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Abstract 

 
 In this paper, we introduce a continuous extension of second 
derivative linear multi-step methods with a hybrid point for the numerical 
solution of initial valued stiff ordinary differential equations.  The continuous 
extension is based on the Gear’s fixed step size backward differential methods 
[7].  The intervals of absolute stability of methods of step number 7≤k are 
determined using the root locus plot.  Numerical results of the methods 
solving a non-linearly stiff initial value problem in ordinary differential 
equations are compared with that from the state-of-the-art ordinary 
differential equations code of MATLAB discussed in Higham et al [9]. 
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1.0 Introduction 
 A class of methods for finding numerical solution to stiff initial value problems in ordinary 
differential equations of the type. 
   00 )()),(,()( yxyxyxfxy ==′    (1.1) 

where f(x, y(x)) and y(x) may be vectors, can be based on second derivative continuous linear multi-step 
methods (CLMM) with off-step points in the interval ),( knn xx + .  Methods in this regard are those of 

Gear [7] and Butcher [3, 4].  A method in this class produces reasonable approximate solution kny + to 

)( knxy + , while using the off-step solution vny + approximation to )( vnxy + .  In this regard consider the 

continuous extension LMM. 
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and the hybrid vny +  solution in the above is given by the continuous hybrid LMM 
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which employs the second derivatives knf +′ , where 1−++ −= knkn xxh .  The use of the second  
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derivatives in the hybrid predictor is motivated from the need to have enhanced stability characteristics of 
(1.2).  The order of the methods (1.2) and (1.3) is k + 2 respectively.  The value of ),1( kkv −∈  is taken 

to be 2
1−k .  Similar methods like the backward differentiation methods (BDM) 
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in Gear [7] is known to be stiffly stable for 6≤k .  Others have been also reported by Butcher [1], 
Lambert [11], and how they can be realized in continuous form is found in Otunta, Ikhile and Okuonghae 
[8], [9], see also Arevalo et al [1]. Burrage and Tian [2], Butcher [3, 4], Onumanyi et al [12], Hairer and 
Lubeich [8], Otunta et al [13, 14], and Sirisena et al [15].  In the case of (1.2) we have found stiffly stable 
methods for 7,,3,2 K=k , but for k = 1, the method is not zero stable.  Plots of the region of interval of 

absolute stability for the methods corresponding to the formulas for 7≤k  are given in Figures (4.1 – 
4.7).  The motivation to derive the hybrid method (1.2) is the fact that, it offers the means to by-pass the 
Dahlquist order barrier for A-stable conventional LMM and the fact that continuous solution of the initial 
value problem in ordinary differential equation can be obtained.  The modification in (1.2) consists of the 
addition of the terms vnv yx +)(α  to the left hand side and vnv fxh +)(β  to the right hand side of the Gear’s 

fixed step size backward differentiation methods [7], in (1.4), where )(xvα and )(xvβ  are additional 

parameters to be determined when compared to (1.4).  To make use of (1.2) in a practical computing 
procedure requires us to first compute yn+v so that the two extra terms on both sides of (1.2) could be 
evaluated.  Considerations as to how this might be done appear in section 5.  In the next section the 

procedure of obtaining the unknown constants { } ),(,, 1

0
xv v

k

jj βα −
=

and )(xkβ  where 
h

xx
t n 1+−

= and 

hxx nn +=+1  which yield a method of order as high as possible is presented. The results of computation 

which indicate for which values of t the method is stable, is given in section 4.  Section 2 contains the 
derivation of the class of methods in (1.2) in continuous form and in section 3 we derive the hybrid 
method (1.3). In section 4 the stability of the methods in (1.2) are determined, using the root locus and, in 
section 5 the results of some numerical experiments are presented. 
 
