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Abstract

‘
The ground-state wave function and energy are cddted for two electrons

subject to a one-band Hubbard Hamiltonian on a odanensional lattice containing N
electronic sites, N =2,3,4,5,6 and a 3 x 3 cluster of the square lattice, using
perturbation and variational methods. The resulfsom these two approximation

methods are then compared with the result from exealculational method.
e —————————— ————

1.0 Introduction

The study of strongly- correlated electrons hasob® in the last decade one of the most activddfief
condensed matter Physics. The electronic progedfean increasing body of materials cannot be ritesat
adequately by Landau’s theory of weakly-interactiguasiparticles (Fermi liquid theory). The bestwn cases
are the high Tc superconductors and organic condsicin both cases, a strong anisotropy and @wagonduction
band contribute to make the effects of interactiogisveen electrons (mainly Columbic repulsion) data .

In 1963, Hubbard provided an important physicalification of the band model of solids [ ]. He
pointed out that it is the short-ranged part of tmlomb interaction which is dominant in leading the
instabilities. The long-range part of the coulommigraction, i.e. the interaction between electromglifferent sites,
and the interaction between electrons and the doa of the crystal can be considered to be screeagdnd hence,
are neglected in the Hubbard model. In a Wanniate dasis, these assumptions lead to a many-badltdnian,
of the form

+
H=-t{, X CioCjgthCliuyn n (1.1)

(i3} n

where ¢, ,c, are the creation and annihilation operator forefectron of sping in the Wannier state. The
operators satisfy the fermions anticommutationtieha.

e, . C. }=3,3, (1.2a)

., c.}=lc.c.}=0 (1.2b)

<i, j> means summation is only over nearest neighous sitel the spin indexr =1, while n, =¢. c_is a
number operatort is the electronic hopping parameter between neagighour sites andj, h .c means hermitian
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conjugation, whileU is the on-site interaction energy. For negativeve have an attractive model, while in the
positive case a repulsive one.

In this work we have been able to use perturbati@ory[1] to determine the ground state energy and
wave function for two electrons interacting in aeefimensional lattice containing two sites. Wentlpeoceed to
obtain a general formula for the ground state gnargl wavefunction for 2 electrons on N-sitRs>(2). The work
was then extended to a two-dimensional 3square lattice. Comparison was made with élsalt obtained from
the correlated variational approach and exact tations.

2.0 Perturbation calculation of two interacting electrons in the ground state of the Hubbard
Hamiltonian

From equation (1.1)

H= —t{ > C,C,*+ h.c}+U >nn
( i

i.j)o
where the unperturbed Hamiltoniblg is H, = —t{ > C,C, * h.c} (2.1a)
(iq)e

and the perturbatioH, is H,=U z nn (2.1b)

ol

The perturbation calculation begins by constructheg one-electron Bloch wave functions that diatjeeadHo, and
which are

o = 1 ye'fic, (2.2a)
L
@ = izéim,» c.,|0) (2.2b)
L®
where Rruns over all the cluster sites, and the allowagtewectors k have the forrk,, = ZH{II %}

For two electrons on two sites,
— 27t ©
k|:Tx,L:1, =12 (2.3)
These states satisfy periodic boundary conditioisddagonalize lwith eigenergies
S(kl ) =t cos% (2.4)
In the Hartree-Fock Approximation the wave functfonthe ground state of the system can be wraten

W =[ M A;}Pm (2.5)

which contain creation operators referring to faléd levels below the Fermi level;E Using (2.5) one can
construct many-body wave functions of the HatreekHRgpe;

v.=[fd..]10 @6
whereN is the total number of electrons in the lattice.
v =lg., 4,010
Choosinga, =t ,0, =1, we have [/Itg=%ul'r 1i)+[21 20)+[11 24 )-[11 2T>] (2.7)

Also choosing o, =i ,0, =t , [/li(=—%ﬂlTll>+|2T 2l>+|lT 2¢>—|1¢ 27>] (2.8)
while choosing g, =t ,0, =t ,we get [//ig =0 (2.9)
and choosingo, =i ,0, =1 we get Y. =0 (2.10)
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In this way we classify many-body wave functionsading to both wave vectde and spina. The ground state
energy matrix to second order in the perturbatide tiven by [1.1]

