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Abstract

In this paper, we introduce a continuous extensioof second
derivative linear multi-step methods with a hybrigoint for the numerical
solution of initial valued stiff ordinary differenial equations. The continuous
extension is based on the Gear’s fixed step sizekbeard differential methods
[7]. The intervals of absolute stability of methods dég numberk < 7 are
determined using the root locus plot. Numericalstdts of the methods
solving a non-linearly stiff initial value problemin ordinary differential
equations are compared with that from the statetb&-art ordinary
differential equations code d1 ATL AB discussed in Higham et 4B].

Keywords:Continuous Linear Multi step Methods, off-step ppktybrid
Method, Stability, Root-Locus.

1.0  Introduction
A class of methods for finding numerical solution to stiffiatitvalue problems in ordinary
differential equations of the type.

y'(%) = (% ¥(X), ¥(%) = Yo (1.1)
wheref(x, ¥X)) andy(x) may be vectors, can be based on second derivative continneas riulti-step
methods (CLMM) with off-step points in the intervex,, X.,,) . Methods in this regard are those of
Gear [7] and Butcher [3, 4]. A method in this class producesmabke approximate solutioy,,, to

Y(X..), While using the off-step solutioly,,, approximation toy(xX.,,). In this regard consider the
continuous extension LMM.
k-1
yn+k = Zaj (X)yn+j +av(x)yn+v + hﬁO,y(x) fn+v + hﬁO,k (X) fn+k’ ak 7 0 (12)

j=o

and the hybridy, .. solution in the above is given by the continuous hybrid LMM

Kk
yn+v = zaj (X) yn+j + hﬂl‘,k (X) fn+k + hzﬁz,k (X) fr:+k (13)
j=o

which employs the second derivativé$,, , whereh = x_,, —X..,.,. The use of the second

Ycorresponding author.
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derivatives in the hybrid predictor is motivated from the needte bahanced stability characteristics of
(1.2). The order of the methods (1.2) and (1.¥) 4s2 respectively. The value ofJ(k — 1, k) is taken

to bek —1. Similar methods like the backward differentiation methods (BDM)

k-1
Yok = 2.0 Vo) =hB fro @ 20 (1.4)
j=o

in Gear [7] is known to be stiffly stable fdt <6. Others have been also reported by Butcher [1],
Lambert [11], and how they can be realized in continuous form rlfsuOtunta, Ikhile and Okuonghae
[8], [9], see also Arevalo et al [1]. Burrage and Tian [2], But¢Be4], Onumanyi et al [12], Hairer and
Lubeich [8], Otunta et al [13, 14], and Sirisena et al [15]. IrcHs® of (1.2) we have found stiffly stable
methods fok = 2, 3,...,7, but fork = 1, the method is not zero stable. Plots of the region of intefva
absolute stability for the methods corresponding to the formulak foir are given in Figures (4.1 —
4.7). The motivation to derive the hybrid method (1.2) is the factithaffers the means to by-pass the

Dahlquist order barrier for A-stable conventional LMM and thé ttaat continuous solution of the initial
value problem in ordinary differential equation can be obtained.mduification in (1.2) consists of the

addition of the termsr, (X)y,,, to the left hand side arldf3,(xX) f,,, to the right hand side of the Gear’s

fixed step size backward differentiation methods [7], in (1.4)ere a,(x)and B,(X) are additional

parameters to be determined when compared to (1.4). To male (&) in a practical computing
procedure requires us to first compuyte, so that the two extra terms on both sides of (1.2) could be
evaluated. Considerations as to how this might be done appeattionge In the next section the

X Xn+1

n+v

and

procedure of obtaining the unknown constam%aj}'j‘;é, B,(X),and £, (X) wheret =

X..1 = X, +h which yield a method of order as high as possible is presértedesults of computation

which indicate for which values @fthe method is stable, is given in section 4. Section 2 centae
derivation of the class of methods in (1.2) in continuous form arskdation 3 we derive the hybrid
method (1.3). In section 4 the stability of the methods in (1.2)etermined, using the root locus and, in
section 5 the results of some numerical experiments are presented.

