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Abstract

We show that the Picard, Mann and the I shikawa iterations are
equivalent when applied to a class of quasi-contractive operators. Thisresult
generalises that of Soltuz among others.
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1.0 Introduction

The three most common iteration schemes used in approximatifigetigooints of an operator
defined on a normed space are the Picard, Mann and Ishikaaioiteschemes (see [1]). LEtbe a
normed space, and C a nonempty convex subsétladt T be a self map of, and letx, = u,= p, L1 C.
The Mann iteration (see [5]) is defined by

U= (I-a ) )un+ 0, T, (1.1)
The Ishikawa iteration (see [4]) is defined byX..1= (1-an)Xn + an Ta (1.2)
Yn= (1-Bn )%+ Bn T (1.3)

wherean O (0, 1), By O [0, 1). The Picard iteration is given by

Pr1= Tph (1.4)

Osilike [8] introduced the following contractive definition: L& d) be a metric space, there exis&s0,
a U [0, 1) such that for each yll X,

d(Tx, Ty < Ld(x,TX +ad(x,y) (1.5)

It should be observed thatlif= 26, a = J, we obtain the Zamfirescu operator studied by several
authors (e.g. see [1-2], [13],[15]), where
_ By
d=max{a—,—"—}1 1.6
ozt h) (1.6)
Several authors have studied contractive maps satisfying FaSgxample see [1], [3] and [8].
The fixed point is unique if it exists [8].
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The following conjecture was given in [9]: “if the Mann itéoa converges, then so does the
Ishikawa iteration”. A positive answer was given in aeseof papers [9-11] showing the equivalence
between the Mann and Ishikawa iterations for strongly and urifgpsudocontractive maps. In [13],
Soltuz showed that the convergence of the Picard, the Mann afshikawa iterations are equivalent
when dealing with the class of quasi-contractive operatorsdctike Zamfirescu operators [15]. This
class of operators are independent of the class of sgrpeglido-contractive operators considered in [9-
11]. In this paper, we show that the convergence of the Picariflaihe and the Ishikawa iterations are
equivalent when dealing with a class of operators (1.5) waiehmore general than those considered
considered by Soltuz, i.e. the Zamfirescu operators. First we $igogguivalence of Mann and Ishikawa
iterations; and then we show the equivalence of Picard and Mann rteratio

Lemma 1.1[14]
Let (a,)n be a nonnegative sequence which satisfies the following inequality where

An O (0,1), for alan; < (1-Ap) antonp a.7)
0
InN>0, >Ay=o,andon=0(A,). Then lim an=0.
Theorem 1.2

Let X be a normed spac€ a nonempty, convex, closed subsetXodnd T a self map ofC
satisfying (0.5). Suppose T has a fixed paintThen foru, =X, [1 C, the following are equivalent:

() the Mann iteration (1.1) convergesxto

(ii) the Ishikawa iteration (1.2 - 1.3) convergeg*o

Proof
First we show thati) implies {i). Supposdim u, = x*. Then 0 |k*- X,||< |lun - X¥[| + [Kn- Udl]-
n-— o
In order to getim x,= x*, it is sufficient to show that

n- oo

lim {x,— wl| = 0 (1.8)