2.0 Derivation of the second derivative CLMM 
 We seek the numerical solution of (1.1) in the form of the polynomial interpolant 

  ∑
+

=

=
2

0

)(
k

j

j
j xaxy       (2.1) 

where { } 2

1

+
=

k

jja  are the real parameter constants to be determined.  Putting (2.1) in (1.2) results then in the 

matrix (2.2) gives the solution of { }
nj

tj )1(1
)( =α and substituting the resulting values with 

h
nxx

t 1+−
= , 

into (2/1) yield the coefficients { } ),(,,1)(),(,1
0

)( tkitktv
k
j

tj βααα =−
=  2,1);(,0 =itvβ accordingly, for a 

fixed value of k with t = k – 1.  Table (1.2) shows the coefficients of the methods in (1.2), while table 
(5.1) in Appendix A shows continuous coefficient of the methods for 7≤k . 
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3.0 The derivation of the second derivative continuous hybrid LMM 
 Similarly, the unknown coefficients in hybrid solution in (1.3), 
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for (1.2) at the hybrid point vnx + are derived using the following polynomial interpolant 
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where bj’s are now the real parameter constants to be determined to obtain a particular method of (1.3) for 
a fixed k.  Following the same procedure in section 2 we obtain a family of continuous hybrid predictor 
from (3.1) for (1.2).  Table (1.3) shows the coefficient of the methods in (1.3) and table (5.2) in Appendix 
A gives explicit continuous expression for the coefficients of the methods for k = 1(1)7. 
 
4.0 Determining the stability of the methods by root locus 
 In this section, the interest is on the stability of the family of methods in (1.2), using root locus 
approach.  On substituting the hybrid solution yn+v at point xn+v into equation (1.2) for corresponding k, 
while applying the resultant method to the scalar test problem hzhyy λλλ =<=′ ,0)Re(, with an 
arbitrary initial value yield the stability polynomial to be  
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Plotting |r j| against z reveals the interval of absolute stability of the methods.  The general graphical root 
locus plot has been discussed in Lambert [34], and finds application in Otunta, 
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Table 1.2: The Coefficient of the Second Derivative Continuous Linear Multi-step Method (1.2) 
 

K t V αααα0 αααα1 αααα2 αααα3 αααα4 αααα5 

1 0 
2
1  5

1  1 0 0 0 0 

2 1 
2
3  99

1−  
11

4  1 0 0 0 

3 2 
2
5  875

2  
35

1−  
35

18  1 0 0 

4 3 
2
7  8192

5−  
1825

16  

73
4−  

73
48  1 0 

5 4 
2
9  10179

4  
18473

75−  
377

8  
1131

100−  
377

300  1 

6 5 
2
11  46827

10−  
3483

8  
2107

25−
 

387

16  
387

50−
 

43

40  

7 6 
2

13  118908901
152460−  

98304

91−  
356726703

28056028  
118908901

32207175−  
118908901

210420210−  
118908901

210420210−

 
 
 

K t V αααα6 αααα7 ααααv ββββv ββββk EC 
1 0 

2
1  0 0 

5

4  
5
2  

5
1  

480
1−  

2 1 
2
3  0 0 

99

64  
33
16  

11

2  
1320

1−  

3 2 
2
5  0 0 

125

64  
175

96  
35
6  

2800
1−  

4 3 
2
7  0 0 

89425

34816  
2555

1536  

6144

1715−
 

5110
1−  

5 4 
2
9  0 0 

498771

137216  
7917
5120  

377
60  

42224
1−  

6 5 
2
11  1 0 

20650707

3457024  
29799

20480  

129

20  
65016

1−  

7 6 
2

13  
11890890

1262521260

 

1 
356726703

231784448  
118908901

861020160  

118908901

180360180  
132912

7−

 

 
 

Table 1.3: The coefficient of the second derivative Hybrid predictor continuous linear multi-step method (1.3) 
 

