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Abstract

Let &' denote the group of h-cobordism classes of homgtogsphere
under the connected sum operation. H(p, q) is thdgroup of & consisting of

those homotopy p-spherei P such that z P x SY%s diffeomorphic to

SPx S, Also pr+1 is the subgroup of homotopy p-sphere which bounds
H(p.a) .
pr+1
isomorphic to the Cokernel of Hopf-Whitehead homdipm
J:M,80(g+D - M., (S™).

parallelizable manifolds. In this paper, we willrpve that

1.0 Introduction

The notion of homotopy sphere goes back to John Milnor [9] when he coedtauGt-sphere
which is homeomorphic to the standard 7-sphere but not diffeomorphic hdre after some of the
finest mathematicians contributed to this area of differential topolbg§960, Michel Kervaire and John
Milnor came out with their famous paper “Groups of homotopy Spheres I’ [7] wieyeshowed that the
collection of homotopy-sphere form Abelian group denoted &y Operation on the set is connected
sum # which they defined. They also calculated the ord€f &r some integen. R. Desapio [3],
Morris. W Hirsh [4], W.C. Hsiang, J, Levine and R.H. Sczarba [S§lunkres [10], S. Smale [13]. E.C.
Zeeman [15]. K. Kawakubo [6], Hajime Sato [11], Edward .C. tufb4}, A. Kosinski [2], and Reinhard
Schultz [12] are among the 2@entury finest mathematicians who contributed to the develupofe
differential topology and in particular the study and application ofdtopy sphere in the classification
of different types of smooth manifolds.

In [1] we show thatpr+l is a subgroup otas. In this paper we will show that the subgroups
H(p, ¢ and qu” of & are actually equal i.¢i(p, g = (dgﬂ. It will then follow thatpr+1 is a subgroup

of H(p, 9. Since is an abelian group then it follows that every subgroug’ @ a normal subgroup.

Thus we will show that the quotient gro%ﬁp—’q) is a isomorphic to the Cokernel of Hopf-Whitehead
p+l

homorphism
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J:M,S0(g+1) - M p+q+l(Sqﬂ) provided 2> p —1. This is of interest because the groups
bP

w1 have been determined in many cases in [7]. From our restdt ih now becomes easy to

H(p.9)

determined the image of the Hopf-Whitehead homorphism since we can dettrenimeu bp
p+l

1.0  Preliminaries

S' denotes the unit-sphere with the usual smooth structure in the Euclideani() — spac&R™"”,
# means connected sum along boundary as defined by Milnor and KeBjairé M; andM, are two
connectech — manifolds, we remove the interior of the unit d¥kfrom each of the manifoldsl, and
M,. We now join the two manifolds along their common boundary tMge&tM,. A homotopyn-sphere
is a closedn — manifold which has the homotopy type of the standesghereS. We denote an

homotopyn-spherey_ " .

20  Groupsand subgroups

Let 8" denote theh-cobordism class of homotopysphere. In [8] John Milnor and Michel
Kervaire proved tha" is an abelian group with connected sum # as the operation.
Definition 2.1

Let H(p, q) denote the subset 6f consisting of those homotopy p-sphengép such that

z P x SY%is diffeomorphic toSP x S°. Let CD‘,‘)+l denote the homotopy p-sphereE P which embed in

the Euclidian(p + g + 1)-spaceR " ** with trivial normal bundle.
Lemma2.2
H(p, 9 is a subgroup of’

Proof

Let > Pthen Y Px S is diffeomorphic toS” x S, D" P embeds inff + g + 1) — Disc with
trivial normal bundle, it follows thaty [ embeds in the interior of the ¢ g + 1) — disc in sss with
trivial normal bundle. Obviousl%“lp embeds inz P x D** with trivial normal bundle and hence we
can form the connected sud, P # > Pin > 2 x D sothat) P # >} has a trivial normal
bundle iy » x D% Notice that) P # >, - > 2 x D" is an homotopy equivalence, it then
follows by Smale [13] that} P # > ) x D" is diffeomorphic to) 2 x D . Thus O P #
> ») x S'is diffeomorphic to)_ 5 x S'. From this result, it follows that ¥ P, > > O H(p, o then

D> P# > 5 OH(p, .Obviously SP OH(p,q). ThusH(p, g us a subgroup o
LemmaZ2.3 m
If g2, thenH(p, g = ®I™

Proof
If > POH(p,g) then Y’ P x S is diffeomorphic toSP x S0 R *** hence it follows that

z P embeds irRP" “*with trivial normal bundle, henci PO®I™. ThusH(p,
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q O CD‘;')”. Conversely,z P D(D?;l then Z P embeds inR P* % with trivial normal bundle. By
Levine [7], the embedding is isotopic to an embeddﬁgp ~ SPx D%, Since these two manifolds
are homotopically equivalent then it follows by Smale [13] t@tp x D% is diffeomorphic to
SPx D%, Hence)_ Px S% is diffeomorphic toSPx S*. This shows thal_ POH(p,q) and so

@ 0 H(p, 9. ThusH(p, g = ®I™. H
Definition 2.4
Let pr+1 denote set of all homotopy n — spheres which bound parallelizable manifal{&

Milnor and Kervaire showed thah)Pp+l is a subgroup o#. This subgroup of is of interest since its
values have largely been detenad n [8]. This subgroup is not always trivial subgroup although if n is
evenbP,,, is trivial.

In [1], we showed thabP,,,; 0 ®% and sinceH(p, g = ®3™, it follows thatbP,,, 0 H(p, 9 q

P+l
= 2. We now wish to determin%(p—'Q)in terms of Cokernel of Hopf-Whitehead homomorphism
Pp+

J=3:1,50(q+D) - M. (S™).

Theorem?2.5
(p q) . q
is isomorphic to CO J
Proof

SinceH(p, g = (D?fl for g = 2 it follows from [5] that the following sequence is exact

0- bR, ¥ -~ H(p,q) ¥ - COK(Jg) - 0. Since the sequences is short exact thes one-to-
one and ¢ is onto. It then follows tham(d) is isomorphic topr+1. Since the sequence is exact
. _ _ H(p,q) _. , _ q
im(2) = Ker(¢) =bR,,,. From the short exact sequenﬁ%@—lm(%.. But im(%) —.Cok(Jp).
Sincey is onto henceM =Cok(J %) .

pr+1

3.0 Conclusion
From the theorem above it is now possible to determine the imnhddopf-Whitehead

homorphism J : 11 ,S0(q+1) - Il p+q+l(Sq+1) using the valueM already known. For example

bPp+1
H (84)

=Zp and it then follows that image(J,)=cok(Jy,)=2Z,. Also since order of

992

0D 1y = 222

H @13) = |H (L13) =992and order obR, =|bR,| =992 then it follows tha 5

It follows thatJy, is a trivial homomorphism.
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