(W IH g Nl Hw.,)

a B\ _ a B
<¢/kz7|H |¢/ka> _To +<¢/ka H1|‘//ka> +ZJ: To _T;S (2'11)

whereT, is the eigervalue of the uperturbed Hamiltonign H
T = is(kn) ,N is the number of electrons.
SinceN = 2,

2
T,=elk,)
T =-2t

1 1
Hy, =2y, (2.12a)
Similarly, Hy =-21y (2.12b)
To=—24,To= -2
Ti =To= To =-2t

Thus only two wave functionsz/fka and 4[/:5 provides the smallest uperturbed kinetic enérgy - 2 for the two

electrons. We now set up the Hamiltonian matrsing these wave functioné¢/:|0|Hl|¢/fa> .

H.lwl) {

(2.13)

< (W uwy,) (W, Hiwigq
w:ﬂ

(WimWi,) (Wi mwy,)

u

HL) =[ ] (2.14)

2 2

1
|c

i,
Equation (2.14) is the first order matrix energyreotion to the ground state energy. The secoddramatrix

(Wi Rl R y?)

energy correction is given by >’
J

T,-Ts
The terms whend = a,d = B are omitted from the summation ovér Using the wavefunctiogy. ,and. we
have.
5 WLl WLIRIOL) _WlRlgL ) nlgt) | WemleL)einiet) o
g T,-Ts T,~To T,-T '
_ <w:ll<a|H1|wia|H1|wia|H1|w]l;a> <(//::<0|Hl|(//tﬂ ><wtﬂ|H1|w:U>
T, -6 T, -6
<w1ka|Hl|wia|H1|wia|H1|wia> + <wlka|H1|wia ><wia|H1|wia>
T,-To T, -6
(WL R gL (WL, el rlel)
T, —To T, —To
+ <wia|H1|wia|Hl|wia|H1|wia> + <l//i0|H1|l//i0 ><l//:U|H1|l//io>
I T, -T6 T, -6 ]
a,f=12
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Since T, =T;=T5=-2t, the second order matrix energy correction togiteeind state energy vanishes. This also
follows from the fact that all the terms in the suation overd contain the termsr = 4,3 = J.

vy -2t+u/2 -u/2
o s -2t 0 2 2
<¢/ko|"'|¢/ko>:( }, = ( j (2.16)
0 -2t Y -u/2 -2t+U /2

2 2

=2t+u/2 U/2

Let A=( J Solving the non-trivial solution of the equatiJgA— I, )Y( =0, gives

-U/2 -2t4U/2
A =-2t+U, A, =-2t
The ground state energy is given by Eg=-2t+ U (2.17)
The ground state wavefunction is given by, = Cay/ +3 D(,(//fa (2.18)
a J

where zero-order coefficien€, are obtained from the diagonalization of the sdemrder Hamiltonian matrix
(Equation 2.18)] whereas first-order coefficieldg are given by

(il
from equation (2.18), ¢ =c,(y. +c,i/. +D, . +D, Y, (2.20)
1 H 1 2 H 2
and from equation (2.19)D, = <¢/k{| 1|wk”> C, + <¢/k(| 1|¢/k"> C, (2.21)
T,-To T,-To
2 H 1 2 H 2
D, = <¢'“| |¢/> c, + <wk‘| 1|wk”> C, (2.23)
T, -Ts T,-Ta

sinceT: =T2=T, =-2t, the first order coefficienD; andD, vanishes. Zero-order coefficient obtained from th
diagonalization of equation (2.16) are;

c-tc--L

NER

from equation (2.20)¥

_ 1. 1 5
Q-S_\/Ewka ﬁwka
ngs=%ulTll>+|2T2l>+|lT2l>—|ll2T>] (2.24)
where W, is normalized.

