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Abstract

In this work, we study the semi linear dimensional abstract control
neutral system with multiple constant delaysin the state and control given by

S Ixe-n]= 3 Axt-n)+ Fo) + Y Butt-h)

with zero initial conditions X(0) =0, u(t) =0 for t[—h,0] where the

state x(t) takes values in a real Banach space X and the control u(t) is in
another real Banach space U.

1.0 Introduction

Optimally, a dynamical system was understood as an isolated mesdheystem which motion is
described by the Newtonian differential equations and which is charadtbyizefinite set of generalized
coordinates and velocities. In this work we associated amgy diependent process with the motion of a
dynamical system. This is a qualitative property of dynantoaltrol systems and is of particular
importance in control theory. In recent years, various contofll@ms for different types of nonlinear
dynamical systems have been considered in many publications andrapgirogHowever it should be
stressed that the most literature in this direction has baanynconcerned with controllability problems
for finite dimensional nonlinear dynamical systems with unconsttainatrols and without delays, [5] or
for linear infinite dimensional dynamical systems with ¢mised controls and without delays [2, 4, 5].
In this paper, we shall consider constrained relative contilityalproblems for finite dimensional
stationary semi-linear dynamical neutral systems with pialtpoint delays in the state and control
described by ordinary differential state equations. Let us réedlsemi-linear dynamical control systems
contain linear and pure nonlinear parts in the differential stgtetion. More precisely we shall
formulate and prove sufficient conditions for constrained lativel controllability in a prescribed time
interval for semi-linear dynamical neutral systems withltiple point delays in the state and control
which nonlinear terms is continuously differentiable near the origin.

It will be proved that, under suitable assumptions, constrained feledive controllability of
linear associated, approximated dynamical systems implielsrédative controllability near the origin of
the original semi-linear abstract dynamical system. K&aifb] and Onwuatu [10] have previously
investigated the relative controllability of ordinary diffatial systems with delays in the control.
Chukwu [1] considered linear delay systems but without delays in the coniedllearHe established his
results using limited controls. Most recently, Iheagwm and Ms[3] tackled the question of the
controllability of the third world economies. Their model isautral dynamical system which provides
broad-based policy guidelines for the revamping of the world economies.
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Owing to the obvious difficulties in the handling systems Wwigonsist of linear and strictly
nonlinear parts with delays in both the state and control blasathis work seeks to resolve these
difficulties.

20  System description
In this paper, we study the semi-linear stationary finiteedisional dynamical with multiple
delays in the state and control defined by the following ordinafferdntial state equation.

d M M
= ZoAi X(t - hj) + F(x(t)) + _zOBi u(t —hj) (2.1)
= =
for t O [0, T], T > hwith zero initial conditions X(0) =0, u(t) =0 for t[-h,0) (2.2)

where the stat&(t) OR" = X and the controu(t) DR™ =U . Ai=0, 1...,M aren x n dimensional

constant matricesB,, i =0, 1...,M aren x mdimensional constant matrices.

Moreover, let us assume that the nonlinear mappiXg- X is continuously differentiable near the origin
and such thaE(0) = 0 . We assume also that the set of valuestrolsU, O U is a given closed and convex cone
with non-empty interior and vertex at zero. Thha set of admissible controls for the dynamicaltcdrsystem

(2.1) has the followig form:U , = L_ ([0, T],U,)

Thus for a given admissible controft), there exists a unique solutiodt,u) for t7]0, T] of the state
equation (2.1) with zero initial conditions (2.2) described by the integnaiula

M M
X(t,U) = X (t, 90) Ato) +] § ISt (F(x(s,w))+ X Bju(t-hy) |ds (2.3)

= =
where the semi groufi(t) = exp @t) arenxn transition matrices for the linear part of the semi-linea
control system (2.1).

For the semi-linear dynamical system with multiplent delays in the state and control, it is pdsstb
define many concepts of control. In the sequel,sivall focus our attention on the so-called constich global
relative controllability in the time interval [@,). In order to do this, we first introduce theipatof the atainable
set at time T > 0 from zero initial conditions (2.2) denote®flJ.) and defined as

K;U,) ={xOX:x=x(T,u),ut)0U, for aetU[0,T]} (2.4)
wherex(t,u), t > 0 is the unique solution of equation (2.1) with initial conditiGh®). Now using the

concept of the attainable set, let us recall the well-kndefinitions of constrained relative controllability
in [0, T] for the dynamical system (2.1).

3.0 Préiminaries
Definition 3.1
The dynamical syste(@.1) is said to be Wexactly locally relatively controllable if0, T] if the attainable
set kK(U,) contains neighbourhood of zero in the space X
Definition 3.2:
The dynamical systerf2.1) is said to be Wexactly globally relatively controllable ifi0, T] if the

attainable setK; (U_) contains neighborhoods of zero in the space X.

