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Abstract 
 

This paper investigates first the structure of semigroups which are direct 
products of right zero semigroups and cancellative semigroups with identity. We 
consider the relationship of these semigroups to right groups (the direct products of 
groups and right zero semigroups). Finally, we consider groupoids which are direct 
products of right singular semigroups and unipotent (one-idempotent) groupoids 
with identity.  
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1.0 Introduction 
 

An M-group S is a groupoid [4] which satisfies the following conditions: 
P.1.1. S contain a left identity 

P.1.2. If y  or z is a left identity of S, then ( ) ( )yzxzxy =  for all x in S. 

P.1.3. For any s in S, there is a unique left identity e (which may depend on x) such that xe = x 
Such systems were investigated by Tamura, Merkel and Latiemr in [2]. 
We will follow the notation and terminology of Clifford and Preston [1] for all concepts not defined in this 

paper. 
 

2.0 Left cancellative semigroups and right groups 
 A decomposition of a groupoid S is a partition of S, ( aSUS a :=  in ) ,,, baSSA ba ≠Π=∩  in which for 

every ba,  in A, there is a c in A such that cba SSS ⊆  [2].  If for every such bcba =,,  and each aS  is a groupoid of 

type T, we say S is a right zero band of groupoids of type T.  Semigroups which are “bands of semigroups of type T” 
have been studied extensively [1].  A right group [1] is a semigroup S such that if a,b in S there exists a unique s in S 
such that ax = b.  An M-groupoid which is a semi group is called an M-semigroup. 

We now give a different formulation of a lemma stated in [2]. 
 

Lemma 2.1 [2].  
 A groupoid (semigroup) S is isomorphic to the direct product of two groupoids (semigroups) A and B if and 
only if there exists homomorphisms U and V  onto A and B respectively such that for a in A and b in B, 

( )abxbVaU =∩ −− 11 , a set consisting of exactly one element.  In this case U and V are said to be orthogonal. 
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Proof 
  If x in 11 −− ∩ bVaU , let ( )baxW ,= .  It is easily seen that W is the required isomorphism. The converse is 
clear. 

For the purpose of illustrating this important principle of “orthogonality of decompositions” [2], we will 
give a proof of the following result established in [2]. Our proof using Lemma 2.1 is slightly different from that 
given in [2]. 
Theorem 2.2 [2] 
 An M-groupoid (semigroup) S is the direct product of a right zero semigroup and a groupoid (semigroup) 
with identity and conversely. The groupoid (semigroup) with identity is obtained as Se, where e is a left identity. 
Proof 
 We first show that if e is a left identity of S, eS  is a groupoid with identity e.  If se, te in Se, then 

( )( ) ( )( )  etsetese =  in Se and ( ) ( ) .seeesese ==  

Let R denote the subset of left identities of S.  Clearly, R is a right zero semi-group.  If s in S, let e denote the unique 
left identity of P.1.3. 
Let xexU =  and xexV =  for x in S. Since ( ) ( ) ( )( ) ( ) ( ) Uexyyexyeexyexe ,===  is a homomorphism of S onto. 

Se. Since ( ) ( ) ( ) ,yyxy exyyexxyexy ===  

yxy ee =  and yxxy eee =  

If e in ., eeeR = . Thus, V is a homomorphism of S onto R.  Let xe and g be arbitrary elements of Se and R 

respectively.  If xezU =  and gzV = , that is, ze = xe and zg = z, then  

( ) ( ) ( ) ( ) xgegxgxegzeegzzgz ======  

However, ( ) ( ) xegexexg ==  and ( ) .xggxg =  Thus, U and V are orthogonal and S = RxSe by Lemma 2.1. The 

converse follows by routine calculation. 
Theorem 2.3 
 The following conditions on a semigroup S is equivalent. 
(1) S is left cancellative; ba = ca implies bx = cx for all x in S:a in aS for every a in S. 
(2) CES ×= where E is a right zero semigroup and C is a cancellative semigroup with identity. 
(3) S is a right zero bond of cancellative semigroups with identity. 
Proof 
 The proof of this theorem is cyclic. 
 (1) →  (2): We first show that S is an M-semigroup. Let E denote the set of idempotents of S.  If a in S, 

there exists e in S such that a = ae.  Hence 22, eaeae = , and e in E, that is, E. Π≠ .  If e in E and a in S, 

