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Abstract 

 Continuous linear multi-step methods (CLMM) form a super class of 
linear multi-step methods (LMM), with properties that embed the 
characteristics of LMM and hybrid methods.  This paper gives a continuous 
reformulation of the Enright [5] second derivative methods.  The motivation 
lies in the fact that the new formulation offers the advantage of a continuous 
solution of the initial value problem (IVP) unlike the discrete solution 
generated from the Enright’s methods.  The success of these methods is in 
their attainable stiff stability characteristics useful for resolving the problem 
posed by stiffness in the IVP.  In this regard we derive a family of variable 
order continuous second derivative hybrid methods for the solution of stiff 
initial value problems in ordinary differential equations.  A numerical 
example is given to demonstrate the application of the methods. 
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1.0 Introduction 
 The general form of the Enright [5] second derivative continuous linear multistep method is 

 ∑
=

∑
=

≠+++∑
=

=+
k

j

k

j
kjnfjhjnfj

k

j
jnyj

0 0
0;,2

2
1

0
αββα   (1.1) 

There has been considerable progress in the development of these methods and its hybrid counter part 
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.  For any given k, the parameters jjjjjj and ,2,1,2,1,2,1 ,,,,, ββδδαα  may be chosen in a variety of 

ways, but usually the objective is to make the order as high as possible, subject  
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to the condition of stability, while also desiring small error constant and minimum number of functions 
evaluation.  Interesting special case (see for example the references and that mentioned above) of these 
methods are known to be stiffly stable for numerical solution of the IVP. 
  Ryyxyyxfy ∈==′ ,)(),,( 00      (1.2) 

in ordinary differential equations where y(x) and f(x, y) may be vectors. We seek the numerical solution of 
this problem by second derivative continuous linear multi-step methods (CLMM) and its hybrid counter 
part obtained by reformulation of discrete second derivative method in (1.1) into continuous methods.  
The second derivative continuous linear multi-step methods form a super class of Enright [1] methods and 
the classical second derivative methods (1.1) in general.  Now consider the second derivative CLMM. 
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where 
dx

df
y =′′′ is the second derivative of the solution y(x).  The new formulation in (1.3) offers an 

advantage of a continuous solution of the initial value problem in (1.2) over the discrete solution 
generated from the Enright [1] methods in (1.1).  Stiffly stable methods which are useful for resolving the 
problem of stiffness can be derived from (1.3).  In this regard a family of variable orders continuous 
second derivative hybrid methods for the solution of stiff initial value problems in ordinary differential 
equations in (1.2) are derived.  The parameter v is incorporated to provide off gird collocation point at xn+v 
in the open interval (xn+k-1, xn+k).  By construction, the order of a method is P which is the degree of the 
basis polynomial function.  Also, a family of methods at the hybrid point xn+v which is present in the 
implicit second derivative scheme is derived to give the numerical values of the solution yn+v at xn+v.  The 
hybrid solution yn+v at the point xn+v is given by continuous method, 

 12 )()()()( knkknkjnjkn fxhyfxhxxy ++++ +== λβα     (1.4) 

 In this paper, continuous collocation methods in the literature of Arevalo et al [1], Burrage and 
Tian [2], Butcher [3, 4], Onumanyi et al [12], Hairer and Lubeich [8], Otunta et al [13, 14], and Sirisena 
el at [15] for the solution of (1.2) are proposed such that the collocation is done at all grid points xn+j = 

0(1) and one off grid point ,vnx + with ),1( knxknxvnx +−+∈+  with 
2
1−= kv .  The paper is arranged as 

follows, section 2 will contain a discussion of the derivation of the methods.  The way the methods are 
derived differs from Taylor’s series expansion approach.  Section 3 contains the determination of absolute 
stability of the schemes, see Lambert [4].  In section 5, the results of some numerical experiments using 
one of the methods are presented. 
 
2.0 Derivation of the second derivative CLMM 
 The continuous linear multistep methods which incorporate analytic property of the second 
derivative like the Enright [5] second derivative methods, to be derived is given in (1.3).  Let the 
continuous solution to (1.1) be in the form, 
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where m
jxj 0)}({ =φ are the polynomial basis function given by mjjxxj )1(0,)( ==φ  and the  

 
sa j ' are the real parameter constants to be determined.  From (2.1), setting m = k + 3, 
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Collocating (2.2) at vnjn xkjxx ++ == ,)1(0,  and interpolating (2.1) at nxx =  and 1+nx , we obtain the 

linear system of equations 
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Solving equation (2.3) by Gaussian elimination methods the values of sa j ' are determined and 

substituting the resulting values sa j ' into (2.1) with 1)(,1 =+−
= tka

h
nxx

t and setting knxx += on the 

left hand side of (2.1), a specific scheme will emerge for a fixed value of k.  The table (1) shows the 
values of sa j ' , the resultant methods, error constants, order P, and the values for k= 1(1)7. 

