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Abstract 
 

We prove that the map that associates to the initial value the set of 
solutions to the Lipschitzian Quantum Stochastic Differential Inclusion 
(QSDI) admits a selection continuous from the locally convex space of 
stochastic processes to the adapted and weakly absolutely continuous space of 
solutions. As a corollary, we show that the reachable sets admit some 
continuous selections. In the framework of the Hudson - Parthasarathy 
formulations of quantum stochastic calculus, our results are achieved subject 
to some compactness conditions on the set of initial values and on some 
coefficients of the inclusion. The results here compliment similar results in 
our previous work in [3] where continuous selections defined on the set of the 
matrix elements of initial values were established. 
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1.0 Introduction 

The investigation of the existence of continuous selections and their applications have been an 
important preoccupation in the analysis of classical differential inclusions defined in finite dimensional 
Euclidean spaces. Research in this subject has attracted considerable attention in the literature. Some well 
known results on continuous selections and their applications in the finite dimensional Euclidean settings 
can be found in [1,2,13,14,15,17,18,19,20]. As in [17, 19, 20], Selection results have been used among 
other things for the interpolation of a given finite set of trajectories of classical inclusions.  However, in 
the non commutative quantum setting, investigation of the existence of continuous selections and their 
applications have not received adequate attention in the literature comparable to the classical situation. 
The analysis of quantum stochastic differential inclusions (QSDI) concerns quantum stochastic processes 
as solutions that live in certain infinite dimensional locally convex spaces. In addition, there are several 
locally convex operator topologies that may be defined on the space of such processes arising from 
several theories of noncommutative stochastic integration. There are several variants of topological 
conditions depending on the underlying properties of the locally convex spaces of the integrands that may 
be required of the domain and codomain of the selection maps. In the framework of the Hudson and 
Parthasarathy [16,18] formulations of quantum stochastic calculus, we established in our previous work 
[3], some continuous selections of solution sets of QSDI defined on the set of the matrix elements of 
initial points with values in the set of matrix elements of solutions. However, on this occasion and in the 
same framework of the Hudson and Parthasarathy formulation of quantum stochastic calculus and using 
the QSDI formulation due to [10], we establish the existence of a continuous selection map from a 
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compact subset of initial values contained in the locally convex space of stochastic processes into the 
locally convex space of adapted weakly absolutely continuous quantum stochastic processes. In addition, 
we show that the reachable set admits a continuous selection. This compliments our result in [3] where 
the sets of the matrix elements of both the solution and the reachable sets were shown to admit continuous 
selections and consequently admit some continuous parameterizations.   

In what follows, we shall consider A - valued quantum stochastic processes indexed by the 
interval [t0, T] with the space ˜ A endowed with weak topology generated by a family of semi-norms as in 
[3, 10, 11, 12].   

The existence of the continuous selections which we study in this paper concerns solution and the 
reachable sets of quantum stochastic differential inclusions in integral form given by: 

],,0[),))(,()())(,(

)())(,()()(,()(
0

)(,(()(

TttdssXsHsgdAsXsG

sfdAsXsFsfdAsXsFs
t

dsXsEatX

∈+++

++∧∫+∈ π
 (1.1) 

where the coefficients E, F, G,H lie in the space mvsATtlocL ))],0([2 ×  and ×∈ ],0[),0( Ttt α  

A× is a fixed point. 

For any pair of ED⊗∈ξη,  such that )(2.),(),( +∈⊗=⊗= RLedec γβαβξαη , as in our 

previous works in [3,4, 5, 6], we shall in what follows, employ the equivalent form of (1.1) established in 
[10] given by the non-classical ordinary differential inclusion: 

),)((,())(,( ξηξη tXtPtX
dt

d ∈  

],0[,)0( TttatX ∈=      (1.2) 
The multi-valued map P appearing in (1.2) is of the form  

)),(,(),)(,( ξαβηξη xtPxtP =  

 where the map AATtP 2],0[: →×αβ is given by 

),(),()(),()(),()(),( xtHxtGtxtFtxtEtxtP +++= ασβναβµαβ . 