In view of (1.1 — 1.3), witlkx = u, =y, in (1.5) we have
[[Unsz - Xaual| < I(1-07 )(Un- Xo)+ an (TurTYO)
< (I-an)lun- Xl [+aan [Un-yal[+an Lljue- Tl
If we substitutex = u,, y =X, in (1.5), we have
[lun = Yall< (X - B )(Un = X%0) + B (Un = XIS (L - Br)litn = %l1+Bn lun = Tl
<(1 - Br)llth- Xal[+Bn llun - Tl [+ Bn [Tt - T|
<(1 - Bn)lln - %l #@Bn [lth-Tul[ + B [n- Xall +8n Lllun-Tul|
= (1-B, + aB,)lIth— %I+, - Tull(1+L).
Consequently we have
U1 =Xl S (1 - @p)lla—X%ll*a 0 (1- B +a Bn)lla— %l +aan B le=Twll(1 +L)+an Lliun-Tull
= (1-an+aan-aan Bn+a’an Bn)lurxll +@an Bn (1 +L)+ an L)llun- Tl
<1-an (1-a(1 - Bn (1 -a))|un-xll + @an Bn (1 +L)+ an L)llun-Tuwl|
Suppose
an= b= xll,
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Ap= an(L-a(1-Bn (1-3)) U(0.1) on= @an B (L +L) + an L)l— Tull.
Sincex* is a fixed point ofT, i.e. Tx*=x*, and lim ||u,- X*|| = 0, then by (1.5) we have
n- o
0 <|ln- Twll< [ln- x| + [TX - Tu|

<(a+ 1)|u- X*|| — 0 asn—o.
Hence

lim ||ju,- Tw|| = 0; that isgp, = 0(Ap).
n- oo
By an application of Lemma 1, we havin |ju,— x,|| = 0. Conversely, we show thiif) jmplies {).
n- o
Assumex,— Xx*. If x =y, andy = u,in (1.5), we have,
K1 - Uneal| < [1(1 - o )= W)+ am (Tye- Tw)|

<1 - an)[ka— Wl + an[[Tyn— Tu|
<1 - an)lka— Wwll +aan |lya— Wl[+an Llyn— Twll.

Also,
yn— Wl < (2 - B ) (%= th) + Bn (Txa- )|
S (1 - Br)lx— Wl +8n [ITx— wi|
S(1 - Br)lXa= Wil +8n M0 Xl +5n Ko — W]
<X = Wll +8n [Tx— Xl
Hence
K1 Uneall < (1 - an) [k = Unl| + @@, (Ia— Wl +8n [T = %l[) + an Lilya— Tl
S (1-an taa, )= Wl +aan Bn T —Xll+an Liyn— Tyl
Suppose

an = [kn—Wll, 1 -An = (1-an+aan)U (0, 1);
on =aan Bn |Ma—%ll +an L{lya— Twl|
Sincex* is a fixed point ofT, i.e. Tx* = x* and lim |x,- x*|| = 0, then by (1.5) we have

0 < [Kka—TxII< [Kn- X[ + [[X* - T[] < (& + 1)|ka- X*||— O andn— o

Also
0= |yn— THWII < [lyn- X[ + [TX* -Tyl| < (@ +1)n- x|
< @HL{(1 - Bn)IKa- X[ + Bn [Tx - TX|[}
< @+1)(1 - Bn (1 -3y - X*|| —0 asn — oo.

Hence

lim |,— Tx|| = 0 andlim |ly-Ty:|| = O, that isg,, = 0(A,)).
n-co Nn- oo
By an application of Lemma 1, we have thiat |x,— w|| = 0. Thus we gekitun||< [Ko— W] + [ka- X*||
n- oo

—0 asn — oo, u

Theorem 1.3
Let X normed,C a honempty, convex,closed subseXadndT a self map ofC satisfying (1.5).
Letu, =p, LU C. Supposé has a fixed point*. Then, the following are equivalent:
) the Mann iteration (1.1) convergesxtamplies that the Picard
iteration (1.4) converges ig;

(i) the Picard iteration (1.4) converges<taand lim |[pn.1—pn|| = 0
n- o

implies the Mann iteration convergesxto
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Proof
Assume that the Mann iteration converges, u, — 0. We are to prove that the Picard iteration
converges too. If we put=u, andy = p,in (1.5), in view of (1.1) and (1.4), we have
[lun+1- Preall < (1 - an)lin— TRil[+an [T =Thy|
< (1-an)ln—Trll +aan llun — @l + an LI[Tu— will
= (1 -an)lun— Pl +aan [un—pall + an LT — |
< (1 - @)z Posall *+ (1 =@ )z~ Unl| + @ @llua— Prll + @ LITth— Wl