2.0 Variational calculation of two-interacting electrons in
the ground state of the Hubbard Hamiltonian.

We write the correlated ground-state wave funciiotie form.
|W>=Zx(i,j){“iTii>—|il,jT>}2 (3.1)
i=j
Here, |i ] l> means that one electron is on lattice site i wjghh up and the other electron on lattice sitéth w

spin down. TheX(i,j) are variational parameters. Let us considercts® of two electrons on two sites. Equation
(3.1) can be written as

|L|J>:Zk:><,|q’|), k=N/2 for even N
l.IJD>—’-X1|LIJ1>
i it l>

,Zl_|ﬂi T, 1>—|i L] T>}

|¥)=%
|:)

)=
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O|w)=[11,24)=[11 21)
D|L|-’>:Xou1T ,1l>+|2T '21>]+x1u1T ,21>—|1l ,2T>]

(W] W) =2+ x) (3.2)
(WH |W>=2t{4(%jx§—4xoxl} (3.3)
Variational ground state energy is of the form
Eg = <‘P|H|HJ) (3.4)
(W¥) |
ik
Therefore, Eg = —
2%+ )
Uj.
—Ix.—4
_Eg_ 4(éltjx" %
=—= — (3.5)
t X0t X
Minimization of the expression (3.5) with respeot dll the variational parameters, leads immediatelythe
variational ground state energy
=[S} A] a9
4t 4t

The corresponding ground state wavefunction isrghwe

)=t U U2+16+2_quﬂh1¢>+|2? 2¢>]

21/2 \/UZ+1aZ

2 1/2

LNUTI6E2 U )y o))
21/2 U2+1&2

3.0 Two electrons in a one dimensional lattice containing N sites (N > 2)
4.1 Perturbation calculation.

(3.7)

Using the perturbation procedure of section 2.0pb#ain the following energies and wavefunctionNor

3,4,5.
ForN =3,
E, = -4t +% (4.1)
. g 1 1124} +[21 24)+[31 34) 411 24)-[14 21) +{11 34) w2
3—‘1l3T>+‘2T3l>—‘2l3T>
If N=4,
E, =—4t+% (4.3)
|1T 1T>+|2T 2l>+|3T 3l>+|4T 4l>+|1T 2l>—|1l 2T>
and W, :—% +1rau)-|1ran)+|21381) |20 31)+[31 41) |31 41) (4.4)
+|1T 3¢>—|1¢ 3T>+|2T 4l>—|2l 4r>
If N=5,
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E, :—4t+% (4.5)
_|1Tll>+|2T2l>+|3T3l>+|4T41>+|5T5l>+|1T21> ]
+|1T 4l>—|1l 2T>+|2T 3¢>—|2¢ 3T>+|3T 4l>—|3l 4T>
and W ==

[l

+|4151)-|4151)+{11 51)~[11 51)+[1131)-[11 31) | (4.6)
+[3151)~3151)+[11 41) 11 41)+[21 51)~|21 51)
+2141)-21 41)

In general, for 2 electrons dhsites (N > 2 wherdl is an integer).

E, =—4t +% (4.7)

In general, the ground state wave function is givgn

W, i%{giT,il>+i%1uiT j1>—|i1 jT>]} (4.8)

5.0 Two electrons in a one dimensional lattice containing sites N > 2)
5.1 Variational calculation

Using the variation method as demonstrated in @@c8.0 we obtain the following energies and
wavefuction folN = 3,5 (odd lattice sites) and N =4 ,6 (even latsies).

If N=3,
E, =-t+2t{U /4t)—£2\/16(U /4t)(1+%]+36 (5.1)
JU T A+ 36+ -
and W =1 u? +4ut +36+7 - (u+2t)

9

V2| o7 + aut + 287 — (u+ 2AWu? + dut + 36

1 4t

V2 J2U+ 40t + 287 - (U + 20U + Ut + 36 | (5:2)
><ﬂ1T21>—|112T>+|1T3¢>—|113T>+|2T31>—213T}
If N =5, the ground state energy in matrix form is

><ﬂ1T 1l>+|2T 2l>+|3T 3¢>}—

(4 /4t) -4 0]
A=| -2 -2 0 (5.3a)
0 -2 -2
If N =4, the ground state energy matrix take the form
[4U/4t) -4 07
B=| -2 0 -2 (5.3b)
0 -4 0|

If N = 6, the ground state energy mat;ix is given by
quia) -4 0 0
-2 0 -2 0
C= (5.30)
0 -2 0 -2
0 0 -4 0
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6.0 Two Electrons in a (3 x3) cluster of the square lattice perturbation calctation.

2. © R 1V 2. v 0,0
- e e ey, __.._ﬁ

2% : e R ,-‘.'LI all
| I
1 L

= l 11 t]1 3y o
} {

a0 J‘a‘? ‘lib mt‘_& oo
22 Tl T aa

Figure 2D 3x 3 square lattice with periodic boundary conditiors.