The complex valued functions CTtv →],0[,, ασβαβµ  are defined by  

( ) ( ) ,),(()( γβπαβαµ tttt = γββ )(),()( ttftv = , ],0[,)(),()( Ttttgtt ∈= γαασ  

for all ATxt ×∈ ],0[),(  and the coefficient E, F, G,H belong to the space ))],0([2 ATtlocL × mvs 

of multivalued stochastic processes with closed values.  As explained in [10], the map P cannot in general 
be written in the form: ),,((),)(,( fp ξηξη xtPxtP =  for some complex valued multifunction defined on 

[t0, T]×C, for t 2 [t0, T], .,,],0[),( EDATxt ⊗∈×∈ ξη  
We refer the reader to the works of Ekhaguere in [10, 11, 12] for the details of several spaces and 

notations employed in this work. 
Under the condition of compactness of the values of the map ),)(,(),( ξηxtPxt → for arbitrary 

,, ED⊗∈ξη , we prove that the map which associates to the initial point Aa ∈ , the set of solutions S(T)(a) 

to (1.2) admits continuous selection from the space A  to the completion )(Awac  of the locally convex 
space of adapted weakly absolutely continuous stochastic processes indexed by elements of the interval 

[t0, T].  In particular, we show that the map )()(( aTRa →  admits a continuous selection, where R(T)(a) is 
the reachable set at t = T of the QSDI (1.1). 
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The plan for the rest of the paper is as follows: In section 2, we present some fundamental results, 
notations and assumptions. The main results of the paper are reported in Section 3. 

 
2.0 Preliminary results and assumptions 

In what follows, we adopt the notations, formulation and the frameworks as reported in [10, 11, 
12]. Detailed definitions of various spaces that appear below can be found in [10]. In what follows, γ  is a 

fixed Hilbert space, D is an inner product space with R as its completion, and )(2( +Γ RLγ  is the Boson Fock 

Space determined by the function space )(2 +RLγ .  The set E is the subset of the Fock space generated by 

the exponential vectors. If N is a topological space, then we denote by clos(N) (resp. comp(N) ), the 
family of all nonempty closed subsets of N (resp. compact members of clos(N) ). 

In our formulations, quantum stochastic processes are A - valued maps on [t0, T]. The space A  is 
the completion of the linear space 

)))(2(,( +Γ⊗⊗+= RLREDWLA γ  

endowed with the locally convex operator topology generated by the family of seminorms ηξxx →{ = 

,, ξη x }, ED⊗∈ξη .  Here A consist of linear operators from ED⊗  into ))(2( +Γ⊗ RLR γ  with the property 

that the domain of the operator adjoint contains ED⊗ . We adopt the notation and the definitions of 

Hausdorff topology on clos( A ) as explained in [10, 11, 12]. The Hausdorff topology is determined by 
some family of pseudo-metrics as defined in [10].On the set C of complex numbers, we employ the 
metric topology on clos(C) induced by the Hausdorff metric ρ. Thus for A, B, Є clos(C), ρ(A, B) is the 
Hausdorff distance of the sets and for arbitrary pair ),()(,,, MNAclosMNED βρηξη ∈⊗∈  denotes the 

family of pseudo-metrics as defined in [10, 11, 12]. 
A quantum stochastic process ATt →Φ ],0[:  will be said to be weakly continuous on [t0, T] if 

for each pair ED⊗∈ξη, , the map )(tt ηξΦ→  is continuous. Here fp ξηηξ )(,:)( tt Φ=Φ . We shall denote 

by C[I, A ] the set of all weakly continuous quantum stochastic processes on [t0, T] and for each 
},,[ AIC∈Φ  we set 

ηξηξηξ )(sup)(sup: t
I

t
IC

Φ=Φ=Φ    (2.1) 

If we denote by Ad( A )wc the set of all adapted weakly continuous stochastic processes, then we have the 
following set inclusion ],[)()( AICwcAAdwacAAd ⊆⊆ , since all weakly absolutely continuous 
stochastic processes are weakly continuous. 

As in [10], we denote by wac( A ), the completion of Ad( A )wac in the topology generated by the 
family of seminorms 

 
 

( )∫ Φ+Φ=Φ
T

t
dss

ds

d
t

0

,)0( fp ξη
ηξηξ    (2.2) 

for each wacAAd )[∈Φ  and arbitrary ED⊗∈ξη, . 
In our subsequent presentation, we assume that the multivalued sesquilinear multivalued map (t, 

x)→ ),)(,( ξηxtP  appearing in Equation (1.2) satisfies the following conditions: 

EDSesqATtPaS ⊗→×⊆Ω (2)0[:)(  
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defined on an open subset ATt ×⊆Ω ],0[  bounded on Ω  by constants ηξM that depend on ,,ξη  i.e 

( ) EDxtMxtP ⊗∈Ω∈≤ ξηηξξη ,,,,),)(,( . 

