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Abstract 

 
 We examine a free boundary value problem related to auto 
ignition of combustible fluid in insulation materials. The criteria 
for the existence of similarity solution of the model equations are 
established. The conditions for the existence of unique solution are 
also stated. The numerical results which show the influence of 
activation energies on the three-component model of the chain 
reaction also identify the ignition point of the combustible fluids. 
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1.0 Introduction 

Auto ignition of combustible fluids in insulation materials is one of the major problems 
facing the processing industries and many developing nations and this leads to a serious 
environmental problem. The fact is that auto ignition can lead to catastrophic damage of lives 
and properties (Truscott et.al [10]). Apart from the unhealthy criminal actions of pipeline 
vandals that cause fire outbreak in various economic developing nations. The leakage of 
combustible fluids into the insulation materials is also hazardous as a result of the oxidation of 
the fluid which generates heat, and the resulting exothermic reaction can lead to ignition which 
consequently damages the pipe, lives and other valuable properties in the area. 

Models of combustion are characterized by two phenomena; ignition and explosion [1, 
2, 5, 9].  Truscott et.al [10] examined an initial value problem which represents the model of 
auto ignition of combustible fluids in insulation materials and investigated the effect of 
diffusion on the system. They identified the behaviour of the system parameters such as size 
and the endothermicity. The combustion zone is assumed fixed. 

Following the approach of Cannon and Matheson [3], we extend the model of Truscott 
et.al [10] to a free boundary value problem by assuming the reactant is not confined to a fixed 
space. We also assumed that the order of reaction is greater than zero. Following Popoola and 
Ayeni [8], we investigate the effect of activation energies of the chain reaction on the 
temperature, fuel concentration and oxygen concentration of the system. A similarity solution is 
sought using the standard procedure [7]. We assumed that the initial temperature of the system, 
initial fuel concentration and initial concentration of oxygen are known and investigate the 
behaviour of the thermal system at any subsequent time. 

 
2.0 Mathematical formulation 
  Extending the model of Truscott et.al [10] to a free boundary value problem, we obtain 
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where  ρ  is the  density of the reactant, 

l  is the heat capacity and k  is the  thermal conductivity of the medium.  

1Q  and 2Q  are enthalpies of oxidation and endothermic evaporation respectively 

1A &  2A  are pre-exponential factors of the first and second steps reaction 
respectively.  

1E  and 2E  are activation energies of the first and second steps reaction respectively 
R is the universal gas constant; n and m are orders of first and second steps reaction 

respectively. T  is the temperature of the reaction while 0T  denotes the initial 

temperature of the system  
C denotes the fuel concentration while Z    is the oxygen concentration 

xD  denotes the diffusion coefficient for fuel while 0D  is the diffusion coefficient for 

oxygen.  
)(ts  is the moving boundary, 

)().),(( tsttsT &  represents the energy flux induced by the motion of the boundary to 
preserve energy conservation while  

 )(tsTo & is the heat energy released per unit time by the reaction.  

)(. tsCo &µ  represents the number of moles per unit time of fuel while 

)().),(( tsttsC &µ is the mass flux of fuel induced by the motion of the boundary to 
preserve mass conservation.  

)(. tsZo &λ  represents the number of moles per unit time of oxidizer that diffused to the 

system for the reaction and  
)().),(( tsttsZ &λ  is the mass flux of oxidizer. 

 
 
3.0 Non-Dimensionalization  
  The following parameters are assumed for non-dimensionalization. 
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Then the equations (2.1) and (2.3) subject to conditions (2.4) and (2.5) become 
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 The resulting equations for the similarity transformation as ,0→ε  are  
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Considering the free boundary conditions(3.4), at 2,)( == ηtsx  then we obtain 
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4.0 Existence and Uniqueness of Solution 
Theorem 4.1 

For ,0 N≤≤ α ,20 ≤≤ η ,
321 ,,,,,æ δδδox DD 0,,, 54 >Nδδ , problem (3.6-3.8) 

which satisfies conditions (3.9) and for which )0()0(),0( handgf ′′′  are fixed, has a unique 
solution. 

