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Abstract

In [2] and [3] spaces in which every bounded subsets a
compactoid was studied. Every compactoid set is lited but the converse is
not true [3]. In this paper, we shall study some ses in which every
limited set is compactoid.
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1.0 Introduction

Let E be a linear space. B has a linear topology we call E a Linear Topolagi8pace (I. t. s.). If in
addition the linear topology on E is Hausdorff vedl & a Hausdorff Linear Topological Space. If ah k.

E has a base of neighbourhoods at the origin camgisf convex sets we call E a locally convex sp#ce
Hausdorff I. t. s. which has a base of neighboudsoat the origin consisting of convex sets is dalleHausdorff
locally convex space. It is interesting to mentibat not every I. t. s. is locally convex. For Exaenl’, 0 < p <1,
the space of continuous functions for Whjdif | pdH < o0 is not locally convex.

Let K be a field with a non- archimedean valuatibrl . That is the valuationl.|. on K satisfies the
additional condition:| x + y| < max{|x |, |y |} O x,yOdK.

Clearly this valuation induces on K an ultramettibecause it satisfies the additional conditigpx;yd <
max {d(x,z), d(z,y)}

0 x,y,20K. K together with d is also calledhan - Archimedean valued field The ultrametric valued
field K has some striking interesting properties likedhes in the following result:

Theorem1.1:
Let K be an ultrametric valued field and let x[ykz and r > 0 define: §) = {z[Ok: d(x,z) < r} and Qx) =
{zOk: d(x,z)< r}. Then:
() If d(a,b) < d(b,c) then d(a,c) = d(b,c).
(i) If bOS(a), then a) = S(b). If b O C(a) then Ga) = G(b).
(iii) The set {x1JX:d(a,x) = r} is open and closed in X.
(iv) Sup {d(x,y): x,yIC/(a)} < r and Sup {d(x,y): x,¥S @)} <r
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Proof
See [2], [5].

In this papeK will denote a non-archimedean valued field thatdmplete with respect to the
metric induced by the non-trivial valuatidn| . E andF will denote Hausdorff locally convex spaces.

2.0 Compactoid sets, limited sets and GP-spaces
Definition 2.1

A subseB of E is called Compactoid if for every neighbourhood U iE Oa finite subset S ¢ such that
B [7coS+ U where ©S denotes the absolutely convex hulBof

Clearly every compactoid set is bounded, but tmeverse is not necessarily true. But there areespiac
which every bounded set is compactoid. [2], [3].

Definition 2.2

A bounded subset B of E is said tolbmited in E, if every equicontinuous(E,"E) null sequence in'E
converges to o uniformly on B [5].

Now it is obvious that every compactoid subseE a$ limited in E. Our interest here is to attermpstudy
spaces in which every limited set is compactoidhsspaces are callgdelfand — Phillips SpaceqGP-Spaces)
following Lindstrom and Schlumprecht who studiedtsgpaces in the complex case [5].

Now we known that there is a natural identificatiof the o(E,E) - null sequences in'Bvith the
continuous linear maps from E tg (1], Lemma 2.2). If we combine this with the fowhthe compactoid subsets
of Gy ([8], proposition 2.1). We obtain the following:

Proposition2.3

A bounded subset B of E is limited in E if andyoifilfor each continuous linear map T from E tg T(B)
is compactoid in & The following results follow easily:

Proposition2.4
0] Every compactoid subset of E is limited in E

(i) If B is limited in E and T L(E,F) then T(B) is limited in F where L(E,F) deas the vector space of all
continuous linear maps from E to F.

(iii) If B is limited in E and DO B then D is limited in E.

(iv) Let M be a subspace of E and BM. If B is limited in M then B is bounded in E. &ltonverse is also true
when M is complemented or dense in E for an exarsipteving that the converse is not generally true. |
follows from proposition 2.3 that if every continug linear map from E to {ds compact, then every
bounded subset of E is limited. In particularhi tvaluation on K is dense, we have the following:

Corollary 2.5
If the valuation orK is dense, then the unit ball of ks limited (Non-compactoid) in’L

Remark2.6
Corollary 2.5 shows that for densely valued fietde behaviour of limited sets in non-Archimedean

functional analysis is in sharp contrast with tine of locally convex spaces over the real or corfidd. We will
see in theorem 2.8 that this difference is evererstiiking when the valuation dfis discrete.

Journal of the Nigerian Association of Mathematic&hysics Volume 1(November 2006571 - 574
On compactoid and limited Henry O. Omokaro J of NAMP



Definition 2.7 (Comp [6])

A locally convex space is calledGelfand - Phillips Space(GP — Space in short) if every limited set in E
is compactoid. The following results are obvious:

Preposition2.8
0] A subset of a GP - space is a GP - space.

(i) The product of a family of GP - spaces is a -Gipace.

Theorem2.9

0] Every locally convex space E of countable tiga GP - space.

(i) Every Banach space with a base is a GP - space

(iii) If the valuation on K is discrete then evdogally convex space over K is a GP - space.

Proof

(0 From proposition 2.3, if follows that(Gand hence every normed space of countable tyga]GP -
space. Using the fact that E can be consideredsabspace of p
Mooe B

whereP is a family of seminorms determining the topolagyE and for each(pp E, is the normed
space. E/ker p

Now all the Ep are of countable type we apply (2.8)

(i) Let A OO C be limited. Let us assume that A is absolutelpvex. It suffices to show that every
countable subset B of A is compactoid. Let [B] denthe closed linear hull of B. Then ([7], Corojlar
3 (8) [B]) is complemented in E and so by composit{2.4)(iv) we have that B is limited in [B]. By
[1] B is compactoid in [B] and hence in E.

(iii) Using the fact that El [0, E, where now each of the spaces Ep has a basehgdem 5.16) then
applying (ii) and proposition 2.8 the result follew

Remark2.9

Property (iv) of proposition 2.4 is not true in geal, e.g., Let the valuation on K be dense, takelE, M
= Gy and B the unit ball in E. Then apply corollary ,ZBoposition (2. (i) and proposition 2.5 (i).
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