S(b)  The map ),)(,( ξηxtPt →  is measurable for fixed Ax ∈ and for all ED⊗∈ξη, .  S(c) the map 

),)(,(),( ξηxtPxt →  is Lipschitzian with Lipschitz function )(tKηξ  lying in 1
locL ([t0, T]), i. e. for x, y A∈  

ηξηξξηξηρ yxtKytPxtP −≤ )()),)(,(,),)(,( . 

S(d)  he set CxtP ⊆),)(,( ξη are compact in EDxtC ⊗∈Ω∈∀ ξη,,),( .  S(e)  There exists a compact set 

AA ⊆  such that ED⊗∈∀ ξη, , the set  

AVAttvat ∈∈−+ ,:)0(,{(  such that Ω⊆∈≤ ],0[,|||| TttMv ηξηξ  

Moreover, we set   dss
t

t
KtY )(

0

)( ∫= ηξηξ .    (2.3) 

We shall restrict our consideration to a subinterval I = [t0, u] ⊂ [t0, T] such that 

ED
YuY

e ⊗∈∀−
−

=Λ ξηηβηξηξ ,;1)1
)(

(3 p .    (2.4) 

On the whole interval [t0, T], the result can be obtained by applying Theorem 3.1 below on each 
subinterval satisfying condition (2.4) and by taking composition of maps. In what follows, we set 

∫
−

=Γ
u

t
ds

sYuY
e

0

)()( ηξηξηξ . 

For any pair of ED⊗∈ξη,  such that )(2,),(),( +∈⊗=⊗= RLedec γβαβξαη ,  we shall in what 

follows, employ the equivalent form of (1.2). 
 
3.0 Establishment of the selection map 

We shall establish the existence of the continuous selection in this section by employing an 
adaptation of the techniques employed in Cellina [1] suitable for the present analysis of QSDI in the 
framework of the Hudson-Parthasarathy quantum stochastic calculus. As in [1], our main tools in the 
construction of the selection are some suitable use of Liapunov’s Theorem on the range of vector 
measures (see [14, 15]) and Ekhaguere’s existence results of solutions of QSDI (1.1) concerning the 
generalization of Filippov ’s extension of Gronwall’s inequalities to QSDI (1.1) as reported in [10]. By a 

solution of (1.1) we mean a quantum stochastic process ATt →Φ ],0[:  lying in )(2)( AlocLwacAAd I  

satisfying QSDI (1.1). We denote by S(T)(a), the set of solutions of Lipschitzian QSDI (1.1). It has been 
established in [10] that this set is not empty. 

Our main result below shows that there exists a continuous map AwacA →Φ : , such that for each 

a Є A, ˜ AwacaTSa ⊆∈Φ )()()( . 
 

Theorem 3.1 
Suppose that the map ),)(,(),( ξηxtPxt →  satisfy the assumptions S(a) - S (e).  Then there exists 

a continuous map )(:
~

AwacA →Φ  such that for every a )(
~

, aAa Φ∈  is a solution to the QSDI (1.2). 
 

Proof 
The proof shall be presented in six parts as follows: 

Part A 
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We claim that there exist two sequences of adapted stochastic processes ,0[:),( tnan ΨΦ u] 

A
~→  such that 

(i)  )();()( anauSn Φ∈Ψ ) is weakly absolutely continuous and adapted 

such that _ atan =Φ 0)( .  Setting ,))((,:))(( fp ξηηξ tntan Φ=Φ  then, 

(ii) fpfp ξηξηηξηξ ))(((,))(((,sup)()( tantan

c
anan Ψ−Φ=Φ−Φ  

 .1−ΛΓ≤ nM ηξηξηξ  

(iii) For every Є > 0, there exists 0),,,()( fξηεδεδ n= depending on ξηε ,,,n and a function 

