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Abstract 
 

This paper reviews briefly the origin of Fourier Series Method. The paper 
then gives a vivid description of how the method can be applied to solve a 
diffusion problem, subject to some boundary conditions. The result obtained is 
quite appealing as it can be used to solve similar examples of diffusion 
equations. 
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1.0 Introduction  
 The Fourier Series Method, developed by Von Neumann during the World War II was first 
discussed in detail by O’Brien, Hyman and Kaplan in a paper published in 1951.  
 It expresses an initial line of errors in terms of a finite Fourier Series and considers the growth of 
a function that reduces to this series for t = 0 by a  “ variables separable” method identical with that 
commonly used for deriving analytical solution of partial  differential equations.  

The Fourier series can be formulated in terms of sines or cosines but the algebra is easier if the 
complex exponential form is used, i.e. with ∑ )/cos( lnnxna or ∑ )/sin( lnnxnb  replaced by the 

equivalent ∑ linnx
na /
l

 where 1−=i and l is the interval throughout which the function is defined.  
We shall consider the following constrained problems. 
 
2.0 Problem (P1) 
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we write the Hamiltonian H for (2.1) and (2.2) as  
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where )(tTT λλ = .  Setting  we then have the first order necessary 

conditions for optimality as  
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where ),()(),( uzfttuzgH λ+= .  Equations (2.6) gives  
λ+ 2u = 0 or λ= - 2u     (2.7) 

By virtue of (2.5) and (2.7), we have 
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Equation (2.8) is here of physical significance under the conditions for optimality which 
expresses the relationship between the temperature and the heat source at any point x of the unit 
conducting rod of our diffusion model.  Moreover, we here treat (2.8) as a differential transform of any 
previously known solution of the diffusion equation.  Assuming that (2.8) admits the Fourier solution, 
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we then have our new solution  ∑
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Hence, it immediately follows that,  
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Now, problem (P1) becomes 
 
3.0 Problem (P2): 
  Min ∫[U2
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2+…+ u2

N] dt + ∫[u2
it + u2

2 t +… u2
N t ] dt   (3.1) 

Subject to ),(
2

),(2),(
tx

x

txz

t

txz +=
δ

δ
δ

δ
, z(0, t) = z(l, t) = 0; 0 ≤ x ≤ 1, z(x, t) = z0 (x); 0 ≤ x ≤ 1. 

The corresponding unconstrained problem is given by 
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4.0 Problem (P3)  
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We proceed to solve (3.2). However, since the sequence of equation (3.2) only differs by constant 
multiplicands, it suffices to solve just one of the N- second order equations. 

Choosing the first equation, we have 
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The auxiliary equation for (4.2) is λ2 + π2 λ – 1 =0, which gives 
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By virtue of the expression for C1 and C2 in (4.3), we have  
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Explicitly written out, we have 
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equivalently as in the next equation:  
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Equation (4.7) shows that Z(0, t) = Z(1, t) = 0, which satisfies the boundary conditions and 
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5.0 Conclusion 
 In this paper, the Fourier Series Method has been discussed. The diffusion problem that occurs 
frequently in physical and engineering applications is given. With this present contribution, new vistas of 
research are opened for further application of Fourier Series Method to justify that the Von Neumann’s 
Method is a well established integral transform. 
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