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Abstract

Based on the Hubbard-Hirsch model, we studied the ythamical
susceptibility and spin excitation of an itinerantelectron system within the Hartree-
Fock Approximation (HFA) by using a Green'’s functian technique. We are able to
arrive at the same results obtained by Zhang et dll] who employed a Random-
Phase Approximation (RPA).

1.0 Introduction

This paper shall be concerned with instability Hasg from the repulsive Coulomb interactions. g
particularly likely to occur when the ionic poteait lead to the formation of narrow energy bands, iacan take
various forms which, for a rigid lattice, are alagnetic in character. The effect of the instapilét to produce a
fundamental change in the symmetry of the grouatksif the interacting system. The emphasis Heal lse on
the simplest form of the magnetic instability, ndyrferromagnetism.

A more subtle form of instability occurs when theubmb interaction is localized at a point impurity
inserted in the metal [1]. Here the instabilitynist a sharp one as in the uniform ferromagnetse chut a gradual
one which leads to new types of low-lying excitatoin the system associated with the formation ddcal
magnetic moment.

As mentioned above, the band structure of a medal dn important influence on the stability of the
electron gas in the metal. In order to discusgltstnucture effects, it is not enough to consitiergimple Coulomb
gas in a positive background, and one requires@rytof correlations, which takes into accountatamic structure
of the solid [2]. In the presence of the ions @aulomb problem becomes much more complicated ovarthe
multiband nature which is an essential featuresay, the d-electrons of transition metals. An ingoat physical
simplification was introduced by J. Hubbard (1968) pointed out that it is the short-ranged parthef Coulomb
interaction which is dominant in leading to thetaslity [3].

He therefore proposed a model in which the elestram considered to be in a narrow energy band Biitch
energies],. Adopting the Wannier wave functions for an elestat site i
Y.(X)=N"2 T expipx) ¢,(X) (1.1)

pZone

where ¢ (X) are the Bloch states, and using the usual anticaatmg properties of the Wannier destruction and

creation operators, we can write the interactiomhtanian as
H,=UN+UXn n 1.2)

This automatically embodies the Pauli principle dgserting that only electrons of opposite spirl wil
interact. It is this effect which leads to ferragnatism, by aligning their spins the electrons lcaver the strength
of the repulsive potential.
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Recently, Hirsch [4-6] proposed that certain twotoe matrix elements that arise in the derivatibithe
Hubbard Hamiltonian from first-principles calcutats play a fundamental role in metallic ferromagmet Hirsch
was able to show that when one electron is in theling state and other in the antibonding statectntribution of
the exchange integral J to the Coulomb energydsatinge. The final effect of including these extnatrix elements
lead us to the so called Hubbard-Hirsch Hamiltoniéimang et al [1] have employed this Hamiltonianstady
metallic ferromagnetism within the Random Phase rApjmation. In this paper, we furnish an altermati
derivation of the main result obtained by Zhangét[1].

2.0 Dynamical Susceptibility

The Hubbard-Hirsch Hamiltonian is expressed as:

H=>tC.C, +1U2nw n_ +J ZCWCJ#C C, (2.1)
o IJ ao’
where } is the hopping integral, U is the Hubbard on-sépulsion, and J is an off diagonal matrix elemznte
Coulomb interaction between electrons on neardghheur sites. Both U and J are taken to the pesit By
Fourier transformation one can obtain the expressfahe Hubbard-Hirsch Hamiltonian in the energymentum
space,
Jz

H= ZDCC +—ZC C.C, +— >Y.C..C

K+q,t K'f i K+qo K'-qo’
KK'goo’

C., C., (2.2)

Ko

1 .
where Y, :2;exp(lq5) (2.3)

With Z being the number of nearest neighbours, &tk vectors that connect a site to its neareghbeiurs.
In order to calculate the dynamical susceptibiityhe spin system, the spin densities where used:

S-Q) = ;thq,r Ckl
S(_T{) = ;Cl:rqx Ckr
To evaluate the Green'’s function
x e =ien (fe:,c. S al)

we have adopted the equation of motion approactsalved it within a generalized Hartree-Fock Appneation
(HFA). Clearly, the first derivative of the GresrFunction is

S kan=-a0(lc.,c, Seal) +ioo(Hc,clisea) @9

From equatlon (2.2) above, the Hubbard-Hirsch Hammidn can be decoupled thus:
H=H,+H, +H,