( ),2 eaeaeea ==  and aea =  

Thus, every idempotent is a left identity.  Next, let g be a fixed element of E, and let us consider Sg.  Clearly, Sg is 
left cancellative.  Suppose that ( )( ) ( )( )sgvgsgug =  with vus ,,  in S. Thus ( ) ( ) vggvggugug ===  and Sg is 

cancellative.  Apply Theorem 2.2. 
 (2) →  (3). For g in E, let ( )( )CccgSg in:,= .  Clearly, Sg is a cancellative semigroup with identity [ ]1,g  

where 1 is the identity of C and S is a right zero band of the Sg. 
 (3) →  (1). Let S be a right zero band of the semigroup ( tSt :  in )T where tS  is a cancellative semigroup 

with identity te .  If x in tS  y in wS , and a in uS , where t, u, w in T and ax = ay, then w = t and ( ) ( ).yeaxea tt = .  

Thus, ( ) ( ) .yaexae tt = and x = y since x,y and tae  in tS .   Hence, S is left cancellative.  If xa = ya, ( ) ( ),aeyaex uu =
( ) =axeu ( ) ,ayeu  and uu yexe = .  If z in vS  (v in T), 

   ( ) ( )zeezeeze uuvuu ==  and .zez u=  

Thus, ( ) ( ) ( ) ( ) .yzzeyzyezxezexxz uuuu =====  

Corollary 2.4 
 The following assertions concerning a semigroup are equivalent. 

(1) S is a right group 
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(2) EGS ×= where G is group and E is a right zero semigroup 
(3) S is a right zero band of groups 

Proof 
 (1) →  (2). If ba =ca (a, b, c in S) and x in S choose y in S such that ay = x.  Thus, bay = cay and bx = cx.  
Similarly, a in aS.  Thus, by Theorem 2.3 ECS ×=  where C is a cancellative semigroup with identity 1 and E is a 
right semigroup. Thus if ( ) ( )hha ,1,,  in EC × , there exists (b, t) in EC × such that ( )( ) ( ),,1,, htbha =  that is, ab = 1. 

 (2) →  (3). The proof is similar to the proof (2) →  (3) in Theorem 2.3. 
 (3) →  (1) Suppose S is the right zero band of groups ( aSa :  in )A .  If x in aS , y in ( baSb ,  in )A , xy and y 

in bS  and hence there exits z in bS  such that ( ) ( )zxyyzx =  = y.  S is left cancellative by Theorem 2.3  The 

equivalence of (1) and (2) is given by [1].  
 
3.0 M-groupoids.  
 
 A groupoid is called unipotent (one-idempotent) if it contains precisely one idempotent [1].  An idempotent 
e of a groupoid S is said to be primitive if f is an idempotent of S such that ef = fe = f, then e = f.  Primitive 
idempotents have played an important role in algebra (see [1], for example). 

In [3], a groupoid S is said to satisfy U  (notation of [3]) if it verifies the following conditions: 
P.3.1. Existence of a left identity. 
P.3.2. ( ) ( )yzxzxy =  if y or z is a left identity. 

P.3.3. If e, f are indepotents, ef = f. 
 P.3.4. There is a decomposition ( aSa :  in )A  of S such that aS  is a groupoid with two-sided identityae . 

We will say that a groupoid S satisfies U , (notation of [3]) if P.3.1, P.3.2, P.3.4 hold and if S verifies. 
P.3.3)'. If a, b in A, .bba eee =  

Theorem 3.1  
 

2U ′  Characterizes an M-groupoid [3]. 

Proof 
 For the proof of sufficiency, we may show that 

2U′ , implies P.1.3.  If e is a left identity of S, e in Sa for 

some a in A and hence aee = .  Next, we show that each ae  is a left identity of S.  Let be  be a left identity of S (the 

existence of such is guaranteed by P.3.1). If x is an arbitrary element of S,  
( ) ( ) xxexeexeexe bbabaa ====  

If x in aS  say, .xxea = .  If .xxec =  with ,ac ≠  aca SSS ⊆  and cac eee =  in aS , a contradiction.  Thus 

ac ee =  and P.1.3 is valid. 

