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Abstract 
 

Non-dispersive waves propagate with constant phase velocities 
therefore they are indispensable in communication and some other areas of 
application.  This paper constructed the Operator, R, for the control of linear 
lower order non-dispersive wave equation using the extended conjugate 
gradient Method proposed in [2]. The work of Ibiejugba et al, [3] was on the 
role of multipliers in the multiplier method which was applied to dynamical 
system. This work involves system governed by first order partial differential 
equation, namely linear lower order non-dispersive wave.  
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1.0 Introduction 
     The optimal problem for linear lower order non-dispersive waves was formulated by [6] and given as: 
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with the initial conditions: 0),(),0( == tlztz  and the boundary condition: ( ) )(00, xzxz =  
 The paper [6], used the Hamiltonian of the problem to determine the control u(x,t) and the state 
z(x,t). A follow up of the work is presented here. The present work will use the Extended Conjugate 
Gradient Method, ECGM, due to [2] to solve the problem. The work of Ibiejugba et al (1992) was on the 
role of the multipliers in the multiplier methods and was applied to dynamical systems. The system of the 
present work is that governed by partial differential equation and was inspired by the works of Ibiejugba 
et al [5], Otunta [7], Reju et al [10] and others. The construction of the control operator is central in the 
algorithm of the ECGM. Our approach is to convert the constrained optimization problem, equation (1.1), 
into an unconstrained optimization problem through the introduction of a penalty function, µ>0, 
following the approach of [2], [5] and [6]. 
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The mathematical model of lower order non-dispersive waves was given by; 
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 is a constant  

the initial conditions  
 0),(),0( == tlztz         (1.2) 
the boundary condition 
 ( ) )(00, xzxz =  
The function u(x,t) is the external force causing the disturbances. 
1.1 The Bilinear form 

Following Ibiejugba (1986) [2], Otunta (1998) [6], Reju (2000) [8] and others, the problem P1 
shall be converted into a bilinear form: that is we need continuous functions w1 and w2 in C1[0,1] such 
that: 
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A is the control operator in equation (1.3), while the space H is a Hilbert space of continuous 
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Expanding equation (2.6) bilinearly, we have: 

  (1.4) 
This gives the control operator A associated with equation (1.3) as: 
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Despite the fact that the operator A is symmetric, it is not used for Extended Conjugate Gradient 
Algorithm, because A is not positive semi-definite, bounded and self-adjoint [6]. 
 
2. 0 Construction Of Control Operator For The Extended Conjugate Gradient Method 

Let R denote the operator for the ECGM, we need a vector V = (z, u) such that equation (1.3) and 
equation (1.4) are equivalent. That is: 
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Let there exist continuous functions tx zandzz 222 , , which are square integrable such that 

equation (2.1) is satisfied. Therefore, we have:   
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Let v2 = {z2, u2}, then 
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Putting u2 = 0, in equation (2.1) and equation (2.3) we have 
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and equation (2.1) reduces into 

 (2.4) 
Let  

 

Therefore and  are continuous functions on Lp(D).  That is the 
function is p-times differentiable on (D) where D = [0,1] × [0,1]. 
Equip the space LP[D] with the norm: 
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where y(i) is the i th derivative of the function y.  
Lemma (Gelfand and Fomin (1963)) 

If φ(x) and ψ(x) are continuous in [a,b] and if 0])()()()([ =′′+∫ ∫ dxxhxxhx
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C1[a, b] with h(a) = h(b) = 0 then φ(x) = ψ′(x), ∀x Є (a, b).  Therefore from the lemma, if  
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Put  )1(
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0
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+ C  where 01 >− µ  and imposing initial and boundary conditions from problem 

P2, we have 

    (2.6) 
We impose the following conditions on equation (2.6) as was done in [7] and [8] : 
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The Laplace transform of equation (2.6) in t-space is: 