Hence,
0y | Ut PrallS (-] o= el + @, @llun— pill + @, L | Tur— il
Therefore,
1-a
|[Uns1- Prsal] < @lJun— pul| + LT — W] + D e — U (1.9)
In view of (1.1),
1_an _
|1 = Un]| = (1 ) [Tt — Wi (1.10)
n
Thus (1.9) becomes
s = Breall< @l pall + C+1 -2, ) [Tt = | (1.12)

Suppose, = |, — pl|; 1-4, =a l(1,1); on = (L+1-ap) |[Th— w||. An application of Lemma 1 shows

that
lim |lu,— || = 0. Thus [[xX* - < [Un— @l + [P - X*|| — O @asn — oo.

n - oo
Conversely assume that the Picard iteration converges, wetavahbw that the Mann iteration
converges to
lun= TRl [bn— @il + lbn— Thl-
In view of (1.11) and (1.4), if we sRt=p,, ¥ = U, in (1.5) we get
2= Preall < (1 - @ )llun=Thul| + @, [T — Tk
<(1-a)lun— mll + (1-0,)lpa—Tpil| + @ @llpn— Wl + @, LI[Tp— pill
= (1a,+a,a)p.— wll + (1+a,L-a,) [p.— Thl
= (1-(1-a)a)llk—pll + (L+a, L-a,)llm— Thil
Supposea,= [th—pill; 4, = (1 -a)a, U(0.,1); g, = (1+a, L-a,)lIj— pll.
An application of Lemma 1 shows thaim |ju,— pi| = 0. ThusiX* - u||< |u.— pil| + [bn- X*||— 0 asn
n- o

— o0, A combination of Theorem 1.2 and Theorem 1.3 yields the following result.

Corollary 1.3
Let X be a normed spac€ a nonempty, convex, closed subsetXodnd T a self map ofC
satisfying (1.5). Suppose T has a fixed point denotext.byhen for u, =x, =p,LI C, the following are
equivalent:
() the Mann iteration (1.1) convergesxto
(i) the Ishikawa iteration (1.2 - 1.3) convergeg*o
(iii) the Picard iteration (1.4) convergesto

Corollary 1.4 [13].
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Let X be a normed spac€,a honempty, convex, closed subseXandT a self map ofC such
thatT is a Zamfirescu operator. Suppdskas a fixed point denoted by. Then foru, =%, =p, LI C,
the following are equivalent:

() the Mann iteration (1.1) convergesxto

(i) the Ishikawa iteration (1.2 - 1.3) converges*o

(i)  the Picard iteration (1.4) convergesc<to

2.0 Conclusion
1. The technique of the proof of our results is due to Soltuzvih}h was partly due to
Berinde [2]. Theorem 2, apart from being a generalisation of [k8pfEm 2] is stronger than that of

Soltuz since the assumption thditn M =0 is no more necessary.
n-o n
2. Rhoades et al [12] proved the equivalence of Mann and Ishili@nations for

generalised contractions But the operator satisfying (0.5) need not be a general@#daction. For
example, the operator satisfying (0.5) need not have a fixed [Bpinthile the generalised contraction
studied in [12] always have a unique fixed point. It should also be tlwdédRhoades proved only the
equivalence of Mann and Ishikawa iterations while our own included that Bidhed iteration.

3.The implication of this result is that when dealing withass of mappings that satisfies (0.5)
such that the fixed points exist (e.g. the Zamfirescu's opeyasinge the Picard iteration converges
exponentially to the fixed point of T, and thus faster than thenMand Ishikawa iterations which
converges linearly, (e.g. see [2], [6-7]), it iS no more necgssarse the Mann or the Ishikawa iterations
to approximate the fixed point of T. Rather we use the simpler and Rasted iteration.
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