2.0 Derivation of the second derivative CLMM

We seek the numerical solution of (1.1) in the form of the polynomiapioitant
k+2

y(x) => ax’ (2.1)
i=0

Where{aj}';:l2 are the real parameter constants to be determined. Puttinin(2l1)) results then in the

~ Xn+1

matrix (2.2) gives the solution dﬁj (t)} and substituting the resulting values thhXT,

1=1Dn
into (2/1) yield the coefficient{auj (t)}'j:(l), ay(®), ak () =15 k), PBov(t);i=12accordingly, for a

fixed value ofk witht = k — 1. Table (1.2) shows the coefficients of the methods in (1i2)e vable
(5.1) in Appendix A shows continuous coefficient of the method& fsr7 .
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1 X X2
: i )%,*1 )%112 2(1) §:+1
1 Xrtk—1 )%+k—1 ﬁfié_l S i R Y R
o x|
0 1 Ay (k+2)xhi% &+2) \fnk
0 L 2 k20
3.0 Thederivation of the second derivative continuous hybrid LMM

Similarly, the unknown coefficients in hybrid solution in (1.3),
k
Yore = 2.0 () Y0 =B () Froe + 0285, () Fou
j=0
for (1.2) at the hybrid poink_,, are derived using the following polynomial interpolant

Yo () =D b X7,
=0

(3.1)

(3.2)

wherely’s are now the real parameter constants to be determined to algarticular method of (1.3) for
a fixedk. Following the same procedure in section 2 we obtain a farhibpntinuous hybrid predictor
from (3.1) for (1.2). Table (1.3) shows the coefficient of the metho{ik.3) and table (5.2) in Appendix
A gives explicit continuous expression for the coefficients of the metibo#s=1(1)7.

4.0

Deter mining the stability of the methods by root locus
In this section, the interest is on the stability of theilfaof methods in (1.2), using root locus
approach. On substituting the hybrid solutign, at pointx,., into equation (1.2) for correspondikg
while applying the resultant method to the scalar testl@moby’ = Ay, Re(ih) <0, z= Ahwith an

arbitrary initial value yield the stability polynomial to be

k-1 -
mr,z)=rK - _Zoajrj_l—av

Zﬂkrk ‘Zﬁv{

K .
> ajr) +zpy 0K +22/J’2,kfk}
j=0

K .
> ajrd 2K+ 22pp
j=0

}_

(4.1)

Plotting [;| against reveals the interval of absolute stability of the methotise general graphical root
locus plot has been discussed in Lambert [34], and finds application in Otunta,
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Table 1.2: The Coefficient of the Second DerivaBantinuous Linear Multi-step Method (1.2)

t \% ap [24] as [24] a, as
0 1 1 1 0 0 0 0
2 5
1 3 -1 4 1 0 0 0
2 99 —
11
2 5 2 1 18~ 1 0 0
2 875 35 35
3 7 —_5 16 4 48 1 0
2 8192 182t - 73 73
4 9 4 _ 75 8 _ 100 300 1
2 10179 1847: | 377 1131 377
5 11 _ 10 8 25 16 ~ 50 40
2 46827 3482 2107 387 387 43
6 13 -152460 - o1 28056028 —32207175 | - 210420210 - 210420210
2 11890890 9830« 35672670 11890890 11890890 11890890
K t \% Qs a; a, A B EC
1 0 1 0 0 4 2 1 __1
2 5 5 5 480
2 1 3 0 0 64 16 2 _ 1
2 E 33 H 1320
3 2 5 0 0 64 9% 6 -1
2 128 17E 35 2800
4 3 7 0 0 34816 1536 _1715 —__1
2 8942t 255¢ 6144 5110
5 4 9 0 0 137216 5120 60 —_1
2 49877 7917 377 o224
6 5 11 1 0 3457024 20480 20 _ 1
2 2065070 2979¢ 12¢ 65016
7 6 13 1262521260 | 1 231784448 861020160 180360180 _ 7
2 11890891 35672670 11890890 11890890 132912

Table 1.3: The coefficient of the second derivative Hybriédictor continuous linear multi-step method (1.3)

Vv aQ a O a a, as
1 == |1 1 7 0 0 0 0
2 8 8
2 3 3 =1 3 105 0 0 0
2 128 16 12¢
3 3 5 1 -5 15 1805 0 0
2 576 25€ 64 230«
4 B 7 s 7 ~ 35 576 - 81095 0
2 8192 1152 102¢ 3342 3686¢
5 % 9 _7_ - 45 7 - 105 315 300013
2 25600 1638 512 204¢ 102¢ 40960(
6 3 11 7 77 = 495 77 ~ 1155 693
2 24576 -
5120 6553¢ 3072 1638¢ 204¢
7 z 13 33 — o1 1001 — 2145 1001 - 3003
_— 3072 409¢€
2 401408 | ‘9g30. | 20480( 1638
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K t v g ay a, Buk Bak EC
1] 1 1 0 0 1 -3 1 -1

