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Abstract 
 

It is well known that any fixed point of a Lipschitzian strictly pseudo-
contractive self mapping of a nonempty closed convex and bounded subset K 
of a Banach space X is unique [6] and may be norm approximated by an 
iterative procedure. In this paper, we show that Mann iteration with errors can 
be used to approximate the fixed points of strictly pseudocontractive 
mappings. Our result extend the corresponding result obtained by Liu [6]. 
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1.0 Preliminaries  
 The Mann iteration procedure has been introduced as a viable method to approximate the fixed 
points of a contractive operator when the Picard iteration does not converge [4]. 

Let X be a Banach space, let T: X→X be a map.  Suppose Xx ∈0 . The Mann iteration [6] is given 
by:    

( ) 0,11 ≥+−=+ nnTxnnxnnx αα     (1.1) 

where the sequence ( ) ( ),1,0⊂nnα 0lim =nα  and ∑
∞

=
∞=

1n
nα .  The Mann iteration with errors ([3], 

[5]) is defined as sequence )( nx  where 

( ) nenTxnnxnnx ++−=+ αα11    (1.2) 

( ) ( )∑
∞

=
∞<⊂

1n
nandnesatisfyXne α is the same as in (1.1). When en = 0 for all n, then we have the usual 

Mann iteration procedure in (1.1). 
 
Definition 1 1 ([6]) 

Let X be a Banach space. A mapping T is said to be strictly pseudocontractive if there exists a 
number t >1 such that the inequality ( ) ( ) ( )TyTxrtyxryx −−−+≤− 1  holds for all x, y ε D(T) and r 

> 0 
 
Definition 1.2. ([2] and [6]).  

A mapping T is said to be strongly accretive if there exists a positive number k such that for each 
x, y ∈  D(T) there is j Є J (x - y) such that  

2, yxkjTyTx −≥−      (1.3) 

where J is the normalized duality mapping from X to 2x* given by  
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==∈= *,Re22*:** FxxfXfJx .   

The inequality (1.3) implies the inequality ( ) ( )[ ]ykITxkITryxyx −−−+−≤− , k ∈  (0,1). 

 
Definition 1.3 ([6, L emma1]).  

Let X be a Banach Space, K a subset of X, and  
T: K → K. Then T is a strictly pseudocontractive mapping if and only if I - T is a strongly accretive 
mapping i.e. the inequality. 
 

( ) ( )[ ]ykITIxkITIryxyx −−−−−+−≤−  (1.4) 

holds for any x, y ∈ k and r > 0, 
t

t
k

1−=  and I is the identity map. 

 
Definition 1.4 

Let X be a Banach Space. Let K be a non empty closed, convex subset of a Banach space X and T 
: K → K. T is Lipschitzian if there exists L > 0 such that 

 
    yxLTyTx −≤−     (1.5) 

for all x, y Є K. Of course, we are most interested in the case where L ≥ 1. 
The following lemma can be found in [10] 

 
Lemma 1.5 ([10]).  

Let an be a nonnegative sequence that satisfies the inequality ( ) nanna λ−≤+ 11 +σn 

where ( )1,0∈nλ  for each Nn ∈ , ∑
∞

=
∞=

1n
nλ and .0lim, =∈

∞→
∈= n

n
nnn λσ Then  

0lim =
∞→

na
n

 

The Mann iteration with errors have been used by several authors to approximate the fixed point 
of Lipschitzian strictly pseudocontractive maps defined on uniformly smooth Banach space. For example, 
see [3] and [5]. 

The purpose of this paper is to show that the Mann iteration with errors converges strongly to the 
unique fixed point of a Lipschitzian and strictly pseudocontractive mapping. Chidume [2] considered the 
Mann iterative process for strongly pseudocontractive maps defined on an Hilbert space. Ding [3] 
improve on Chidume’s result by considering the Mann iteration with errors, though for locally strictly 
pseudocontractive maps, which is not as general as strongly pseudocontractive maps. However, Baeke et 
al [1] improved on the result by considering the Mann iteration with errors for strongly pseudocontractive 
maps defined on an Hilbert space. Liu [6] consider the Mann iteration for strongly pseudocontractive 
maps defined on a Banach space which is more general than an Hilbert space. This paper generalized the 
result of Liu by considering the Mann iteration with errors for strongly pseudocontractive maps defined 
on a Banach space.  
 
2.0 Main result  

Let us denote F(T) = {p: Tp = p}. We now give the following result. 
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Theorem 2.1 

Let X be a Banach space, and let K be a nonempty closed convex and bounded subset of a Banach 
X. Let T: K→K be a Lipschitzian strictly pseudo contractive mapping. If F(T) ≠φ , then {xn} K⊂
generated by ( ) 0,0,11 ≥∈++−=+ nkxnenTxnnxnnx αα , with {�n} ⊂  [0,1] satisfying  

(i) ∞→nα  and  

(ii) ∞=∑
∞

=1n
nα  strongly converges to p Є F(T). 