):),( +→ IRIaR εηξ  satisfying εξεηξ nMdssa
I

nR 2))(,( ≤∫  such that 

))(,(|))(((,))(((,| tanRtan
dt

d
tan

dt

d εηξξηξη ≤′Φ−Φ fpfp , whenever 

 ).(εδηξ ≤′− aa  

(iv) |))(((,))(((,| fpfp ξηξη tan
dt

d
tan

dt

d Ψ−Φ  

     2,
)(

)(23 ≥−ΛΓ≤ n
tY

etKnM ηξηξηξηξηξ  

(v) .3,13|)(1)(| ≥−ΛΓ≤−Φ−Φ nnManan
ηξηξηξηξ  

Part B 

We apply mathematical induction as follows:  Set ata =Φ ))((1 .  Then trivially, )(1 aΦ lies in 

wacAAd )
~

( .  Also by the boundedness of P, 
 

ηξξηξηξη MatPdttPta
dt

d ≤=ΦΦ ),)(,(,0(),)()(1,(,))((1(,( fp .  By Ekhaguere (1992) there exists 

)()()(1 auSa ∈Ψ  such that ],,0[ utt ∈∀  

∫ Γ≤
−

≤Ψ−Φ
t

t
MdsM

snYtY
etata

0

))()((
))((1))((1

ηξηξηξξηξ
ηξ

. 

The above shows that 1,1 ΨΦ  satisfy items (i), (ii) in Part A, with n = 1.  Item (iii) also holds by putting 

0),(1 =εηξ aR  for n = 1.  Assume that we have defined vΦ (a) and vΨ (a) satisfying items (i) – (iii), for 

1,2,1 −= nv L . We claim that we can define )(anΦ  and )(anΨ  satisfying items (i) – (iv) for 2≥n . 
 
Part C 

For notational simplification, we will denote 1−Φn  by Φ  and 1−Ψn  by Ψ .  The map 

)(],
~

,[: aaAICA Φ→→Φ  is uniformly continuous on account of our assumption in Part A above.  This 
can be shown as follows: 
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Let r > 0 be a real number satisfying the following ),1( −ΛΓ≤ nr ηξηξδ  where δ  is defined in Part 

A, item (ii) above. Then aa ′′′,  lying in the set B(a, r) = { ,||:||
~

raxAx ≤−∈ ηξ  

IEID⊗∈∀ ξη, } implies that δηξ ≤≤′− raa ||||  and δηξ ≤≤′′− raa |||| .  By item (iii), Part A,  

 ))(,(|)(((,))(((,| tanRta
dt

d
ta

dt

d εηξξηξη ≤′Φ−Φ fpfp   

and   ))(,(|)(((,))(((,| tanRta
dt

d
ta

dt

d εηξξηξη ≤′′Φ−Φ fpfp  

so that  

  ))(,(2|)(((,))(((,| tanRta
dt

d
ta

dt

d εηξξηξη ≤′′Φ−′Φ fpfp   (3.2) 

But by the absolute continuity of the map )))((,))((,( fpfp ξηξη tatat ′′Φ−′Φ→ , we have 

|)))(((,))(((,(||))(((,))(((,| dssa
I

sa
ds

d
tatat fpfpfpfp ξηξηξηξη ′′∫ Φ−′Φ=′′Φ−′Φ  (3.3) 

Hence from (3.3) and using (3.1) 

∫ ≤−≤′′Φ−′Φ
I

MdssanRtata εηξεηξξηξη 4))(,(12|))((,))((,| fpfp . 

If ,2
3

1 −ΛΓ≤ nMr ηξηξηξ  then 2
3

2
2|||| −ΛΓ≤≤′′−′ nMraa ηξηξηξηξ , implies that 

,2
3

1
||))(())((|| −ΛΓ≤′′Φ−′Φ n

nMtata ηξξηξηξ  

where ε  is small enough so that 2
12

11
12

1 −ΛΓ≤−ΛΓ≤ nn
ηξηξηξηξε .  Consequently we have for 

),(, raBaa ∈′′′ , 2
3

1
||))(()(|| −ΛΓ≤′′Φ−′Φ n

nMctaa ηξξηξηξηξ .  Our claim of uniform  

 
continuity of the map )(aa Φ→  follows.  Let },,2,1],,[{ miriaB L=  be a finite open cover of the 

compact set A, iia ∀∈  and +→Π IRAi : , a partition of unity subordinate to the cover.  Here

},,||:||
~

{],[ IEIDraxAxraB ⊗∈∀−∈= ξηηξ p  and )(,1)(
1

aa
m

i
i Π=∑

=
Π  > 

.,0 Aa∈∀   For the existence of partition of unity, see [2]. 
 Next, we define 

   )(
1

),( a
ji
iaj ∑

≤≤
Π=σ  and ))(()( tiati Ψ=Ψ . 