Using the perturbation procedure of section 2.0cemstruct the or-electron Bloch wave functions that diagona
H,, that is,
1

- -ik.Rj
L % C:JU >
H,¢@ =-2t[cos27t/L +cos2rm/L]¢g. (6.1a)
g(k,,) = —2t[cos27t / L +cos27m/ L] (6.1b)
u]
andk,, -2—[” + 2I‘I[ny , >]<)D/ areunit vectorsalongthe axes.
I,m= 0123 L=3

whereH, is the unperturbed Hamiltonia2.1a) of the Hubbard Hamiltonian equation (1.1)
The allowed wave vectorsKare, Ko, Ko1, Koz, Kio, K11, K12, Koo,K21, @and k.

We classify manyody wavefunctions according to these wave ve E; and spino. The ground
state is given bi,,, wavevector subspai

There are a total of 90 wavefunctions (cr1 =1,0,=! ) (0'1 =l,0, =T) and wavevector E
The ground state energy matrix is givenequation (2.11)

(WMl Nl R yr)
T,-To
where T, = is(kn) =-8t (6.2)

Out of the 90 many body wavefunctions construcbedly two, defined by the,, vector provide the smallest kine
energy F=-8t for two electrons. We label them ¢/, and(y.

(WMl =T, + (@l Rl +=

|OOT OOl>+-~+|OlT Oll>+~--+|02T 021>+-~+|10T 101>+.--

l//ifé +{111 100) +--+[121 120) +---+/201 201 ) +---+211 211) (6.3)
+|221 221)
001 001) +--+{011 0Lt} +--+{021 021)+:-+[101 104} +---

4[,:;:5_1) +|11T 1ll>+--.+|12T 121>+..120T 201>+--.+|21T 211>+... (6.3b)
+|221 221)
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and H @, =-8ty, (6.4a)
o, =84, (6.4b)

o< ) (5
e ikl |2 Y

Z <‘//:¢7|H1| qu‘7><l//ia| Hl|‘/Ikﬂa>
’ T,-T¢
-U 2 U 2

SR L) | SWERIL LRI | | s 0o

&/ 0 s s 46 9% Uz -2
Sl mles) | Swemiefeimgs)) | S Y

0, s -8 O u/9 -U/9) (-U?/8t U? /81
Wwilnlyl)= * *
K it 0 -8 -u/9 U/9 u*/8tr -U?/81
u u* -u u:

_8t - 4+ —
9 81t 9 81

(6.5)

(6.7)
- 2 2
v g8 Y
9 8t 9 8t
2 _ 2
PRI S B
Let A= 9 8k 9 81
U gLuu
9 81 9 81t
Solving the non trivial solution of the equation.
(A—I/lj);<=0,givs
2
/11=—8t+£—2u A, =8
9 8t
2
A =E, :—8t+£—2U (6.8)
9 81

The ground state wavefuncfion is given by equathh9) of section 2.0
2 a 90 5
= ;Ca l//ka+az:1D5wk5
where C, =%,C2 =C, = —% are the zero order coefficients obtained from disgonalization of matrix A.

First order coefficientd, is obtained from equation (2.19) of section (2.0).

D e = —J ,D..= —J ,D,, = i
Yoot ot T safat

5 -U u ..U
@ 542t O = 272t 272t

U U

= ,D.. =
84 54\/5 86 54\/5
2
quo = ﬁ‘/llkg +‘//1ki (DIB - D63)+‘/lii (D33 - D78)+[//ij (Dsg - D84)+‘//:(17 (D41 - Dse)

Where[//lki is given by [k1,ko,] wavevector subspace is given by the

D
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[//ii is given by the wavevector spacio,kag]

3

W is given by [Kikz], (.. is given by [liz ki)
U 18 33 39 41)
ko "Wkat¥Wkot¥xo
w2t
7.0 Two electrons in a (3 x 3rlusters of the square lattice
7.1 Variational calculation.