2 2 16 384
2 [ L 3 0 0 1 - 21 3 —1

2 = 64 - 1280

2 64

3 3 5 0 0 1 - 115 5 1

2 ) 384 12¢ 3072
4 5 7 0 0 1 - 1715 35 1

2 2 614¢ 102¢ 6144
5 7 9 0 0 1 -1799 63 __3

2 2 1024( 204¢ 32768
6 9 11 3505733 0 1 20559 231 1

2 2 4915201 8192( 319 196608
7 11 13 3003 335572523 1 — 275847 429 143

> 2 1022 48168960 114688 1638¢ 3932160

Ikhile and Okuonghae [13,14]. Applying the root locus method(az) =0, shows that the methods in

(1.2) are stiffly stable fok <7. The graphs below show the root loci and thus the intervabsuflate

stability of each method can be deduced for any given valkeset Table 4.1
Table 4.1: The step number, interval of absolute stabibityd the range of t for which method (1.2, 1.3)eis0z

stable
Interval of absolute The range of t for which the
stability t methods Order
(1.2, 1.3) is zero stable.
SDCLMM
SDCLMM (1.2) + (1.2) + SDCLMM (1.2)+Hybrid(1.3):t SDCLMM | HCLMM
Hybrid(1.3) Hybrid
(1.3)

(- ©, - 0.551365) O {t:t0[-075,0c]} 3 3

(4, «)
2 (- c0, 0) (5, ) 1 {t:t0(=c0, —1.3) [0 (0,0)} 4 4
3 (- 0,0) (6, ) 2 {t:t0(-o0, —1.2056 O (O, )} 5 5
4 | (-, 0)0(6.85,00) 3 {t:tOL74]} 6 6
5 | (- o, 5.7) 0(9.75, 4 {t:t0(-c0, —1.0749 O (24) 7 7

) 0 (4.3 0)}

(- 0, 0.04)0(8.98, 5 {t:t0(=00, —1.075 0 (4.5,)} 8 8

)

(- 0, 0)0(9.07,) 6 {t:t0(-c0, —1.2168 O (595,6.042) 9 9

O (7.568 )}
50 Numerical experiment and conclusion

To demonstrate the effectiveness of the SDCLMM (1.2), Bfiff in Higham et al [9], with
x00[010]: yy =-004y, +10%y,y,, yb =400y +10%y, y 5 ~3x 1072,

=

Y3 =3x107y3, y(©0)=|0

o
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is solved using the method (1.2) whHer 2. The application of SDCLMM (1.2) on the above problem
on requires the need to solve the system of non-linear equatign,for

sl \_ S+l
FOh) = Yk
k-1 [ ] (5.1)
+ 2 aj(¥)yn+j +av(><)yn+v —hﬁv(X)fn+V “hBLk(¥) i =0 ak #0
i=0
where
k-1
Yoo = 203 (0 Ve + Yo + B 0 F 15k + 1By () 1 (5.2)
j=0
This implicit system of equations iy, ., is resolved by applying the Newton-Raphson iterative scheme
yisHl - [S] [s] \-1g(lSl 5=
Yh+k “F'(Ynik) TFYpig)s=012-- (5.3)

in (5.1) where,F (y[fﬂk) is the Jacobian matrix of the vector ODE systems above, gestad by
Enright [5], Fatunla [6] and Lambert [11]. The trapezoidal rule

yL(ill yn - (fn -1 + f ) (54)
is used to generate the startlng values for the iterative schemesTBe3new scheme (1.2) for= 2, is

yn+2 = i(_yn +36yn+1 + 64yn+§) +9£ (18fn+2 + 48fn+§) (55)

yn+3 - 12((:_( yn 24yn+:|_ +105yn+2) + ( 42f 6 fn'+2)

The results in the graphs below of the second component of tlad wailile problem compares with that
from ODES code in MATLAB discussed in Higham et al [9]. The plot im&3gure 5.1.

Finally, in this paper, a class of stiffly stable hybrid GIMM of step numberk <7 is
considered. The stability graphs in Figures (4.1) — (4.7) shows that, thedsiatle stiffly stable.

Journal of the Nigerian Association of Mathematic&hysics Volumell (November 2007), 175 - 190
Linear multistep methodsfor VP M. N. O. Ikhileand R. |I. Okuonghae J. of NAMP



The order of the methods, the values fafr which the methods are stable, and the error constant
for the SDCLMM (1.2) and its corresponding hybrid counter part is shown in Table 44. able graph
in Figure 5.1 shows the accuracy of the methods which compare lts fesm the state-of-the-art ODES

code discussed in [9, p. 158].

