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Abstract: 

 
The control operator of the Extended Conjugate Gradient 

Algorithm for the control of two- dimensional higher order non-
dispersive waves was constructed in the paper. Explicit expressions 
of each elements, Ri,j , of the operator, R, were computed. These 
elements are useful for the implementation of the Optimal Control 
Formulation of the model.   
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1.0 Introduction 
Significant contributions have been made on the control of diffusion processes 

[9], and the control of energized wave equation [10]. Work on lower order non-
dispersive wave has also been done, [6]. The optimal control model for the higher order 
non-dispersive waves is given as:  
P1: [ ]∫ ∫ ∫ += dxdydttyxutyxztyxutyxzJ ),,(),,(min)),,(),,,((min 22  

such that: 
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where u(x,y,t) is the control function and z(x,y,t) is the state function. 
 The function space algorithm [2], of problem PI is too cumbersome to 
implement and also it has a line search procedure that is less exact [5]. We shall 
therefore use the Extended Conjugate Gradient Algorithm [5], which has a lot of 
improvement over the Function Space Algorithm.  
1.1 The unconstrained problem 

To make the expressions look simpler and easier to write, we adopt the 
following notations:   ),,(),,,( tyxuutyxzz ==  
Problem (P1) is constrained; we therefore change it to unconstrained problem by 
introducing the penalty functionµ . Thus we have: 
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P2: 

∫ ∫∫ 



 −−−++= dtdxdyUyyZcxxZCttZUZUZJ 2//00//)22(min),,(min µµ  (1.2) 

 .10,10,10 ≤≤≤≤≤≤ yxt  
1.2 The Bilinear form  

We therefore rewrite equation (1.2) in the bilinear form as: 
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By inspection the operator A associated with the unconstrained optimal control 
problem, equation (1.3) is:  

A =
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  (1.4) 

 
2.0 Construction of the operator, R, for the extended conjugate gradient 

method 
The operator A above cannot be used to implement the extended conjugate 

gradient algorithm as proposed by [5], because explicit knowledge of the elements of 
operator A will be required [6]. Howbeit, the operator A is well suited for minimizing a 
quadratic function, which requires a line search procedure. Further, the conjugate 
gradient method cannot conveniently deal with the problem, that’s equation (1.1). 

From economic point of view, the operator A used for the minimization of the 
quadratic function is supposed to be stored in the computer’s memory thereby making 
demand on memory spaces. But on the other hand, the elements of operator R, which is 
to be used to implement the Extended Conjugate Gradient Method, have explicit 
expressions of its elements that are used individually in the algorithm. We construct the 
first two elements R11 and R21 of the operator R from the first and second, fourth orders 
fundamental partial differential equations from equation (1.4).  
Rewrite equation (1.2) as: 

),,(min,min µUZJRVV H =><  
where H is a Hilbert space of continuous functions, square integrable of equivalence classes, 
[5]. Hence from equation (1.4) and equation (1.6), we can write: 
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{ }dtdxdyxxZUxxZyyZxxZxxZxxZittZZZHRVV 212121221,min ++++∫∫∫=>< (2.1) 

Then the functions α1, α2, α4, ( 21 Z−α ), )2444()22( ZandxxZ −− αα  are contained 

in the space Cn[0,1], where Cn[0,1] is a space of continuous functions n-times 
ifferentiable. Hence by Fomin and Gelfand [3]: 
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Hence we now have to solve the partial differential equation. 

02
2
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where )12
0( −= Ck µ . The initial conditions are given as: 
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while the boundary conditions are: ),()1,,(),,()0,,( 10 yxZyxZyxZyxZ ==  
Taking the Laplace transform of equation (2.2) in x-space we have: 
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Applying equation (2.3) to equation (2.4) yields: 
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The Laplace transform of equation (2.5) in y-space gives:  
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Again applying equation (2.3) on equation (2.5) gives:  
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Taking the Laplace transform of equation (2.7) in t-space yields: 
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Applying equation (2.3) on equation (2.8) we have: 
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Dividing equation (2.9) throughout with s4p2q4 we get: 
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The inverse transform of equation (2.10) in q-parameter: 
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Simplifying (2.11) and taking the inverse in p-parameter:  
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Similarly by simplifying equation (2.12), after taking note of the comments of [8], we 
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Taking the inverse transform of equation (2.13) in s-parameter: 
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Differentiating equation (2.14) with respect to t, we have the expression: 
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Simplifying (2.15), we have: 
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Differentiating (1.24) with respect to t gives: 
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Simplifying and re-arranging equation (1.25) we have:  
 ),,(211 tyxZZR =  
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and the remaining terms give:      yyxxtt ZcZcZZR 00221 µµµ ++−=              (2.18) 

Further we also construct the elements R12 and R22 of the operator R from 
equation (1.4) as follows: Putting Z2 = 0 in equation (1.4) yields:  
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Let there exist 2ˆ2 UandU  such that equation (2.19) be equivalent to the equation: 
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Putting ttUU 221 µβ −= , xxUCU 2022 µβ −= , yyUCU 202ˆ3 µβ −=  therefore −1β  

ttu2  and xxu23 −β  are continuous functions. We assume that these functions contained  
 
in Dn[0,1] where Dn[0.1] is a set of n-times differentiable functions and the derivatives 
are also continuous in the set. Then by [3] we have: 

( ) )23(1
1
0

1
0

1
0 22(1)21(1 UyyZxxUxxZttUttZ −+∫ ∫ ∫ −+− βββ     

0)23(1 =−+ dxdydtyyUyyZ β                (2.21) 