(2.4)

whereH, = ka C. C,

C. ...,C.,C.

k+qo “K'-qo’

ZCWC C.C, andH, _W 2 Y.Co

kk'qoo’

Now the first term of the RHS of equation (2.5}eakome algebra, becomes
30 ;. c. ,§+(—q)]> =Ry )= Fos (2.6)
while the 2% term becomes
i6w([H ¢, c. 5 ca) = 6w ([H.c, cl+H.c.,c . .c c |5 )
Invoking the generalized HFA which consists in agptg in the products of four operators, all paifs

type CC by their expectation values and taking the suer all averages, paying due regard to sign chaagsiag
from changes in the order of anticommuting factars] using the result

<Ck+a C:k' > Jkk Jaﬂ F(Ekg

we get <[H0,ijql Ck,];§+(—Q)>=<‘(Dk k+q)Ck+ql C,:S'(- q)>
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ey )~ e ) e S

- “F Cha G | =
<[H1,C[+qj Ck,]:s+(—q)>= [%;{S:;(q) _Fk‘))kckf Ckk };S(*q)]

and <[Hz *C:»,ql C, ];§+(—q)> = E Y, z [ (5) - F(Dkq)jcki(jf C, ;§(tq)

+ (F(uw )~ F, >) Cwa G

Collecting together the various components, wewet;, C, ; §_q)> Fhea) ™) —(Dk —Dk+q)<Ck*+ql C, ;S(iq)>
U + . o+
+ (F(]k+qi) - F(Ei« ))N;< Ck+k’+qi Ck+k’w ’S(—q)>w

+%; (F(Dk’r )~ F(Dku))<ck++qi Ckr ’§( q)> + TYQ Z(F(Dkw )~ F(jku ))<Ck++ql Ckw ;S(tQ)>W

+ 2£Y Z:( (]k+q1) (e ))<Ck++qx C S(+q)>
WhICh can be further simplified to
w(c:, €, &) B -n.en 6§, - xR R ) o E),

+ ZEY Z( ))(CLm Ck,:ifq)f (:W)-F(:k,)+(F(Dk+q1)—F(ak,))%ﬂc:w Coer Sﬁq)>

2JZ =.
F(kap) F(jkr Yz< k+qt kx S(*q)>w

Factorizing, and introducing the spin densitiesharee;

{W - (Dk+q - Dk) (Uﬁ"'ZJTZY j;(F(Dk’r) - F(Dk.L )}<Cl:+q¢ Ckr ;g(tQ)>W =

w

U 2J
F(Dk+qJ) F( w){1+ (ﬁ + N Y j <S(q) ’S( q) >} (27)
w
Now define the modified one-particle energy (maaifby the exchange self energy), where
u 21z U 2JZ
0. =0, (W+TY j Z e and 0. =00 (N ]ZF(]M

Equation (2.7) reduces to

6/\/ - (Dk+qi plu )) <Cl:+ql C. S<+q)> = (F(qul) B F(Dk,)){:“ (Uﬁ +2JTZYqj <§(;> ; §<iq)>w

o)~ Fe U 22, /= =
0 <Ck+q1 Ckr’s( q)> = M_(ﬁ){l+(ﬁ+7n< (q);g-q)>j}w_(|]k+qx _Dkr)

Summing over all wave numbers in the equation aparechave:
P\ e U 2Jz
<S(q) S( q)> r(qW)|:1+(N+ Yj<s(q) S( > :| (2.8)

z F,Uk+q1) B F(Ukw)
“w-{0. -0_J+io’
From equation (2.8), collecting like terms, we have

where T °

(q,w)
k+ 1
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~ = Uu 2Jz | e
<S(q) |S(*q) >W|:1_[ﬁ+ N Yqj r(11‘W):| - r(qVW)

but (SolSt0), = Xaw
S S— I_(:;W)
hence Xaw = 0 217 (2.9)
e Mg
N N ’

Equation (2.9) is the analytic expression for tiipaimical susceptibility of the interacting electigass under the
Hubbard-Hirsch model.

3.0 Conclusion

Based on the magnetic excitation in the Hubbarddtirmodel, we have studied the spin excitatiomin a
itinerant electron system within the Hartree-Fopgraximation . Interestingly the result obtained the dynamical
spin susceptibility agrees exactly with the RPAutesf Zhang et al [1].
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