 
Remark 
 The existence of unique solution of problem (3.6-3.8) which satisfies (3.9) implies the 
existence of unique solution of problem (3.1-3.3) satisfying (3.4). 
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æ, Dx, D0 > 0 
subject to the initial conditions  
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Theorem 4.2 
For ,0,0,0,0,20,0 153423121 ωα ≤<≤≤≤≤≤≤≤≤≤≤ yMyMyMyyN  
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0,,,,,,0,0 3213213726 >≤<≤< MMMyy ωωωωω , the functions )7,6,5,4,3,2,1( =ifi  

are Lipschitz continuous. 
Proof 

It is observed that 7,6,5,4,3,2,1,, =
∂
∂

ji
y

f

j

i  are bounded since there exists a constant 

,0>K such that 7,6,5,4,3,2,1,, =≤
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y

f

j

i  where K is the Lipschitz constant.  

Hence 7,6,5,4,3,2,1),,,,,,,( 7654321 =iyyyyyyyfi  are Lipschitz continuous and so (4.2) 

which satisfies (4.3) is Lipschitz continuous. 
 
Proof of Theorem 4.1 

By theorem 11.7 [4], the existence of Lipschitz constant in the proof of theorem 2 
implies the existence of unique solution of (4.2) satisfying (4.3). And this implies the existence 
of unique solution of problem (3.6-3.8) satisfying the boundary conditions (3.9). This 
completes the proof. 
 
5.0 Numerical Results 

The problem (4.2) subject to initial conditions (4.3) is solved by shooting method 
where the values of 32, ωωω  are guessed such that   
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The numerical results are presented in the figures 1 to 5. 
 
 
 

FIGURE 1 :The graphs show the temperature f( ηηηη), fuel 
concentration g( ηηηη) and oxygen concentration h( ηηηη) 

against the position  η η η ηwhen  αααα=0.25
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FIGURE 2:The graphs show the temperature f( ηηηη ) against ηηηη
 for various values of  αααα
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F IGUR E 3: T he graphs sho w the fuel co ncentra t io n g( η)  η)  η)  η)  
against  η η η η fo r vario us  va lues o f  αααα
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FIGURE 4: The graph shows the oxygen 
concentration h( ηηηη) for various values of αααα
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Fig ure 5: The p ro f iles o f  f uel  concent rat io n g ( η )η )η )η )  and  
o xyg en co ncent rat io n h( η )η )η )η )  ag ainst  t he t emp erat ure f ( ηηηη )  

when α α  α  α  =0 .2 5
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6.0 Discussion of results 

The work of Truscott et al. [10] was extended to a free boundary by assuming the 
reactant is not confined to a fixed space, and we studied the behaviour of the system under 
specified conditions. The criteria for the similarity solution were established in (3.5) and in 
theorems 1 and 2, the conditions for the existence of unique solution were stated and proved. 
The numerical results show the influence of activation energies ratioα  on the three- 
component model and identified the ignition point of the reaction. 

The figure 1 shows the temperature, fuel and oxygen concentrations profiles. It is 
observed that the temperature of the system rises and reaches maximum as the fuel 
concentration decreases linearly along the spatial domain, while the oxygen concentration also 
decreases at a slow rate. The figure 2 shows the effect of activation energies ratio on the 
maximum temperature of the chain reaction, and as α increases the maximum temperature of 
the system lowers. The figures 3 and 4 respectively show that α  has little effect on the fuel 
concentration but none on the oxygen concentration. Figure 5 shows the ignition temperature 

0765.0)( =ηf  which is the temperature at which the combustible fluid begins to burn. 
 

7.0 Conclusion 
The existence of a solution of the free boundary problem implies that the problem 

represents a physical problem under specified conditions. Therefore the established conditions 
and results are not only expected to guide insulation materials manufacturers but provide safety 
precautions during storage and usage. 

IGNITION POINT 
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