Appendix A

Figureb5.1

Table5.1: The coefficients of second derivative continousdinmulti-step method of (1.2)

k| t || ai(t) a(k-1) BO Bk-1)
110 1011 12t* 16t° 1 0 0
5 5 5 5
1| 4 12t* 16t° 4 2 _ 14t _12t° 2
111 1 0 0
211 |0 22t 19t 4t°  20t* -1 0
T~ "0 oo 9g 0
33 99 99 9¢
1 46t  43t°  28t°  36t° 4 0 0
1+ —+ - - —
1 11 11 1 11
3| 128t _272t* _32t°  304t° 64 12 64 _4t° s5et* | 16
2| 33 99 9 99 99 1 33 3 33 33
211 1 t 5t  8t* 4t* 2
—_t —+ —+ E
11 11 3 33
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108 603 132° 13@‘ 22° 0 0
- + - + - =
87t 175( 35( 87% 8TE 87z
j at) aj(l;- B Bk-1)
1
1], 188 17t 100t° 332"  64t° -1 10 0
108 315 63  31E  31F 35
2| 288t _453t° 85t° 244t° 58t° 8 |0 0
35 70 14 35 35 35
S| 2368t _6832t? 108813 64 | 416t 1384t2 1763 | 96
2 375 1125 225 126 | 175 525 105 | 17¢
4 5
~ 6832t4 . 1664t5 . 1384t~ 368t
1125 1125 525 525
8|1 1 o 12% ¢ 1t 4 | &
4t -— | 35
3B/ ¥ 7 ¥ F
0| 925 14515 358%° 2263° 391" t° -5 |0 0
BT TS v TTo7e T1gar | 182F
715¢  4292¢ 1073 1430¢ 1073 153: N
1| 1179t 1117 4950t° 3447t' 468t° _ 46t° 16 |0 0
73C  365( 365(  356( 182t 182t | ygo¢
2 | 1775_654% 191 7501' 20%° _67° -4 |0 0
43¢ 2628 73 2626 21¢ 657 73
3 | 1628 5428° 2878’ 1722° 1000° 122° | 48 | O 0
146 43¢ 43¢ 14¢€ 21¢ 221¢ 73
7| 473344 82117212 444608° 7827776" | 3480 | 1008 3073¢° 4432® oo1ed| O
= - - - + 35
2| 53655 804825 89425 804825 894 | L 7% 2055 7668
5 6 | doag> 224°
1032896 +54848 2555 1095
268275 114975
411 1 2% 6%° 11° 6l 14° | —1715
7—7_7.‘.7_7
73 146 73 146 73 | O
0 4 |o 0
3724 11819502 241915°  62501%
- + - + 1017¢
30537 366444 7322888 36644
_as6t> 1253° 73
732888 183222 183222
1| 13022t 1367912 247t _ 22365114 -75]0 0
7917 221676 192 221676 1847:
, 74021t° _ 418t%  181tf
221676 7917 55419
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2 | 36456t 9401t? 8503913 8 |0

9425 3770

37700
, 5282t 41450t°  361® 110t

1885

37700

1885 9425

3 | _17738t 243503t 10878513

-100 | O

3393 40716

40716 1131

7

— 40716

223021t 102683t° _ 4918t° 347t
40716

10179 10179

a(k-1)

J£10]

4 | 16268 t 85253 t2 _ 49051 t3

76891 t4 300 0

1131 4524

9048

4524 377

9048 2262

79825 15 41818 37’

2262

B(k-1)
0

_ 60157952 t

336025216 t2

451982912 t3 137216

69632t 396352 2 4838725

5343975

N | ©

22444695

16965

112223475 49877:

71253

354464 t* 961952 t°

356265
59846

22444695

12996608 t 7
111222347

_ 302116544 t4 798337472 5 _ 4844096 t°
112223475

71253

1644817
356265

3206385

356265

10179

5120
7911

377

754

754

377 377

1 _1an 413% _sx3 36t

754
209° 2468 127
+ - +=—

754

60
377

10 0

10406 624360

_ 1167t 190567 t? 334981 t3

, 6198737 1% 132389 (°

102180 4682

366857 t©
.