1
% :ﬁwia_ 5

U SO FUREP—— }
3T ¥ ﬁl BN (] {11
o el Galintis S
3 1 113 21(3 313 1 113
* |
i _ |
3ia ¢ Ha 2ia 32 i
1
. |
| 4
3 Chn ) (RS> ST Y L S
S R
33 i3 23 %35 13

Figure 2D 3x 3 Square lattice with periodic boundary conditions

We make use of the correlated ground state wavifumgiven by eqn.3.1) to obtain.
W) =x{[111 110 ) +[121 121 ) +[131 131 ) +--+[331 334 )} +x {111 124) -[111 121)

(7.1)

+[111 211) -[114 211 ) +--} +[321,331) ~[321 331)
+x {[111 22¢>—|11¢ 22T>+|11T 23¢>—|11¢ 23T>+---+|23T 31¢>—|23¢ ,31T>}
Variational ground state energy is of the forr.4) in section 3.0.

(W|W)) =9y +36x +36; (7.2a)
and (WH|w) =9t {4(1}@ ~16xX, ~32XX, —8X’ —16x§} (7.2b)

{4{;) 3~ 16% % —32xX, —8) —16)(2}
Eg(xo,xl,xz)=9t (7.3)

Ox; +36x:36X;
Minimization of the expression (7 with respect to all the variational parametersdleéamediately to thi
variational ground state energy matrix.

4u/at) -8 0
A=| -2 -2 -4 (7.4)
0 -4 -4

8.0 Numerical results and dscussior

We have obtained total energiesd wave functions, using Poturbation method andetated variations
approach for 2 electrons on N site: = 2,3,4,5,6 and the (33) cluster of the square lattice. The results iobth
are shown in the tables below.
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Table 1: Ground State Energy B/t as a Function of U/4t for 2 Electrons on 2 Sites
U/4t Perturbation Variational Exact
-50 -202.00 -200.02 -200.02
-30 -122.00 -120.03 -20.03
-20 -82.00 -80.05 -80.05
-3.0 -14.00 -12.32 -12.32
-2.0 -10.00 -8.47 -8.47
-1.0 -6.00 -4.83 -4.83
-0.05 -2.20 -2.10 -2.10
-0.02 -2.08 -2.04 -2.04
-0.01 -2.04 -2.02 -2.02
0 -2.00 -2.00 -2.00
0.02 -1.96 -1.96 -1.96
0.01 -1.60 -1.81 -1.81
0.50 0.00 -1.23 -1.23
1.00 2.00 -0.83 -0.83
1.50 4.00 -0.61 -0.61
2.0 6.00 -0.47 -0.47

Table 2: Ground State Energy E/t as a Function of (U/4t) for 2 Electrons on 3 $és.

U/4t Perturbation Variation Exact
-50 -137.333 -200.0404 -200.0404
-30 -84.000 -120.0678 -120.0678
-20 -57.333 -80.1024 -80.1024
-3.0 -12.000 -12.7446 -12.7446
-2.0 -9.333 -9.1231 -9.1231
-1.0 -6.6667 -6.0000 -6.0000
-0.05 | 4.1333 -4.0682 -4.0682
-0.02 | -4.0530 -4.0269 -4.0269
-0.01 | -4.0267 -4.0134 -4.0134
0 -4.0000 -4.0000 -4.0000
0.02 -3.9467 -39736 -3.9736
0.1 -3.7333 -3.8725 -3.8725
0.5 -2.6667 -3.4641 -3.4641
1.0 -1.3333 -3.1231 -3.1231
15 0.0000 -2.8990 -2.8990
2.0 1.3333 -2.7446 -2.7446

Table 3: Ground State Energy E/t as a Function of (U/4t) for 2 Electrons on 4iges.

U/4t Perturbation | Variational Exact
-50 -104.0000 -200.0400 -200.0400
-30 -64.0000 -120.0667 -120.0667
-20 -44.0000 -80.1000 -80.1000
-3.0 -10.0000 -12.6648 -12.6648
-1.0 -6.0000 -5.8064 -5.8064
-0.05 -4.1000 -4.0516 -4.0516
-0.02 -4.0100 -4.0203 -4.0203
-0.01 -4.0200 -4.0101 -4.0101
0 -4.0000 -4.0000 -4.0000
0.02 -3.9600 -3.9802 -3.9802
0.1 -3.8000 -3.9060 -3.9060
0.5 -3.0000 -3.6272 -3.6272
1.0 -2.0000 -3.4186 -3.4186
15 -1.0000 -3.2915 -3.2915
2.0 0.0000 -3.2078 -3.2078

