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Abstract

In this paper, we will prove that the order of the group ﬁo(l\/l;(p q))

is 3 times the order of the group 7pSO(q + 1)JmSO (p+) T & P+a+1lyhere

+ g T
p<q and M3(p,q) = Diff

(SP xsU#sPxsd# sPxs). piff (M) isthe diffeomor-
rphism of M onto itself which induces identity homomorphism on homology.

1.0. Introduction
Let M be an oriented smooth manifold and Ieiff (M)denote the group of all orientation

preserving diffeomorphisms d¥l . We say that two elements), f1 O Diff (M) are pseudo-diffeotopic if
there exists~ O Diff (M x 1) such thatF (x,0) = (fg(x),0) and F(x) = (f1(x)}) , wherexOM .

The pseudo-diffeotopy classes of diffeomorphism kn form a group to be denoted by
11 (Diff (M)) . Since pseudo-diffeotopic diffeomorphisms induce equal automorphism ondyyntioén

we have a well defined homomorphism: 77g (Diff (M)) — Auto(H= (M)) where Auto(H*(M))

denotes the group of dimension-preserving automorphisrias-gfM ) . We will denote byDiff +(M) the
subgroup ofDiff (M) consisting of all diffeomorphisnf O Diff (M) which induce identity map on all

homology groups. It is easily seen that kernetfofdenoted byker(®) = Diff + (M).
For convenience, we will use the following notation.

M3(p,q) = Diff (SP xs9#sP xsd#sP xs9)
Mo(p,q) = Diff (SP xsP#sP xsY)
M (p,q) = Diff (SP xSP)

+
3(p.q)
induce identity automorphism on homology.

We denote by (M ) the pseudo-diffeotopy class of diffeomorphisni\irg(p’q) which
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In [5], Hajime Sato investigated (M (J’p q)) and later applied it in the classification of certain

classes of manifolds. In [1], this author investigalsmlzg(IO Q) thereby extending Hajime Sato’s result to

diffeomorphism of connected sum of two product of spheres.

In this paper, we will investigate the structure of the gr(ﬁD(M;(p q)) , P<(. This result will be

useful in the classification of some smooth manifold! denotes the group di -cobordism classes of homotopy
n-sphere under the connected sum operatibdenotes connected sum along boundary as defined by JrMiido
M. Kervaire [3].

2.0.  Preliminaries
In this section, we will discuss some of known results and terogires which will be needed to
prove the theorems in the rest of the paper.

Let M " be ann-smooth manifold. Suppose we have an embed(ﬂin@p xpdtl
- M, wherep+q+1=n, andletMg =M —int(f (S P x Dq+1)) , 1.e., we remove the interior of image
sPxp9*1 under the mapf , we then replace it b{p P+1xs9 to haveMm®

=MoUD P*1xs9 by identifying (x, y) 0SP xS9 0 D P*1x s with f(x,y)0of (SP x
f

Dq+1) OM . We will say that we obtaim' from M by spherical modification of the forfrp+1, q+1]

. It is easily seen that by reversing the process, we camnolt from M' by performing spherical
modification of the forn{gq+1, p+1] . This procedure is due to J. Milnor [2].

Lemma 1.1

sP*A*T jsdiffeomorphic to DPYI*xsM 1 sP*Ax D" where 2< p<qs<r and id = identity

id

map: SPTAxs ™1 gPtaygr-1
Proof

By [3] Milnor and Kervaire showed that a simply connected mihigh-cobodant to a sphere
if and only if it bounds a contractible manifold. Boundary®P 9™ 1xp") =5(0°*
q+1><Dr): pPtatl, -1 sP+Axpr | However, these two copies of the boundaryD8f" ¢ **

xD" havesP*9xs' 1 in common. Henced(D PTa*xpry=pPFa*tl, g1 jgp+d

id
xD". It follows that DP*A*1xs' =1 ;sP*dx Dl is h-cobordant to SPT4*" since it bounds the
id
contractible manifold DPY9*1xp" . Since p+q+r=6 by [5], SPT4™" s diffeomorphic to
Dp+q+1x5r‘1usp+q xD' . [ |

id
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3.0  The Groupmo(M 3 o)

In [4], Hajime Sato showed that the order of the gragp(M (+p q)) equals the order of the

group 77,S0(q+1) 0 774 SO(p+1) 0 8 P*+A+1 \vhere p<gq. In [1], this author showed that the order of

the grouprpy (M ;( p,q)) is twice the order of'TpSO(q +1) 0 ﬂqSO(p+1) O

gP*a*l 19 investigateM 3(p,q) = 71()Diff+(Sp x SA#SP x SU#SP x Sq) , we define a homo-