Let 0fδ  be such that ,0 m
tu

′=
−
δ  an integer and 2

12
1 −ΛΓ n

ηξηξδ p .  The subintervals =)( jJ  

mjjtjt ′=+−+ ,,2,1,0,)1(0[ Lδδ  form a partition of the interval I = [t0, u). 

Corresponding to an arbitrary pair of elements IEID⊗∈ξη, , we consider the family of 
complex valued maps on [t0, u) defined by 

mjmitjJItidt

d
tjiD ′==Ψ= LLfp 2,1;,2,1),()()(,)(,, ξηηξ ,  (3.4) 
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where IJ(j) is the characteristic function on the set J(j).  Let {A(α)} be a nested family of measurable 
subsets of the interval [t0, u), A(0) = Ø, A(1) = [t0, u) such that 

)0())((,)(

0

,,)(
)(

,, tuAdtt
u

t
jiDdtt

A
jiD −=∫=∫ ααµηξα

α
ηξ   (3.5) 

Such a family exists by a Corollary to Liapunov’s theorem (see [1, 14]). Since )()(
iauSi ∈Ψ  then as 

shown in [10], there exists processes AIiV
~

: →  lying in )
~

(1 AlocL  such that iati =Ψ )(  + ∫
t

t
dssiV

0

)(  and 

.)(,)(, fpfp ξηξη tiVtidt

d =Ψ   It follows from (3.4) that 

mjmitjJItiVtjiD ′=== LLfp 2,1;,2,1,)()()(,)(,, ξηηξ .   

Hence by (3.5) and putting mjmitjJItiVtjiV ′=== LL 2,1;,2,1),()()()( , we have  

,)(

0

,)(
)(
, dtt

u

t
jiVdtt

A
jiV ∫=∫ α

α
     (3.5b) 

Next we define the stochastic process Autan ~
],0[:)( →Φ  by  

∑ ∫ −+=Φ
i

t

t
dssaiAaiAIsiVatan

0

)()),1((\)),(()())(( σσ    (3.6) 

with its matrix element given by  

∑ ∫ −+=Φ
i

t

t
dssaiAaiAIsiVatan

0

)()),1((\)),(())((,,))(((, σσξηξηξη fpfpfp  

 
 

We remark that the process Φn(a) given by (3.6) lies in wac( A
~

) since each )
~

(1 AlocLiV ∈  and in addition, 

Φn(a) is an adapted and weakly absolutely continuous process. 
To show that Φn(a) satisfies item (iii) of Part A, we note that as in the proof of the only Theorem 

in [1], fp ξη )(, an
dt

d Φ  and fp ξη )(, an
dt

d ′Φ  differ only on the subset and E′ ⊂ [t0, u] given by 

U
m

i
aiAaiAaiAaiAE

1
)))},1((\)),(())),1((\)),(({(

=
′−′∆−=′ σσσσ and that 

U
m

i
aiAaiAE

1
)))},(()),(({(

=
′∆⊂′ σσ    (3.7) 

As in [1], we fix any ε > 0 and let Θηξ = Θηξ(ε) be the common modulus of continuity of the maps a → 
σ(i, a) in the seminorm ,ηξ⋅  i.e 
















′−

≤′−′∈
=Θ ),(),(

||:||
supsup:)( aiai
aaaAa

σσ
εηξ

εηξ   (3.8) 
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Then whenever 
m

aa
2

|||| εηξηξ Θ′− p , the superset in (3.7) is contained in the set 

U
m

i m
aiA

m
aiAaE

1
)}

2
),((\)

