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Abstract

In this short note we extend a result of Jahangiri and Farahmand [5]
concerning functions of bounded turning to a more general class of functions

1.0 Introduction
Let C be the complex plane. Denote Ayhe class of functions:

f()=z+a,z%+ (1.1)
which are analytic in the unit disk ={z: | z| <1}

In [5]Jahangiri and Faramand studied the partial sumseotitiera integral of the clad3(3),
which consist of functions iA satisfyingRef'(z) > 8,0< B <1. Functions irB() are called functions

of bounded turning. It is known that functions of bounded turning are generallalent and close-
toOconvex in the nit disk. In particular they proved thantliepartials ums.

Fm(d=z+ g 2 a2 (1.2)
k=ok+1 K
of the Libera intergral

F(azjgfaxn (1.3)
is also of bounded turning. Their result was stated as:

Theorem A.
If %g ,8 <l and fO B(,B)- then Fm U B(%—j

Earlier and Owa [6] have proved thatfifl A is univalent inE, then the partial surk(2) is
starlike in the subdiskz|<g, the numbe% being the best possible.

The result of Jahangiri and Farahmand [5] naturally leadsduaisition about a more general
class of functions (includin@() as a special case), which was introduced in [7] by Opoolabdes
studied extensively in [2]. This is the claﬁﬁ(ﬂ) consisting of functiong O A which satisfy the
inequality;

n a
eD f(2) S

az?

R ;; (1.4)
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wherea > 0 is real, 00< 5 <1, Dn(nD No ={0, 1, 2,--}) isthe Salagean derivative operator defined as
D"f(2=D[D" Lt (21=4D" Lt (21 (1.5)

with Dof(z) = f(2) and powers in (1.4) meaning principal values only. Obverse thajethmetric

condition (1.4) slightly modifies the only given originally in [7] (sed.[2Dnverse also that the cld&(§)
correspondsta=a = 1.
In a recent work we considered the generalized Bernardi integratapgiken by

F(pa =2

- T2z 1 1) 2at, a+c>0 (1.6)
and sharpened and extended many earlier results concerning dosleethe integral, of several classes
of functions. In the present paper we define a concept of quasitmnns and follow a method of
Jahagiri an Farahmand [5] to extend their result (Theorem A) to theT(;fa(s{S) :
As we noted in [1], the binomial expansion of (1,1) gives
(@2 =22+ Sag(@z®* k1
k=2
whereay(a) is a polynomial depending on the coefficient§(gfand the indexr. Hence
F@9 =29+ y —97C g (@)z9+k1 (1.8)
k+2a+tc+k-1
and we define theith quasi-partial sums of the integral (1.6) as follows

2.7)

a+c a+k-1
Fn(2)9 =29 + —ar(a)z 1.9
m@* kzz o @ (1.9)

In the next section we state the preliminary results.

2.0  Preliminary Results
We will require the following lemmas.
Lemma 2.1 [3]
Let O be a real number and 1 a positive integer-1& y < A, then

1 1 coslg
+ >0

I+y (=1 k+y
The constanf = 4.5678018,. is the best possible.

Lemma 2.2

For zOE,-1<y< A=45678018.., R{ % 2 ]2 -——
k=1K+y | 1+y
Proof
Let z=re" whereO<r <1, 0<|0|< 7. Then by De Moivre’s law and the minimum principle
for harmonic functionsRe{ le zk J— ; rkCosk9 le COSI@. Hence by Abel's Lemma [8, pg 6]
k=1 K+V ] k=1 k+y (=1 k+y

and Lemma 2.1 above the conclusion follows. R.denote
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the class of analytic functions of the form

p(z) =1+crz+... (2.1)
normalized byp(0) = 1 and satisfy R¥z) > 0 inE. The next lemma concerns convolution of analytic
functions with functions inP. The convolution (or Hadamard product) of two power series

f(7= ¥ ab X andg(?)= 3 b, & (written as*g) is defined agf g)@) = ¥ a b
k:oakbk k=0 k=0 K K

2K -
Lemma 2.3 [4]

Let p(z) be analytic in E and satisfy p(0) = 1 dReé p(2) >% in E. For analytic function a(z) in
E, the convolution p * q takes values in the convex hull of the image of E under a(z).

3.0 Main Results
Theorem 3.1

Let f(z) given byl.1)be in the clasé'r?(ﬂ). Then

DNE a _
rReD_m@" o, 20=H@*O) < 45678018.. (3.1)
a2 (a+c+l)
Furthermore if 5 > %% , then F1(2) belongs to some subclasses of the cTa%Q,B)
a+c

Proof
From (1.7) and the condition (1.4) we have
1 a+k-1) k-1l 1
Re1+ > ( j ak (a)z >= (3.2)
QJ\ 20-5) k=2 a 2
Also from (1.9) we have
D"Fm(2)? a+k-1"  a+c -
P8y 5 *_a@=pra @3
a'"z k=2 a a+ct+k-1
where
1 a+k-1" k-1
p(2) =1+ ) ag(a)z™ -, (3.4)
2(1—,8)k=2{ a J
M a+c k-1
q(2=1+20-8) ¥ ————2 (3.5)
k=2 +c+k-1

Thus by Lemma 2.3 and the condition (3.1) the geometric quanlmri’kﬁin(z)%n z9 takes values in

the convex hull o§(E). But

E{m—l K J
Req(z) =1+21-pB)(a+c)Rg > (3.6)

k=1 +C+kK
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We know from (1.6) thatx + ¢ > 0. Now suppose + ¢ < 4.5678018.., then by takind = m —1 in
Lemma 22, the real part of the series on right of (3.6) is greater-ttan c +1) 1 50 that
DIIF a —_
e—m(z) =Req(2) >1——2(1 Ala+c) (3.7)
alrza (O’ +C+1)
l(a+c-)

AL=PNa*) s nonnegative only fors= =
(o +c+1]) 2 (a+q)

R

Now observe that the real number

Thus only in this case it is cleBr(2) belongs to some subclasses of the clg§§3). This completes the
proof.

i
Remark
Foraa = 1,c= 0, the partial sums
m
Fm(@=z+ ¥ 2k (3.8)
k=2 K
of the integral
F(2) =&t @t (3.9)

for eachf O B,(1), belongs to the clad€¥,(1) in general. More particularly, the partial sum (3.8) of the
integral (3.9) of a function of bounded turning in the unit ds&lso a function of bounded turning in the
unit disk.

4.0 Conclusion

In this paper we defined a hew concept of quasi-partial sums getieralized Bernard integral.
We used the new concept to extend an earlier result of JahemgjiFarahmand [5] concerning functions
of bounded turning to a more general class of function.
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