Table 1: The SDCLMM 
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3.0 Derivation of the second derivative hybrid CLMM 

Similarly, the continuous hybrid solution in (1.3) is 
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Collocating (3.2) at jnxx += , j = 0(1)k, and interpolating (3.1) at x = xn and xn+1, we obtain the general solution 
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Solving equation (3.3), gives the values of bj’s and substituting the resulting values bj’s into (3.1) 

with 2
11 ,1)(, −==

−
= + kvt

h
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t k

n α  and setting vnxx +=  on the left hand side of (3.1), a 

specific scheme is obtained.  The table (2) shows the values of bj’s, the methods, error constants 
(Cp+1), order P, and t-values for 7≤k . 
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4.0 Stability of the methods by plotting the root locus 
 In this section, we investigate the stability properties of the family of hybrid methods defined in 
(1.3) for a given value of 7≤k .  By Gear [7] and Enright [5], a numerical integrator would be stiffly 
stable provided (a) its region of absolutely stability contains R1 and R2 and (b) it is accurate for all  

2Rh∈  when applied to the scalar test equation λλ ,yy =′ a complex constant with 0)Re( <λ  where 

},|)Re(:|{1 DzzR −<=  ,|)Re(|:{2 δ≤≤−= zDzR  lmc |≤−   
},|)( cz ≤  and D, δ and c are positive constants. 

 Applying methods (1.3) in table (1) for a given k to the scalar test problem 0)Re(, <=′ λλyy
and  substituting (1.4) for a corresponding k as the hybrid point from table (2) the stability polynomial in 
general is found to be 
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Figure 4.1: Region of a stiffly stable method 

for which the root locus are plotted to reveal the stability interval.  Methods (1.3) is said to be stable if all 
roots of the polynomial π(r, z) lie in or on the unit circle and with those lying on the unit circle as simple 
roots.  The general form of the stability plot is given below: 
 
  
 
 
 
 
 

Region of absolute stability 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.2: Root Locus Plot of the Stability Region of Stiffly stable SDCLMM 
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Applying the root locus method to π(r, z) = 0, we observed that the hybrid methods are stiffly stable and 
the graphs below show the root loci and thus the interval of absolute stability of each method for any 
given value of 7≤k . 

 
 
 
 
 
 

Figure 4.5: Root locus for k =5           Figure 4.6: Root locus for k = 6 

 

 
Figure 4.7: Root locus for k = 7 

 
 
 
 
 
 
 
 

Figure 4.1: Root locus for k = 1 Figure 4.2: Root locus for k = 2 

Figure 4.3 Root locus for k = 3 Figure 4.4 Root locus for k = 4 
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Table 4.1: SDCLMM 
 

k SDCLMM Interval of Absolute Stability 
1 SDCLMM 1 ( - ∞,0) ∪ (4, ∞) 
2 SDCLMM 2 ( - ∞,0) ∪ (6.76, ∞) 
3 SDCLMM 3 ( - ∞,0) ∪ (7.74, ∞) 
4 SDCLMM 4 ( - ∞,0) ∪ (8.5, ∞) 
5 SDCLMM 5 ( - ∞,0) ∪ (11, ∞) 
6 SDCLMM 6 ( - ∞,0) ∪ (11, ∞) 
7 SDCLMM 7 ( - ∞,0) ∪ (7.2, ∞) 

 
5.0 Numerical Experiment 
 The aim now is to demonstrate the application of the methods in sections (2) and (3) 
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for k = 1, to solve a linear problem in Enright [5].  The problem is given by: 
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with x in the range [0,1], the exact solution is, ),,,()( 1000100101.0 xxxx eeeexy −−−−= and h = 0.0001.  In 
solving the IVP above the implicitness in the methods has been resolved using the Newton Raphson 
method, as suggested by Enright [5], Fatunla [6] and Lambert [11], while the inverse Euler’s method  

  
nn

nn
nn yhy

yhy
yy
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+=+
)0(
1        (5.2) 

in Fatunla [6], was used to generate the starting values for the iterative schemes.  The result of SDCLMM 
on the problem is found to be very close to the corresponding exact solutions.  The numerical result of 
SDCLMM is compared with that generated by Enright [5], see fig (5.1) and fig. (5.2). The errors in the 
methods (5.1) for k = 1 are graphically shown in Fig. (5.1) and Fig. (5.2) respectively. 
 
6.0 Conclusion 
 In this paper, we have considered a class of SDCLMM for solving stiff initial value problems in 
ordinary differential equations.  Our aims is to derive a stiffly stable method with small error constant of 
high order which also possess stability at the origin and with comparable accuracy of solution to that of 
Enright [5].  The schemes compare favourably well with Enright [5] as seen from the error graphs in 
figures (5.1) and (5.2). 
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