K t V αααα0 αααα1 αααα2 αααα3 αααα4 αααα5 

1 
2

1−  
2
1  8

1  
8

7  0 0 0 0 

2 
2
1  

2
3  128

1−  
16

3  
128

105  0 0 0 

3 2
3 

2
5  576

1  
256

5−  
64
15  

2304

1805  0 0 

4 
2
5  

2
7  8192

5−  
1152

7  
1024

35−  
3343

576  
36864

81095−  0 

5 
2
7  

2
9  25600

7  
16384

45−  
512

7  
2048

105−  
1024
315  

409600

300013  

6 2
9  

2
11  24576

7  
51200

77  
65536

495−  
3072

77  
16384

1155−  
2048

693  

7 2
11  

2
13  401408

33  
98304

91−  
204800

1001  

16384

2145−  3072

1001  
4096

3003−  
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Ikhile and Okuonghae [13,14].  Applying the root locus method to 0).( =zrπ , shows that the methods in 

(1.2) are stiffly stable for 7≤k .  The graphs below show the root loci and thus the interval of absolute 
stability of each method can be deduced for any given value of k, see Table 4.1 

Table 4.1: The step number, interval of absolute stability, and the range of t for which method (1.2, 1.3) is zero 
stable 

 
 
 
k 

Interval of absolute 
stability 

 
t 

The range of t for which the 
methods 

(1.2, 1.3) is zero stable. 

 
Order 

 
SDCLMM(1.2) + 

Hybrid(1.3) 

SDCLMM 
(1.2) + 
Hybrid 

(1.3) 

 
SDCLMM(1.2)+Hybrid(1.3):t 

 
SDCLMM 

 
HCLMM 

1 (- ∞, - 0.551365) 
∪(4, ∞) 

0 ]},75.0[:{ ∞−∈tt  3 3 

2 (- ∞, 0) ∪(5, ∞) 1 )},0()3.1,(:{ ∞∪−−∞∈tt  4 4 

3 (- ∞,0 ) ∪(6, ∞) 2 )},0()1056.1,(:{ ∞∪−−∞∈tt  5 5 

4 (- ∞, 0) ∪(6.85, ∞) 3 ]}4.7,1[:{ ∈tt  6 6 

5 (- ∞, 5.7) ∪(9.75, 
∞) 

4 

)},3.4(

)4,2()0749.1,(:{

∞∪
∪−−∞∈tt

 
7 7 

6 (- ∞,  0.04) ∪(8.98, 
∞) 

5 )},5.4()075.1,(:{ ∞∪−−∞∈tt  8 8 

7 (- ∞, 0) ∪(9.07, ∞) 6 

)},568.7(

)042.6,95.5()2168.1,(:{

∞∪
∪−−∞∈tt

 

9 9 

 
5.0 Numerical experiment and conclusion 
 To demonstrate the effectiveness of the SDCLMM (1.2), stiff IVP in Higham et al [9], with 
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0 0 1 
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0 0 1 
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35  
6144

1−  

5 
2
7  

2
9  0 0 1 

10240
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63  
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3−  

6 
2
9  

2
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4915200

3505733  0 1 
81920
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7 
2
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 2
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Figure 4.6: k = 7. 

is solved using the method (1.2) when k = 2.  The application of SDCLMM (1.2) on the above problem 
on requires the need to solve the system of non-linear equation for ,kny +  

∑
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s
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s
knk

s
knjnj

s
vn fxhfxhyyxy ββα    (5.2) 

This implicit system of equations in kny + is resolved by applying the Newton-Raphson iterative scheme 

 L,2,1,0),][(1)][(][]1[ =+
−

+′−+=+
+ ss

knyFs
knyFs

knys
kny    (5.3) 

in (5.1) where, )( ][ s
knyF +′  is the Jacobian matrix of the vector ODE systems above, as suggested by 

Enright [5], Fatunla [6] and Lambert [11]. The trapezoidal rule 

  )(
2 1

]0[
1 nnnn ff

h
yy ++= −+      (5.4) 

is used to generate the starting values for the iterative schemes (5.3).  The new scheme (1.2) for k = 2, is 

  )4818(
99

)6436(
99

1
2
3

2
3 212 +++++ ++++−=

nnnnnn ff
h

yyyy  (5.5) 

  )642(
128

)10524(
128

1
2221

2
3 +++++

′+−+++−= nnnnnn
fhf

h
yyyy  

The results in the graphs below of the second component of the initial value problem compares with that 
from ODES code in MATLAB discussed in Higham et al [9].  The plot is as in Figure 5.1. 
 Finally, in this paper, a class of stiffly stable hybrid SDCLMM of step number 7≤k  is 
considered.  The stability graphs in Figures (4.1) – (4.7) shows that, the methods are stiffly stable. 
 