33715440

23t/
2128¢

37718

2247696

842886(

33715440

_ 2665t 5627t°  26837t3

1548 27864

_139703t*  5965t° _ 21013t°

20898 348:

125388

193’
+
2089¢

25¢8

6269

13932

250776

8640t _6234t° 2693913

- 25 0

2107 2107

12642
, 237799t4 9061t  24427t°

2107

75852

_220t”  3u®
6321 18963

6321

75852

19 0

27 324

-125t 1775t2 335t3
+ +

_ 1583t 202t° 1015

324 81
11’ 367t8
+ p—

162 87075

324
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4 | 615t 10243t 34693t 477071

86 1032 18576 55728

_31649t° _ 75575t° 200t 1108
6102 55728 1161 13932

-50
387

5 | -sosit 44871 38233 _170567t*

172 1720 1290 7740
L7345t _62269t° 679’ 1098
516 15480 1290 3870

40
43

ai(t)

a(k-1)

JE10)

Bk-1)

156127232__104132823QI2__2934517753

11472615 516267675 140800275

, 7890272848t* _ 1145633792°
4646409075 103253535

. 147119989815 _ 60427264" . 1048133128
4646409075 140800275 4646409075

3457024

-15872t _ 1069184t% 261763

206507C

3311

148995
_8o61568t* 118912t° 1549696t5

40635

1340955

29799

, 646at” 113028
134095!

4063¢

1340955

20480
2979¢

1

18t _ 55t
86

43

2

61t
+
1548

3

2461 t* 563 1t°

4644

505 t

6

1548

o2t

7 ¢8
+

4644

129

1161

_ 122062017 , 68585138937 _ 154697011723
118+08901 2378178020 475635604
. 18656261701t% 6666329592 . 14591853436
9512712080 9512712080 = 9152712080

38485130’ 878339 _ 109263°

1902542416 594544505 2378178020

152460

11890890

1189088901 4303129730t . 12804594492
118908901 278178020 3567267030

, 35807560801 _ 2020005642 _ 5072485148 _
2853613620 2378178020 951271208

154247939 1737504268 _ 99477287
1189089010 9152712080 7134534060

. 3192017°
713453406

-91
9830+

4771743476 5t _ 4634708388 31t2 _ 2579547080 11t3

28056028

1070180109 1284216130 8 1284216130 8
6164271503 39t* 3209768491 93t° 9568680121 t°

1712288174 4 1712288174 4 1902542416

1291393203 1t/ | 386342957 t® 25622507 t9
1712288174 4 6421080654 1284216130 8

35672670

_ 5073611614 5t 2657202133 21t% 3001817089 7t°
832362307 3329449228 1664724614
1609019340 5t% 487630943815 _ 5705291449 t5
237817802 118908901 475635604
31766499057 _ 132366377t  45306781%
1664724614 832362307 832362307

- 32207175
11890890
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4 4674749778 4139903545722 _ 373680384073 84168084 0 0
594544505 3567267030 1664724614 11890890
, 45381783387%  307860412999° 067563513978
4756356040 4756356040 4756356040
162453420097 _ 2649290648 _ 37632294°
475635604D 8918167575 356726703D

13 ) 231784448 8610z
—— | _59486842513a , 14423015885888 B

2 374563038% 56184455725 35672670 6430786496 _ 15706464768° 1189
118908901 1783633515

_ 41770131965&° _ 538385979688 "
56184455725 2675450272 , 58771929€°  4086219738t"
1783633515 594544505

+ 41777353467&° 16207802932t°

. o
2675450278 2972722525 — 320889189217 | 1129089564t

594544505 594544505

+ 188473761B727 53635565742°

2104740352  60536819¢°

18728151905 56184455725 594544505 | 1783633515
2062184038t° 23538944°
56184455725 178363351
K| t] | ai(t) ai(k-1) A1) Bk-1)
7 1 1 _ 519609090t , 1711560851t 180360180
118908901 237817802 11890890
189950761t° _ 661320660t*
475635604 118908901
, 1061119050t> _ 381762381t°
237817802 237817802
1455764317 _ 3578575t
475635604 118908901
, 1431437
118908901
Table 2: The Coefficients of the Second Derivative Hybriddceor Continuous Linear Multi-step Method of (1.3)
t J ai(t) ai(tvalue) :Bl i(tvalus) ;61 i(tvalues) ;62 k(t) ;62 k(tvM)_
-11]0 -t 1 0 0 0 0
2 8
1|1 1 0 0 0 0
2
T [1+F 7 t—t -3 2 0 |1
J— _— —_ + —_ JR—
8 8 2 2 16
1 0 t 32 3t 3t -1 0 0 0 0
= —— - = P
2 8 8 8 8 12¢
1| 1-2t+2t°-t* 3 0 0 0 0
16
3 1 1 0 0 0 0
2
2 17 3t® 13t® 7t | 105 & st 3t - 21 t ¢t 3
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