+ . + B
3(p,q)) ~ 7p(a+D defined as follows. Leff]0mp(Mg o)), then®(f) =

identity. i(SP x{xq}) is the usual embedding &P x{xg} into = SP x4 #sP x &

morphismg : 779 (M

sPxsY, where Xg is a fixed point inSY which is far removed from the connected sum. llbfgs that
i(SP x{x}) represents a generator of the homolegyyDiff * (SP x s4# SP x

sU#sP x Sq)= Z0OzZ OZ. Since[f] DHO(Mg(p,q)) , then®(f) is identity automorphism

on Hx (SP xsA#sP xsU# sP xsY) It follows that f (SP x{xg}) is homologous ta(SP x{xg}) .
Since p<q and by Hurewicz theoremf and i are homotopic and in fact are diffeotopic. By the
tubular neighbourhood theorend is diffeotopic to a mapf" such thatf"'(SPxD9)=sPxDY,

where f"(x,y) = (X, a(fYX)y)and a(f"): sP . S0(q) . If i:90(q) - O(q+1) is the inclusion map
and i+ :77pSO(q) — 7pSO(q+1) is the induced homomorphism on the homotopy groups. Wénele

glf]=ixa(f").

Lemma 2.1
g iswell-defined.

Proof
Let hD[f]DlTo(M:;(pq)), then f and h are pseudo-diffeotopic inMg(pq) and so

f"lhDM\;:(pq) is pseudo-diffeotopic to the identity. Lef f) =ixa(f') and g(h) =i.a(h'), then we

have f (x y) = (xa(f)x[y) and h(x,y) = (xa(h')x¥) , where in eackix,y) OSP xDY
0(SPx s9) andh(x,y) = (x,y)and f(x,y) = (x,y) on (SP xS?), and(S” x S?),. Thus, for Ky)
€ sPxDY, f h(x y)=(xa(f)La(h)xy) . We define
(iar(F) 7L 0 (1)) B) if (x,y) D(SP xSy
70k y) = | (x ) if (x ) O(SP x8%);
(Y if (xy)0(sPxs9)3
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where the subscripts 1, 2 and 3 denote the figsgred and third summands sf x sdxsP
x SA#sP xsd

Since f ~1h is pseudo-diffeotopic to the identity, it follovikat i*a(f')_l[ﬂ*(h') is identity.
Hence,i=a(f') =ixa(h') . Thus, g is well-defined. |

Lemma 2.2
g isan homomorphism.

Proof

Let [f], [h]Dﬁo(M:',:(pq)), then g[f]=ixa(f') and g[h]=ixa(h'). Since ix is a

homomorphism, then

g([f10h]) = g(f h) =ia(f'H) =ixa(f')a(h) =gl f]lg[h].
Therefore,g is an homorphism [ ]

Lemma 2.3
g issurjective.

Proof
To show thatg is surjective is to show thag(no(M;(pq)):i* (npSO(q)). From the

definition of g, it is clear that g(ib(M;(p,q))Di*ﬂpSO(q), we only need to show tha’tk(np
SO(@) D g7 (M3 ). Let @ Dix mpSO(q) , where[a] =@ anda: SP — S0(q+1), we define
(xa() yif (x y)0(SPxs9);

f(xy) =1y if (x,y)0(SPxsY),
(%, Y if (x, y)0(SPxs9)3

Sincea Ui (7pS0(q)) , then f induces identity on homology and $oll 77,(M apa)) -
. + + iy
Thus, |*(7'[p$(q))Dﬂo(M3(p'q))and SO 9(”0(M3(p,q))" (ﬂpSO(q)). In fact, from the
dimension restriction, i.e.,p<q, it follows that np(Sq) =0. We consider the exact sequence
M- 77p+1(SY) - 7pSO(a) — mpSO(q +1) — 71p(SY) — (D Since 775(SY) =0, it follows thati. is an

epimorphism. Henceix (775,30(q)) = 7pSO(q+1) . In fact, if p<qg-1, then np+1(Sq) =0 and in this

case,i. is an isomorphism and g is surjective. |
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Lemma 2.4

If uOker(g), then there exist§ OM

3(p,q) Such thatf D[u] and f is identity onsP

x DY,

Proof

From Lemma 2.3, ifp<q-1, then np+1(Sq) =7Tp(Sq) =0. Hence,i. is an isomorphism.
Since f Oker(g), it then follows thatg(u) =ixa(f') =0. Sinceix is an isomorphism themy(f') =0,
wherea(f')077pSO(q). Hence, f is identity onSP x DY.

We need to computker(g) . To do this, we define a homomorphism

| :ker(g) — (M g(p’q)) = mp(Diff *(SP xs9#sP x s9))

Let f Oker(g). Then, by Lemma 3.4f is identity on SP xDY9. We therefore have a map
f:(SP xSU)1#(SP xsU)o#(SP xsY)3 . (SP xSU) 4#(SP xSU)s#(SPxsY)g  fis identity on
sPxpY g (sPxsY); using spherical modification technique introdu&gdMilnor in [2] and [3] on
the domain(SP xS9)1#(SP xS9),#(SP xs%)3 which removes the interior &P xDY 0 (SPx s%y
and replaces it withD P*1xs971 By Lemma 1.1,Sp><Dq_LCJiD P+1.s971 s diffeomorphic to

i
sP*A Thus, the domain of becomes™ %
(SPxs9)o#(SP xs9)3 = (sP xs9) #(sP xs9)3.