 
Proof 

Following the approach in [6] we have, 

( ) ( )
( ) ( ) nenTxnTxnnxnnxnx

nxkITInnxn

nenTxnnxnnxnx

−−++++−−
+−−+++=

−−++=

112
111

1

ααα
αα

αα

  (2.1) 

( ) ( ) ( ) ( )[ ]
( ) nenTxnTxn

nxnnenTxnnxnnknxkITInnxn
−−++

+++−−−+−−+++=

1

12111

α
αααααα

 (2.2) 

 

( ) ( ) ( ) ( ) ( )
( ) ( ) nenTxnTxnnxnnenk

nTxnxnKnxnknxkITInnxn

−−+++−−

−−+−−+−−+++=

12

222111

ααα

αααα
 

 

( ) ( ) ( ) ( ) ( )
( ) ( ) nenknenTxnTxn

nTxnxnknxnknxkITInnxn
αα

αααα
−−−−++

−−+−−+−−+++=
21

221111   (2.3) 

 
By using the inequality (1.4) with x = xn+1 and y = p  
 

( ) ( )[ ]
( ) ( )pnxkITIn

pnxpkITInxkITInpnxpnx

−+−−+

−+=−−−+−−+−+≤−+

1

1111

α

α
 

Thus,      

( ) .10 pnxkITIn −+−−≤ α    (2.4) 

 
In view of (2.4), inequality (2.3) can be rewritten as 
 

( ) ( ) ( )
( )( )nknenTxnTxn

nTxnxnkpnxnkpnxnpnx

αα

ααα

−+−−+−

−−−−−−−++≥−

211

22111
 (2.5) 

 

( ) ( ) ( )
( )( )nknenTxnTxn

nTxnxnkpnxnkpnxpnxn

αα

ααα

−++−++

−−+−−+−≤−++

211

22111
(2.6) 

 
Since T is Lipschitzian, from (1.5) we have 
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( )
( )

LnenxnTxLn

nenxnTxnL

nxnenTxnnxnL

nxnxLnTxnTx

+−≤

+−=

−++−=

−+≤−+

α
α

αα1

11

   (2.7) 

But, 

( ) ( )

( ) pnxL

pnxpnxLpnxTpnTx

pnxpnTxnxppnTx

nxppnTxnxnTx

−+=

−+−≤−+−=

−+−≤−+−=

−+−=−

1

 (2.8) 

 
Substituting (2.7) and (2.8) into (2.6) to get  

( ) ( ) ( ) ( )
( )( )

( ) ( ) ( )
( ) ( )( )

( )[ ] ( ) ( ) pnxLnkpnxnk

nkneLnenpnxLLn

pnxLnkpnxnkpnx

nkneLnennxnTxLn

pnxLnkpnxnkpnxpnxn

−+−+−−+=

−+++−++

−+−+−−+−=

−+++−+

−+−+−−+−≤−++

12211

2112

1221

212

122111

αα

ααα

αα

ααα

ααα

 

( ) ( )( )nkneLnenpnxLLn ααα −+++−++ 2112  (2.9) 

( ) ( )[ ] ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) LnennnknenpnxLLnn

pnxLnknpnxnknpnx

αααααα

αααα
1121111211

1221111111

−++−+−++−+−++

−+−−++−−+−+≤−+
(2.10) 

 
Recall that (1+�n)

-1 < 1-�n + �n
2 and (1+�n)

-1 < 1. Hence 

( )[ ] ( ) ( )

( ) ( )[ ]nkneLnenpnxLLn

pnxLnkpnxnnnkpnx

ααα

αααα

−+++−++

−+−+−




 +−−+≤−+

2112

12221111
 (2.11) 

( )( ) ( ) ( ) ( )
( )( )[ ] nenkLn

pnxLLnLnknnnk

αα

ααααα

−+++

−




 +++−+




 +−−+=

21

121222111
 (2.12) 

( )( ) ( ) ( )
( )[ ]

nenwpnxn

nekLn

pnxLnkLnnnk

+−=
+−++

−




 +−++




 +−−+=

γ
α

αααα

12

1222111

  (2.13) 

where 

( )( ) ( ) ( )
( )[ ]12

,2122111

+−+=






 −+++




 +−−+=

kLnnw

kLLnnnnkn

α

ααααγ
. 
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Note that ( )( ) ( ) 31212111 nknknknnnk αααααα −++−=




 +−−+  21 nknk αα +−≤  + (1 - k) 

2
nα 21 nnk αα +−= .   

Therefore   

( ) ( ) NnnkkLLnnkn
212121 ααααγ +−=−+++−≤   (2.14) 

where  
( ) ( )kLLN −++= 21 .   

Since {�n}  satisfy (i), there exists an integer N such that  
 
    ( )kkNn −≤ 1α  for all Nn ≥     (2.15) 

implying ( )kknNn −≤ 12 αα .   
Thus, 

( )[ ] nekLnpnxnkpnx 12211 +−++−




 −≤−+ αα  (2.16) 

with  

( )[ ] nekLnnandpnxnankn 12,2 +−+=−== ασαλ  

and, it follows from Lemma of Weng [10] that the sequences {xn} strongly converges to the unique fixed 
point p. 
 
3.0 Conclusion 

We have been able to show that Mann iteration with errors can be used to approximate the fixed 
point of a Lipschipzian strictly pseudocontractive mapping defined on a closed, convex subset of a 
Banach space. We note, however that in the proof of Theorem1 of Liu [6] if en ≡ 0, then our result is the 
same as that of Liu. Furthermore, the non-Lipschitzian version of our Theorem with no error term was 
proved in [2] and [6] under the assumption that X is a uniformly smooth Banach space by using the 
inequality. 

{ } ( )yyxJxyxyx β1,max,Re222 ++≤+  

It remains an open problem to show that the Mann iteration with errors can be used to 
approximate the fixed point of non-Lipschitzian strictly pseudocontractive maps. 
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