     (2.7) 
where L[z(x,t)] = z(x,s).  The left hand side of equation (2.7) indicates that we take another Laplace 
transform in x-space. That is  
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The inverse transform of equation (2.9) in t-space is: 

 
Taking the inverse transform in x-space we have: 

  (2.10) 
The last equation is obtained from the expression: 
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Substituting the initial and boundary conditions, equation (2.10) simplifies into: 

  (2.11) 
The terms λ and s are parameters in Laplace transform in x-space and t-space respectively. Hence we 
have: 
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      (2.12) 
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Substituting equation (2.13) into equation (2.8) yields: 
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Dividing through out by , we have: 

 
 

The inverse transform of which yields: 

  
From equation (2.13), we have a similar result for the convolution of x and z(x,t), that is x*z(x,t). 
Therefore equation (2.14) becomes: 
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Differentiating equation (2.15) with respect to x we have: 
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and from equation (2.3) 
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By inspection, the remaining terms in equation (2.4) are: 
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where z2(x,t) is as given in equation (2.18)  

The remaining elements of the operator, R are derived from equation (2.6) by setting z2 to zero.We 
therefore obtain the third and fourth second orders fundamental   partial differential equations. Thus we 
have: 
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Therefore from equation (2.22) we have 
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We shall impose the following boundary conditions on equation (2.23): 

0),0(),0(),0( 222 === yuyuyu xxx  
Taking the Laplace transform of equation (2.23) in t-space, we have     
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Also the Laplace transform of equation (2.24) in x-space yields: 

 
Simplifying yields: 
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The inverse transform of equation (2.25) in p-space is: 
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and the inverse transform of equation (2.26) in s-space after  simplifying is: 

 

 =  

  =  

dhthudhhxxdhthuhx
x x

),()cosh(),()cosh(
0 0 0 22∫ ∫ ∫−−−+ µ    (2.27) 

Hence from equation (2.4) we have therefore, 

R12u2  = u(x, t) ∫ ∫+−=
x x

dhthudhxdhthux
0 0 22 ),()sinh(),()sinh( µµ   

{ } dxdtuzcuzuuuuuzJ xt 210212121),,( −−+∫∫= µµ

)1(22

21

µβ
µβ

+=
−=
u

u

xxx uuuu 222 µµ −−=−

),(),(),(),( 2222 pxupxupxupxu xx µµ −−=−−

),0(),(),(),0(),0(),(),( 222222
2

2 pupxsupsupupuspxuspsu x +−−=+−− µµ

),(),(),()1( 222
2 pssupsupsus µµ −−−−

)1(

),(

)1(

),(
),(

2
2

2
2

2 s

tssu

s

tsu
tsu

−
−

−
− µµ

),(*cosh),(*sinh),( 222 pxuxpxuxpxu µµ −−=

dhthuhxdhthuhx
xx

),()cosh(),()sinh( 2020 ∫∫ −−−− µµ

dhthudhhxdhthuhx
x x

o

x
),()cosh(),()sinh( 2020 ∫ ∫∫ −+−− µµ



Journal of the Nigerian Association of Mathematical Physics, Volume 11 (November 2007), 191 - 198 
Operator matrix for the optimal control Ifeanyi S. Ukwosa and Sunday A. Reju J. of NAMP 

 ∫ ∫−+
x x

dhthudhxdhthux
0 0 22 ),()cosh(),()cosh( µµ    (2.28) 

The remaining terms in equation (2.20) are: dxdt xz u ux z utz J(z,u,µ) }++{∫ ∫= 111111 . 

 
 
 
Comparing with equation (2.19) we have: )1(22222 µ+== uuuR . 
 
3.0 Conclusion  

The paper constructed the elements of the operator of the linear lower order non-dispersive wave 
equation. These elements will be useful at the implementation stage of problem, P4. 

The algorithm of the extended conjugate gradient method for the implementation of problem P1, 
using the derived control operator R, is:  
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These elements of operator, R, used in the algorithm above are summarized below: 
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