-10 
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 The order of the methods, the values of t for which the methods are stable, and the error constant 
for the SDCLMM (1.2) and its corresponding hybrid counter part is shown in Table 4.1 above.  The graph 
in Figure 5.1 shows the accuracy of the methods which compare to results from the state-of-the-art ODES 
code discussed in [9, p. 158]. 
 

Appendix A 
Table 5.1: The coefficients of second derivative continous linear multi-step method of (1.2) 

k t j ααααj(t) ααααj(k-1) ββββj(t) ββββj(k-1) 
1 0 

 
 
 
 

0 

5

16

5

12

5

1 32 tt −−  
5

1
 

0 0 

2

1

 

5
16

5
12

5
4 32 tt −−  

5

4  
5

12

5

14

5

2 32 tt −−  

5

2
 

1 1 1 0 0 
2 1 0 

99

20

99

4

99

19

33

22 432 tttt +−−−  
99

1−   
0 

0 

1 

11
36

11
28

11
43

11
46

1
432 tttt −−++  

11

4
 

0 0 

2

3

 

99

304

9

32

99

272

33

128 432 tttt +−−  
99

64  

33

56

3

4

33

64

11

12 432 tttt −−−  
33

16
 

  2 1 1 

33

4

3

8

11

5

11

432 tttt +++  
11

2  

Figure 5.1 
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3 2 0 
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22
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136
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1750

603

875
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875
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0 0 

k t j ααααj(t) ααααj(k-
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  1 

315

64

315
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17
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188
1
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35
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0 0 

  2 

35

58

35

244

14

85

70

453

35

288 5432 ttttt −+−−  
35

18  
0 0 

  

2

5

 

1125

51664

1125

46832
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31088
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26832
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ttt

+−

+−−  125
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5368
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41384
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3176
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21384

175
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tt

ttt

−+

−−
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96  
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4
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12

735

12

35
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6  

4 3 0 

153310731

391

14308

2269

10731

3587

42924

14515

7154

925 65432 tttttt +−+−+−  
1825

5−

 

0 0 

  1 
1825

46

1825

468

3560

3447

3650

4959

3650

111

730

1179
1
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1825

16

 

0 0 

  

2 

657

67

219

205

2628

7591

73

191

2628

6545

438
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73

4−  
0 0 

  

3 

2219

122

219

1000

146

1727

438

2875

438

5425

146

1625 65432 tttttt −+−++−  
73

48
 

0 0 

  
2

7

 

114975

654848

268275
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804825

47827776

89425

3444608

804825
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473344

tt

tttt
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6224
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7665
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tt
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35

6  

  

4 1 1 

73

14

146
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73

11

146
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73
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6144

1715−

 

5 4 0 

183222

773

183222

61253

732888

534861

36644
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7322888

3241915

366444

21181951

30537

3724

ttt

tttt
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10179

4

 
 

0 0 
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55419
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k t j ααααj(t) ααααj(k-1) ββββj(t) ββββj(k-1) 
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Table 2: The Coefficients of the Second Derivative Hybrid Predictor Continuous Linear Multi-step Method of (1.3) 
 

k t j ααααj(t) ααααj(tvalue) ββββ1,j(tvalue) ββββ1,j(tvalues) ββββ2,k(t) ββββ2,k(tvalues) 
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k t j ααααj(t) ααααj(tvalue) ββββ1,j(tvalue) ββββ1,j(tvalues) ββββ2,k(t) ββββ2,k(tvalues) 
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