To prove necessity, we note that S is the direct product of a right zero samigroup E and a groupoid G with 
identity 1 by Theorem 2.2.  If for e in E, we let ( )( ggeSe :,=  in )G , ( )eS  is a decomposition of S such that each eS  

is a groupoid with identity (e,1).  The collection of left identities is ((e, 1) in E).  It is now a routine calculation to 
establish P.(3.3)`. 
Theorem 3.2 
 The following conditions on a groupoid are equivalent. 
(1) S is an M-groupoid such that each left identity is a primitive idempotent. 
(2) S = E ×G, where E a right is zero semigroup and G is an unipotent groupoid with identity. 
(3) S satisfies P.1.1 and P.1.2  and S  is a right zero band of unipotent groupoid with identity.  
(4) S satisfies  3U′ . 

 
Proof 
  (1) →  (2). Let e be a left identity of S and suppose that g is an idempotent of Se.  Then, g = xe for some x 
in S, ( ) ( ) ,gxeeexexege ==== .and e = g.   Apply Theorem 2.2.  
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 (2) →  (3). It is easy to see that ((e, 1): e in E), where 1 is the identity of G, is both the collection of 
idempotents and the collection of left identities of .GE × .  P.1.2 is verified by routine calculation.  If ( )( ggeSe :,=  

in )G , S is a right zero band of the ( )eS  and each eS  is clearly a unipotent groupoid with identity. 

 (3) →  (4). Clearly, P.3.1, P.3.2, and P.3.4 are valid.  Let S be the right zero band aSa :(  in A) of unipotent 

groupoids with identity ae . 

Clearly ( aea :  in A) is the collection of idempotents of S. Let ae  be a left identity of S and suppose be  is 

an arbitrary idempotent of S. 
If zee ab =  in aS , ( ) zeeeeeze ababbb === -and ( ) )(2 zeezeez abab == zeb=  = z, that is .aab eee =  If c in A, 

( ) ( ) ccacabcabcb eeeeeeeeeee ====  and P.3.3 is verified. 

(4) →  (1). Clearly, 3U′  implies .2U′ . Thus, S is M-groupoid by Theorems 3.  If e and f are idempotent and 

ef = fe = f, then e = f P.3.3. 

If the semigroup S is the right zero band ( )AinaSa :  of unipotent samigroup with identityae , 

( )( ) ( )( ) ( ) babaababababa ee eeeeeeeeeee ===  and ( ).,, Ainbaeee bba =  

If x in cS , say ( ) ( )  xxexeexeexe ccacaa ====  and ae  is a left identity.  Thus, the modification of 

Theorem 3.2 to semigroups is clear. 
We next now give the analogue of Theorem 2.3 for groupoids. 

Theorem 3.3  
 The following assertions on a groupoid are equivalent. 
(1) S satisfies P.1.1 and P.1.2. S is left cancellative; ba = ca implies bx = cx  for all x in S; if a in S; there exists 

a left identity e such that a = ae.. 
(2) ,CES ×=  where E is a right zero semigroup and C is a cancellative groupoids with identity. 
(3) S satisfies P.1.1 and P.1.2 and S is a right zero band of cancellative groupoids with identity  
Proof 

(1) →  (2). Clearly, S is an M-groupoids.  If g is a left identity of S, we show as in the proof of "(1) →  
(2)." in Theorem 2.3, that Sg is cancellative. Apply Theorem 2.1. 

(2) →  (3). Since C is unipotent, we proceed as in the proof of "(2) →  (3). " in Theorem 3.2. 
(3) →  (1). Let S be the right zero band of cancellative groupoids with identity ( aSa :  in )A  where ae  is 

the identity of aS .  By Theorem 3.2, ( baeee bba ,=  in )A  and P.1.1, P.1.2, and P.1.3 are valid. 

 
4.0 Conclusion 
 
 We have shown that ae  is a left identity of an M-group S, and also that M-groupoid S is the director product 

of a right zero semigroup, that is, a semigroup, such that yxy =  for x, y, and is, a groupoid with identity. 
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