2
),(({(),(

=
−+=′′ εσεσε   (3.9) 

and the total measure of E"(a, ε) is bounded by ε or ∫ ′′
I

aEI εε p),( .  Consequently, we have 

)(),(2|))(((,))((,| taEIMtan
dt

d
tan

dt

d
εηξξηξη ′′≤′Φ−Φ fpfp  (3.10) 

so that item (iii) in Part A follows with  

)
2

()(
m

ε
ηξεδ Θ=  and )(),(2))(,( ttaEIMtanR ′′= ηξεηξ  

Part D 
We shall estimate here the pseudo-distance of Φn(a) from the set of solution S(u)(a). To this end, 

let t Є [t0 + rδ, t0 +(r +1)δ)). At the point t = t0 + rδ, the integral in (3.6) can be written as 

∑ Ψ−+ΨΠ=

−+∑ ∑
≤

Ψ+ΨΠ=

∑
≤

∑ ∫Π=

∑ ∑
≤

∫ −
=

∑ ∑
≤

−∫=

∑ ∑
≤

−∫=∑ ∫

+

−

i
tirtiai

lt
i rl

iltiai

dss
rl i

liVai

dss
i rl

liV
aiAaiA

i rl
dssaiAaiAIsiV

i rl
dslJIaiAaiAIsiV

i

rt

t
dsaiAaiAIsiV

)}0()0(){(

)})1(0()0(){(

,)(,)(

)(,)),1((\)),((

)()),1((\)),(()(

)()),1((\)),(()(
0

0
)),1((\)),(()(

δ

δδ

σσ

σσ

σσ
δ

σσ

 

 
 

This follows from (3.5)b and the definition of σ(·,·).  Hence, we have 

∑ −+ΨΠ=−+Φ
i

iartiaiartan )0()(()0)(( δδ  

For any j Є {1, 2, …,m} and arbitrary ηξ Є ID ⊗ IE, we can write  

ηξδηξ

δηξδδηξ

||0()(||||))((

)0)((||||0()0)((||||))((||

rtjtitan

rtanrtjrtantan

+−Ψ+Φ−

+Φ++Ψ−+Φ≤−Φ
  (3.11) 

Since  

nMtan
dt

d
ηξξη ≤Φ |))((,| fp  and nMtjdt

d
ηξξη ≤Ψ |)(,| fp , 

by our choice of δ, the sum of the last two terms in (3.11) is bounded by  

2
3

1 −ΛΓ n
nM ηξξηξ . 

Hence, from (3.11) 

∑ +Ψ−+ΨΠ+∑Π−≤Ψ−Φ
i

rtjrtiai
i

iaaiatitan
ηξδδηξηξ ||0()0()((||||)(||||)())((||  
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2
3

1 −ΛΓ+ n
nM ηξξηξ      (3.12) 

By our choice of r in Part C, whenever Πi(a) > 0, then 2
3

1
|||| −ΛΓ≤− n

nMiaa ηξξηξ .  This estimate also 

holds for the first term at the right hand side of (3.12).  Furthermore, 

ηξδδηξδ

δηξδδηξδδ

||0()0)((||||)0)((

)0)((||||)0)(()0(||||0()0(||

rtjrtjartja

rtiartiartirtjrti

+Ψ−+++Φ−

+Φ++Φ−+Ψ≤+Ψ−+Ψ
(3.13) 

When both Πi(a) > 0 and Πj(a) > 0 and by the choice of r, the second term 
on the right of (3.13) satisfies 

ηξδδ ||)0)(()0)((|| rtjartian +Φ−+Φ 2
3
1 −ΛΓ≤ n

nM ηξξηξ    (3.14) 

so that by item (ii) in Part A and the recursive assumption, we finally have 

ηξ||)())((|| tjtan Ψ−Φ  23 −ΛΓ≤ n
nM ηξξηξ    (3.15) 

Equation (3.15) holds for every j such that Πj > 0. By the definition of Φn(a)(t) given by (3.6), at any 

point t except on a set of measure zero in I, fpfp ξηξη )(,))((, tjdt

d
tan

dt

d Ψ=Φ  for some j such that 

Πj(a) > 0.  Since Ψj Є S(u)(aj), then ),))((,()(, ξηξη tjtPtjdt

d Ψ∈Ψ fp  and therefore we have 

)(23||))(()(||)(

),))()((,(),,))((,((),))()((,(,))((,

tKn
taMtantjtK

tantPtjtPtantPtan
dt

d
d

ηξξεηξηξηξηξ

ξηξηρξηξη

−ΛΓ≤Φ−Ψ≤

ΦΨ≤



ΦΦ




fp

(3.16) 

on account of (3.15) and the fact that the map (t, x) → P(t, x)(η, ξ) is Lipschitzian.  Estimate (3.16) is 
independent of j and therefore hold on I = [t0, u].  Again by the existence result of [10], there exists a 
stochastic process Ψn(a) Є S(u)(a) such that 
 