For the image, sincé is the identity onSPxDYd, we can assume thdt(SP xDY) =
sPxpd g (Sp X Sq)4. We similarly perform spherical modification dretrange(Sp xS,

#(Sp ><Sq)5# (SPx Sq)6 by removing the interior ofsP xDY from (pr Sq)4 and replace it
with DP*1xsA71 o havesP xDIyD P+1,s971 which by Lemma 1.1 equaSP™. Thus, the range
becomes N

SP*Ax(sP xsUg#(SP xs9)g = (SP xs9)5#(SP x sY).

It therefore follows that after the spherical mamifion we are left with a diffeomorphism

f:SPxsUysPxsd | sPxsdysPxs, CIearIy,f'DM'z*(pq) and so we defing f]=[f'].
’ |

Lemma 2.5
| issurjective.
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Proof
, + —— + . i .
Let h'O MZ(p,q) . Then, we will findhO MS( 0.0) such thati(h) =h'. We define

Cxyif (xy)O(sPxs)

h(x, y)
h'(x, ) if (x,y) O(SP xs)o#(sP xs%)3
Sinceh is identity on(sP x s%)q, thenh is identity onSP x D% 0 (sP x s9);. Sinceh'D M;(p g then
+ 1 —_ ] . . .
hO M3( 0.0) and soh[Jker(g) and clearly,i(h) = h'. Thus,| is surjective. -

Recall from [1] the homomorphis : ker(g) — 77gDiff +(Sp x S%)and in [4], Sato defined an
homomorphismB : 77 Diff +(Sp X Sq) - ﬂpSO(q +1). In[1], we showed thakerN is in one-to-one

correspondence witkerB and Sato gave a computationksfr B . Here we will show the following.

Lemma 2.6
ker() isin one-to-one correspondence with ker(N).

Proof

Let f Oker(L). Then,L(f)= f' isidentity in M;(p Q- Since f Oker(g), it follows by Lemma

2.4thatf isidentity onSP x DY f:(SP xs9) #(SP xs9),#(sPxst5
(SP x 89 4#(SP x s9)s#(SP xs9)g since f(SPxDY)=sPxDY9. we then perform spherical
modification on(SP x s9); to remove the interior 08” x D9 from (SP x S%), and attachD P** x S%*

to havesP xpdyp P*1xsd=1= SP* py Lemma 1.1. We similarly perform spherical magifion on
id
(SP x S%), by removing the interior o8” x D from (SP x S), and attachingD Pt 5971 on their
common boundary to haveP x D9 (yD ™!
id
xs071= sP*9 \we now have a map
f1:(SPxS9)o#(sP xsY)3 - (SP xsU)5#(sP xsY)g

+

which is identity on each summand. Hend&, kerN. Conversely, letf Oker(N). Then f OM 2Ap.a)°

Then f induces identity orsP x S9 . we define a diffeomorphism
f(xy) = I ) D(SPxsT)
[y it () D(SPxsY)p#(sPxsY)3

Clearly, f'O0ker(g) and since it induces identity avi ;(p Q' then f'Okerl .
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By Lemma 2.4, sincé is surjective, we have

Theorem 2.7
The order of the group ker(g) isthe order of the direct sumgroup ker() O T

(M ;(p q)) . Also, sinceg s surjective by Lemma 2.3, then we have the fathow

Theorem 2.8

The order of the group 7T0(|\/|+

3Ap, q))is equal to three times the order of the group

7TpSO(q+1) 0 1gS0(p+) 0o P+,

Proof
Since g is surjective, themo(M;(p q)) =ker(g) 0 7pSO(q+1) . But by Lemma 3.6, the order of

ker() is equal to the order dfer(N) and in [1] we showed that order kér(N) = order of ker(B). In
[4], Sato showed that order &ér(B) = order of 7qSO(p+1) 0 &P,

JTO(M;(p'q)) = ker() O gM ;(p,q) 0 pSO(q+1)
But ker() = ker(N) = ker(B) = 77gSO(p +1) O P, Thus,

7 (Msipg) = ker®) 0 7o(M 5, ) 0 7pSO(A+1).
_ +0g+1 +
= 1qSO(p+1) 0 eP*d 070(M 5, ) B 77pSO(a+1)

In [1], we proved that the order afy(M ;(p q)) is two times the order GfrqSO(q +1)

+
2(p,q

three times the order of the groug, SO(q +1) O 77gSO(p +1) U gP*a+l

0 77p SO(p+1) 0 gP+a*1  sybstituting forr (M )) , we have the result order anfo(M;(p q)) =

4.0 Conclusion
This result therefore extends the result of Safofgd Diff (SP xSY)and our result [1] for

Diff (SP xSY#SP xsY) to the computation obiff (SP xS9#SP xsU#sP xsdy |
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