Therefore  

)()( 212

2

232

2

ttyy U
t

U
y

−=− β
α
αβ

α
α

 

 
 



Journal of the Nigerian Association of Mathematical Physics, Volume 11 (November 2007, 199 - 212 
Operator for the optimal control  Ifeanyi S. Ukwosa and Sunday A. Reju J. of NAMP 

Hence 
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Therefore, since 13 ββ −=  by virtue of equation (2.22), we have to solve the partial 

differential equation: 
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with the initial and boundary conditions: 
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From [10] equation (2.24) with its initial and boundary conditions equation (2.24) 
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When equation (2.25) is first re-arranged and later differentiated with respect to t, we 
obtain our control operator element, R12 as: 
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By comparing equation (1.3) and equation (2.19), we obtain the last element of R as: 
 

)1(2222 µ+= UUR                 (2.27) 
 
3.0 Conclusion 

The algorithm of the extended conjugate gradient method for the 
implementation of problem P1, using the derived control operator R, is:  
Guess: ),,(),,,( 00 tyxutyxz  
Compute:  

iiuzi pguzJuzJg =>∆∆<= ,),,(),,,( µµ , where J(z,u,µ) is given as: 
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0
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Update state and control variables:  
),,(),,,( tyxutyxz ii  
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Update the gradient:  
),,(),,(),,(),,(1 tyxRtyxtyxgtyxg iiii ρβ+=+  

where ),,(),,,(/),,(),,,(),,( 11 tyxgtyxgtyxgtyxgtyx iiiii ><= ++β  

Update the descent direction:  
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where ),,(),,,(/),,(),,,(),,( 11 tyxgtyxgtyxgtyxgtyx iiiii ><= ++β   
The explicit expressions of the components of operator, R, used in the algorithm above 

are summarized below:  

1. ∫ ∫ ∫ ∫−−−= t y t y dktkxZ
y

dldklkxZ
sty

lyxZ
t

yxyz
yC

ZR 0 0 0 0 ),,(
1

),,(
3

),,(
1

)0,,(
2
0

4
211

µ
  

∫ ∫ ∫ ∫++−−

∫∫ +−

∫ ∫ ∫ ∫−−

∫ ∫ ∫ ∫−+

∫ ∫∫ ++∫ ∫+

∫ ∫ ∫ ∫−−−

x y x y dkdhkhttZ
tyC

x
dkdhkhtZ

yC

x

tC

x

x dhyhttZx

tC

kx
dhtyhZ

tC

x

x y x t dldhlyhZ
tC

x
dkdhtkhZ

ytC

x

x x y t dldkdhlkhZ
ytC

x
dhyhtZ

tC

x

x y dkdhkhZx

yC

x
dhtyhtZ

tC

x
dhx y dktkhtZ

tyC

x

y x y x dhyxZ
tC

x
dkdhkxtttZ

ytC

x
dkkxZ

y

0 0 0 0 )0,,(
22

0

6
)0,,()

2
0

4
22

0

12
(

0 )0,,(0 2
0

3
),,(

2
0

3

0 0 0 0 ),,(
22

0

12
),,(

2
0

3

0 0 0 0 ),,(
22

0

6
)0,,(

2
02

3

0 0 )0,,(0 2
0

4
),,(

32
0

3

0 0 ),,(
32

0

3

0 0 0 0 )0,,(
2
02

3
)0,,(

2
02

3
)0,,(

4

µµ

µµ

µµ

µ

µ

µ

 

 
Journal of the Nigerian Association of Mathematical Physics, Volume 11 (November 2007, 199 - 212 
 
210 
Operator for the optimal control  Ifeanyi S. Ukwosa and Sunday A. Reju J. of NAMP 
 
 

)
22

0

3

22
0

6
0 22

0

3

22
0

12
22

0

3
()0,,(

22
0

6

tyC

x

tyC

xx

tyC

kx

tC

x

tyC

x
dhyhttZ

tC

x ++∫ +−−−+
µµ

 

)
22

0

6
32

0

6
22

0

3

32
0

3

32
0

3

22
0

12
()0 0 )0,,((

tC

x

tC

x

tC

x

tC

kx

tC

x

tC

xx y dkdhkhZ −+++−−−∫ ∫
µµ

 

32
0

3

0 0 ),,(
32

0

3
)0,,(

2
0

4
)0,,(2)0 )0,,((

ytC

kxx x dhtyhZ
tyC

kx
dhyhZ

C

x
yxZx dhyhZ

µµµ
−∫ ∫−+−∫  



Journal of the Nigerian Association of Mathematical Physics, Volume 11 (November 2007, 199 - 212 
Operator for the optimal control  Ifeanyi S. Ukwosa and Sunday A. Reju J. of NAMP 

)0 0 )0,,(
2
0

4
),,((

32
0

3

0 0 ),,(
32

0

3
)0,,(

2
0

4
)0,,(2)0 )0,,((

∫ ∫−

−∫ ∫−+−∫

x x dhyhtZ
C

x
dhtyhtZ

ytC

kxx x dhtyhZ
tyC

kx
dhyhZ

C

x
yxZx dhyhZ

µ

µµµ
 

2. yyxxtt ZcZcZZR 00221 µµµ ++−=  
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4. )1(2222 µ+= UUR  
With this information, it is possible to implement the formulated constrained 

optimization problem, equation (1.2), using the extended conjugate gradient algorithm.  
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