 

1)1)((23||))(())((|| −ΛΓ≤−−ΛΓ≤Φ−Ψ nMtY
en

taMtantan
ηξηξηξηξ

ξεηξηξηξ  (3.17) 

and | |))((,))((, fpfp ξηξη tan
dt

d
tan

dt

d Φ−Ψ )()(23 tY
etKnM ηξηξηξηξηξ

−ΛΓ≤  (3.18) 

Inequalities (3.17) and (3.18) prove items (ii) and (iv) in Part A for all n ≥ 2. 
 
Part E 

It is now left for us to show that if items (i) – (iv) hold up to n – 1, then item (v) holds for n. We 

use the same notations as before to fix any t and let j be such that ξη ))((, tan
dt

d Φp  

fpf ξη ))((, tajdt

d Ψ=  so that Πj(a) > 0. Then we have 

|))((,))((,||)))(((,)(,|

|))((,)(,||))((1,))((,|

fpfpfpfp

fpfpfpfp

ξηξηξηξη

ξηξηξηξη

ta
dt

d
tja

dt

d
tja

dt

d
tjdt

d

ta
dt

d
tjdt

d
tan

dt

d
tan

dt

d

Φ−Φ+Φ−Ψ≤

Φ−Ψ=−Φ−Φ
(3.19) 

By item (iv), the first term in (3.18) is bounded by  
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)()(23 tY
etKnM ηξηξηξηξηξ

−ΛΓ  

while by the choice of r, and applying item (iii), the second term in (3.18) is bounded by the functions  

+→−ΛΓ− IRIn
nanR :1,(1

ηξξηξ  

satisfying the conditions of item (iii). These bounds do not depend on j and so hold on the whole of 
interval I.  Since  

∫
−

I
MdttanR ηξεηξ 2))(,(1

p ,  

we have 

121

)(1,(1)(23

|))((1))(((,||)(1)(|

−ΛΓ+−ΛΓ≤

−ΛΓ∫
−+∫

−ΛΓ≤

−Φ−Φ∫=−Φ−Φ

nMnM

dttna
I

nRdttY
eK

I

nM

dttantan

I dt

d
anan

ηξηξηξηξηξηξ

ηξηξηξ
ηξηξηξηξηξ

ξηηξ fp

 

proving item (v). 
 
Part F 

By item (iii), each map Φn:A → wac( A
~

) is uniformly continuous. Since Ληξ < 1 for arbitrary pair 

,, IEID⊗∈ξη  item (v) shows that the sequence {Φn(a)} is Cauchy. Since wac( A
~

) is complete, the 

sequence converges to a continuous map Φ: A → wac( A
~

).  By construction, { }fp ξη ))((, tan
dt
d Φ  

converges in ][1 IL  to .))((, fp ξη ta
dt
d Φ   Hence, a subsequence converges to fp ξη ))((

~
, ta

dt
d Φ  

pointwise almost every where. 
 
 

By item (iv), 

0),))()((,(,))((, →



ΦΦ



 ξηξη tantPtan
dt

d
d fp  as ∞→n  

Since the images P(t, x)(η, ξ) are compact and therefore closed and the map (t, x) → P(t, x)(η, ξ) is 
continuous, then we have: 

),))()((
~

,())((
~

, ξηξη tatPta
dt
d Φ∈Φ fp  

showing that 

).
~

()()()(
~

AwacauSa ⊆∈Φ  
The next result is a direct consequence of Theorem 3.1 concerning the reachable sets of QSDI (1.1) 
defined by: 

AaTSaTaaTR
~

)}()()(:))(({)()( ⊆∈ΨΨ=  
 
Corollary 3.2 

The multivalued map AATR
~

2:)( →  admits a continuous selection where R(T)(a) is the 
reachable set at time t = T for each a Є A. 
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