Lemma 3.1:

Let X, U, U, and @ be as described above. Let2y, X be a nonlinear mapping and suppose thatopn
the nonlinear mapping has derivative Dg which istowious at zero. Moreover, suppose that g(0)an@ assume
that linear map Dg(0) mapsdnto the whole space. Then there exists neigloooi$h N/7X about 06X and M//
Q about 0¢U such that the nonlinear equation x = g(u) has éach xN,, at least one solutionaM,nU,, where
MynU. is a set called conical neighborhood of zero ia $ipace U.
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Lemma 3.2
Let Dxx denotes derivative of x with respect to u. Mweegpif x(t;u) is continuously differentiable with

respect to its u argument, we have fatiuq, ([0, T], U ) Dy x(t; u)(v) = z(t,u,
V) where the mapping — z(t,u, V) is the solution of the linear ordinary equation

M M
%z(t —h) =) Az(t-h)+D,(F(xu) z(t) + > Bu(t-h) (3.1)
i=0 i=0
with zero initial conditiong(0,u,v) = 0 andu(t) = 0 fort € [-h 0]

Proof
Using formula (2.3) and the well-known differetuiity result, we have

M M
Dux(t;u):j(t){Du'ZSi(t—s)F(x(t,u))+'ZBiu(t—hi)]ds
1= 1=
Y M
=[5 TSi(t-9)DyF(xt,u))+ YBju(t-hj)|ds
i=0 i=0

i M i M M
=[5 2Si (t -9 DxF(x(t,u))Dpxt,u)ds+] 5 ¥ Si(t-s) LBjut-h)ds (3.2)
i=0 i=0 i=0
Differentiating equality (3.2) with respect to ttime variablef, we have
M
(Ej DyX(t;u)v= DXF(x(t, u))Dux(t; uyv+ X Bju(t—hj)v
dt i=0
(3.3)
t( d M M t( d M
+al— | 2§ @t-9* XBjut—h)dsv+ |5 — | XS (t—9)DyF(x(su))Dyx(s u)dsiv
Oldt);o i=0 Oldt)iZo
Therefore, since by assumpti@{t) a differentiable semi group, thedv/dt) S(t-s) — ASt-s) and we have

M t M M
Z(t) = DXF(x(t;u))_Zz(t—hi)+ jO_ZAi S(t—s)EjBiu(t -hj)ds

i=0 i=0 =0
+ { ;g_“ﬁ A S(t - 5)DyF (X(s;u)Z(S) ds} (3.4)
On the other hanlcfgolution of the equation (3a) the following integral form
Z(t) = j(t) S(t-5) [DXF(X(S; u)) z(s) + il\ﬁoai u(t —hj) }ds (3.5)

Therefore differential equation (3.4) can be expedsas follows
M M

Z(t) = > Az(t) + D,F(x(t;u)) z(t) +> B u(t-h)
i=0 i=0

Hence lemma 3.2 follows. [ |

40 Controllability conditions
In this section we shall study constrained gloletdtive controllability in [0,T] for semi-linear dynamical
system (2.1) using the associated linear dynansiggtem with multiple point delays in the state aodtrol given

by
M
%z(t—h):CZ(t—h)+z B,u(t—h) (4.1)
i=0
for t 0 [0, T]} with zero initial conditionsz(0) = 0, u(t) =0 for t[J[—h,0) where
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C:iAi+DXF(O) (4.2)

The main result is the following sufficient conditi for constrained local relative controllability the semi-linear
dynamical system (2.1).

Theorem 4.1
Suppose that
(i) FO)=0
(i) U.OU is a closed and convex cone with vertex at zero

(iii) The associated linear control system with multipéént delays in the state and control is Y exactly
locally relatively controllable if0, T]. Then, the semi-linear dynamical control system witlitiple point delays in
the state and control J0- exactly locally relatively controllable {0, T].

Proof
Let us define for the nonlinear dynamical system)@ nonlinear map

9:L.([0TLU,) - X
by g(u) =x (T, ). Similarly for the associated linear dynamicadtem (4.1), we define a linear map
H:L,(O0T]LU, - X
by Hv =X(T,V). |
By the assumptionii() the linear dynamical system (1) ik — globally relatively controllable in [OT].

Therefore, by definition 3.2, the linear operatbis subjective, that is, it maps cones of admissiointrolsU,q unto
the whole spac¥. Furthermore, by lemma 3.2, we have tbgf0) =H. SinceU. is a closed and convex cone, then

the cone in the function spade, ([0, T],U.). Therefore, the nonlinear mapsatisfies all the assumption of the

generalized open mapping theorem stated in lemrha Jherefore, the nonlinear maptransforms a conical
neighborhood of zero in the cone of admissible rm#t),4 onto some neighborhood of zero in the whole space
This is by definition 3.1 is equivalent to thi-local controllability in {0, T] of the semi lineaitynamical control
system (2.1). Hence our theorem follows.

5.0 Concluding remarks

In the present paper, sufficient conditions for t@iged relative controllability for semi lineamiie
dimensional stationary dynamical systems with mldtidelays in the state and control, have beenutated and
proved. In the proof of the main result, genesiozpen mapping theorem [5] has been extensivedg.us he
relative controllability conditions given in thisaper extends to the case of constrained relatinératability of
finite dynamic semi linear stationary neutral cohsystems and also for unconstrained nonlinediosty control
systems.
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