve the problem with
homogeneous boundary conditions. To attain, this let

(2.4)

U, (Y.1) =V (Y, 1) + @ (Y) F,(0) + & (Y) F,(1),i =1 2 (2.5)
This relation transforms the governing equations (2.1) — (2.4) into tloaviog set of equations:
2
d—?: (2.6)
le
d’p 2
dy
A0 =1 ¢(H)=0,
da @ _ dep @) (2.8)
D=@p @), =
AV=e O, — = =rV—
2
d 521=o (2.9)
le
d’e
VFZZ_ M 252 =0 (2.10)
£10)=0; e2(H) =1,
de; @D deo() (2.11)
- 1Y/ _ 2
1) = =
e)=20. ——=r—
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o, _

ot

. 0%V,
oY?

2
N2 o pa+ V2 V22 —aM A,

ot oY

V1(t,0)=0,Vo(t,H)=0, V1. (t.D) =V2 (.1

dav,t,) _ dv, (D

dy 77 dy

V.OY) =R -qM LO) -0 LO)=F, i=12
o, d
't
df,
ot

R=P+q
a, ,
dt

The solutions of equations (2.6 - 2.8) are:

@alY)=A+AY,
MY

B(Y) = A, Bxp (%} A Exp[—Wj

P,=Pa+qg £

(2.12)

(2.13a)
(2.1%)
(2.14)
(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

whereA; = 1, andA;, AsandA, are found from the solution of the following set of equations:

MH MH A
0 Exp — Exp ————
3 &7
M M
-1 Exp — Exp —— A
[fyj ( fy] i
M M
-1 My Exp|l — -M .y Exp|l ——
W [ﬁ/} [ «/}_/J_ A3
Also, the solutions of equations (2.9 -2.11) are:
£(Y) =AY + A,
MY MY
eo(Y)=A7 Exp — | + Exp - —— |,
20 =s0 &0 | 20 e

0

(2.20)

(2.21)

whereAq = 0, andAs, A; andAg are found from the solution of the following set of equations:

ez e Y|
1 Exp[%j Exp[%j ar| =0
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Using Green’s function method, equations (2.12 — 2.15) assume the following form:
t

1 1
V, (t,Y) :jen(v,t/v',t')t,:o F(Y)dY' - j dt"[Gn(Y,t/Y’,t')(P) ay’
0 0

t'=0

t

!
1 t 1

Vo (6Y) = [Gou(Y /YY) R (Y)Y = [ dt'[G,y(Y,t/Y",t') (P)dY’

0 0

t'=0

H H
+[Gu(Y LY ) Fy (Y)dY' = [ dt'[G,(Y,t/Y' 1) a (P)dY’ (2.22)
1 1

H t H
+[Go(Y Y1) Fy (Y)Y = [ dt' [Goo(Y,t/Y' ) (P2)dY’ (2.23)
1 t"=0 1

Where G; is the appropriate Green’s function found from the homogeneous verfsibe governing
equations (2.12 — 2.15) are:

. exf-AR-0)
Gjj (v, t/Y' th=%

Ni¥in(MY jn(Y),

n=1 Nn
where i=l,2,&j=l,2,/71=l/72=%. (2.24)
N, = [wE ey (2] [z o) av 2.25)
0 1
Wy, (Y) =sin(BnY), (2.26)
¥, (Y) = Agn Cos(AnY) + BonSIn(AnY), (2.27)

2 2
where A2 = (&J - ( M j
ay 4

The values of constangs, andB,, are found from the solution of the following set of equations:

[COS(/]n) Sn(Anp) } {AZn} _ [Sn(ﬁn) }
= ¥AnSn(4n) MnCos(An) | | Bon Bon Cos(Bn)
The eigen-valuegd, andB, are found as the roots of
A, Cos(HA,) +B,,Sn(HA,) =0 (2.28)

3.0 Particular case
The physical situation, in which flow inside the channel iglgacaused by uniform pressure

gradient, i.e.F,(Y) = F,(Y) = f,(t) = f,(t) =0, which yields:
P=PP,=aPand U, =V,, i=12
Using these values in equations (2.22) and (2.23) the dimensional velocity phiasts are:

U, (Y1) = = [ dt [ G (Y t/Y" )y, (V) (Y)PAY'

t'=0 0

Journal of the Nigerian Association of Mathematic&hysics Volumell (November 2007), 295 - 300
Two phase flowsin M agnetohydrodynamics Basant K. Jhaand HarunaM. Jibril J of NAMP



t H

[ dt’ [Gra(Y,t/Y ) gan(Y)w2n (Y) PdY’ (3.1)
t'=0 1
t 1
Ua(Y,t)==] dt’ [Goa(Y.t/Y" .t 5, ()4, (Y)PAY'
t 0
[t [ G (Y.t YUY (V)5 (Y) Y’ (3.2)
t' 1
[o-eol st . [o-eof s8]
U(Y,)=-P % 3 sn(BnY)[L. - Cos(fn)] - P X 5 sn(BnY)
n=1 BaNn n=l  BaNnpap
[Aon{Sin(AnH) - Sin(An )} - Bon{Cos(AnH ) - Cos{An ] (3-3)
o [1- - EXp(ﬁr% tﬂ [A2nCos(BnY)+ BanSin(BnY)][1. - Cos(Bn )]
Ug(Y,t)=-P X 3
n=1 B~Nn

o [1. - Exp(— ﬁ%tﬂ [AonCos(AnY)+BonSn(AnY)]
n=1 BANnAn
[A2n{sin(AnH) - Sin(an )} - Ban{Cos(AnH )~ Cos(an }]

Y Sin(ZCnY) 2n Y'_Sin(2AnY’) H

(3.4)

1
Nn—len(Y)dY +[ ijZr,(Y)dY

+

2\ -H
Bon Y__Sn(Z/]nY) | AonBon [Cos(24,v")|H
a || 2 20 | %) N

40  Steady-state solution

92U,
=P 4.1
aw (@.1)
0°U
y5yr MU, =P, (4.2)
2
u =" scv+c, (4.3)

MY] P (4.4

Y
Uo =CqCos h +C4Snh ,
273 (ﬁ] (ﬁ w2

whereC,=0, andC;, C; andC, are found from the solution of the following set of equations:
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I MH MH T/ 2
0 Cos h[—/}} Sn h(ﬁ} M
M M _|P, P (4.5)
-1 COSh(ﬁj Sinh[ﬁ} Co|= E+|\/|_2
_—1 M /A Sn [%} M /A Cos h (%}j |C3 ] P

5.0 Concludingremarks
The novel feature of this work is to present an analytichitien of unsteady two phase flow
where one phase is conducting and other phase is non-conducting using Green'’s functmm appro
List of Symbols
d = width of the non-conducting fluid
h = total width of channel
H = dimensionless total width of the chanriet)
B, = magnetic field strength
u; = velocity field in non-conducting fluid
u, = velocity field in conducting fluid
U; = dimensionless velocity in non-conducting fluidd{};)
U, = dimensionless velocity in conducting fluighd/p,)
y = dimensionless transverse co-ordine)
dp/dx = dimensionless axial pressure gradient

P = dimensionless axial pressure gradiedp/gx(d*/p; V12 )
M = Hartman numbeBd /o / 141 )

fi(t) = dimensionless velocity of lower bounding wall
fo(t) = dimensionless velocity of upper bounding wall
F1(t) = dimensionless initial velocity in non-condugfifiuid
F,(t) = dimensionless initial velocity in conductingiﬂl

Greek Symbols
K = dynamic viscosity y Upper B,
v = kinematic viscosity <= . >

p = density of fluid . . i
o= electrical conductivity of conducting fluid Conducting fluid

N g
Y= ratio of dynamic viscositiegi/|,) — M hage Il
A

a= rat!o of densities of fluidso/ o) U, ¥
Subscripts
1 = non-conducting fluid domain d  Phasel
2 = conducting fluid domain Non-conducting fluid ]
A A X
Figure 1: Flow domain o
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