Table 4: Ground State Energy E/t as a Function of U/4t for 2 Electrons on 5 Sites
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U/4t Perturbation | Variational Exact

-50 -84.0000 -200.0404 -200.0404
-30 -52.0000 -120.0678 -120.0678
-20 -36.0000 -80.1024 -80.1024
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U/4t Perturbation | Variational Exact

-3.0 -8.80000 -12.7446 -12.7446
-2.0 7.2000 -9.1231 -9.1231
-1.0 -5.6000 -6.0000 -6.0000
-0.05 -4.0800 -4.0682 -4.0682
-0.02 -4.0320 -4.0269 -4.0269
-0.01 -4.0160 -4.0134 -4.0134
0 -4.0000 -4.0000 -4.0000
0.02 -3.968 -3.9736 -3.9736
0.1 -3.8400 -3.8725 -3.8725
0.5 -3.2000 -3.4641 -3.64641
1.0 -2.4000 -3.7016 -3.7016
1.5 -1.6000 -2.8990 -2.8990
2.0 -0.8000 -2.7446 -2.7446

J. of NAMP

Table 5: Ground State Energy B/t as a Function of U/4t for 2 Electrons on 6 Sites

U/4t Perturbation Variational Exact
-50 -70.6650 -200.040 -200.040
-30 43,9990 -120.0666 -120.0666
-20 30.6660 -80.0999 -80.09999
-3.0 -7.9999 -12.6495 -12.6495
-2.0 6.6666 -8.9467 -8.9467
-1.0 -5.3333 -5.6845 -5.6845
-0.05 -4.0667 -4.0350 -4.0350
-0.02 -4.0267 -4.0136 -4.0136
-0.01 -4.0133 -4.0067 -4.0067
0 -4.0000 -4.0000 -4.0000
0.02 -3.9733 -3.9869 -3.9868
0.1 -3.8667 -3.9394 -3.9394
0.5 -3.3333 -3.7824 -3.7824
1.0 -2.6667 -3.6845 -3.6845
1.5 -2.0000 -3.6313 -3.6313
2.0 -1.3333 -3.5984 -3.5984

Table 6: Ground State Energy E/t as a Function of U/4t for 2 Electrons on a (3x3luster of the Square Lattice.

/4t Perturbation Variational | Exact

-50 -1040.195 -1200.0808 -200.0808
-30 390.257 -120.1356 -120.1356
-20 -183.818 -80.2051 -80.2051
-3.0 -14.2226 -13.6090 -13.6090
-2.0 -11.3582 -10.5941 -10.5941
-1.0 -9.284 -8.7446 -8.7446
-0.05 -8.0454 -8.0227 -8.0227
-0.02 -8.01793 -8.0090 -8.0090
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U/4t Perturbation Variational Exact

-0.01 -8.0089 -8.0045 -8.0045
0 -8.0000 -8.0000 -8.0000
0.02 -7.9822 -7.9912 -7.9912
0.1 -7.9121 -7.9579 -7.9579
0.5 -7.5802 -7.8190 -7.8190
1.5 -6.8889 -7.6090 -7.6090
2.0 -6.6173 -7.5440 -7.5440

From the results show in the tables, perturbati@thod gives correct results of the ground stategies
E4/t for negative values of u/4t in the rangé < % <0.

For large values of U/4t, say -50, perturbationhuds breaks down. In general, the result obtairsig
the variational method is closer to that obtainesimf the method of exact diagonalization than pbstion
calculation.

Second order perturbation calculation, leads tgatalization of a second order Hamiltonian matox f
any number of lattice sites, one and two dimensidfgr variational calculation, dimension of Hamiltan matrix
increase as lattice sites increases. As U/4teas@s to zero, ground state energytend to a common value of -
2.0000 for 2 electrons on 2 sites, -4.0000 foreztebns on N sites N=3, 4, 5, 6 and -8.0000 fole2teons on a 3 x
3 cluster. These results reflect the usual trend.

9.0 Conclusion

We have studied in this paper the use of two apprate methods to calculate the energies and
wavefunctions of systems described by the singtetddubbard Hamiltonian. In the infinite U/4t limthe results
obtained from the perturbation calculation seentstmdoe appealing. This is not surprising, sinsdJabecomes
large, perturbation theory is expected to breakrdow

The variational method is therefore a better agpration for all values of U.
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