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Abstract

In this paper we study the relative controllability of nonlinear neutral
system with distributed and multiple lumped time vaying delays in control. Using
Schauder’s fixed point theorem sufficient conditios for relative controllability in a
given time interval are formulated and proved.
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1.0 Introduction

Controllability is one of the fundamental conceptsmathematical control theory. This is a qualltat
property of dynamical control systems and is oftipalar importance in control theory. Controllabjliis the
property of being able to steer between two anhitpaints in the state space.

In recent years various controllability problems @bfferent types of nonlinear dynamical systemshwdifferent
types of delays in control have been studied bgsauthors [1-10]. For instance, BalachandranAmahdhi [6]
studied the controllability of neutral functionatégrodifferential infinite delay systems in Banagaces by using
the analytic semigrouped and the Nussbaum fixedtpgbeorem. Park and Kang [8] derived a set ofidefit
conditions for the approximate controllability otutral functional differential system with unboudddelay.
Onwuatu [3] investigated the controllability probeof nonlinear systems with distributed delayshea tontrol.
Klamka [2] discussed the controllability of semdar systems with multiple delays in control by gsangeneralized
open mapping theorem. Recently in [7] Balachandraal obtained the existence results for nonliredastract
neutral differential equations with time varyinglales and as an application the controllability peob for the
neutral system is discussed.

However, it should be stressed, that the mostatitee in this direction has been mainly concermit
controllability problems for nonlinear dynamicaksgyms with either time varying multiple delays tdisited delays
or infinite delays in the control. Not many studia® undertaken to investigate the controllabitifynonlinear
dynamical systems with both distributed and timeywey multiple delays in control.

The present endeavour therefore is to developcgif conditions for the relative controllabilityf
nonlinear neutral functional differential systemihwboth distributed and time varying multiple luetbdelays in
control. This is motivated by the fact that models systems with delay in the control occur in plagpion studies
and in some complex economic systems. Specificatigdels for systems with distributed delays in toatrol
occur in the study of agricultural economics angation dynamics [5]. Our results generalize axtgred known
results to systems with both distributed and midtgelays in the control.
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2.0 Preliminaries

SupposeR = (=, ), R" is an N -dimensional real vector space with noHn If J =[t,,t] is any interval

of R, the usual Lebesgue space of square integrable (equivalence, cidsestions fromJ to R" will be
denoted by L,(J,R" ) We let C=C([-h,0,R"), and designate the norm of an elemapt in C by

| = sup..o|ms) -

Consider the nonlinear neutral systems with distributednaultiple time-varying delays of the form
%D(t,xt) = L(t, %)+ d,B(t, 8, X(t), u()u(t +6)
+ (X, u(w (1), u(w, (1), ,u(w ()),...,u(w, (1)), tO[t;,t]

Xy =@ (2.1)

where xOR", U is anm-dimensional control function witkn JC_[t, —h,t], B(t,6,x,u ) annXm dimensional
matrix, continuous in(t,x,u) fixed for & and of bounded variation i on [-h,0] for each (t,x,u)d0J x R™™.
Assume then-dimensional vector functiofiis continuous in its arguments. The integral isthe Lebesgue-
Stielties sense which is denoted by the symbady). The continuous strictly increasing functions
w () :[t,,t,] - R i=0L12..,N, represent deviating arguments in the control, iyat (t) =t —h (t), where h (t)
are lumped time varying delays fo= 0,12,...,N .
Let h>0 be given. For a functiox:[t, —h,t] - R" and tO[t,,t, ], we use the symboX to denote the
function on [-h,0] defined by x (s) =x(t+s ) forsO[-h,0]. Similarly, for a functionu:[t,-h,t] - R" and
t O[t,,t,] we use the symbdl, to denote the function of+h,0] defined byu,(s) = u(t +s )for sO[-h,0].
SupposeL,D:RxC - R" are given functions. We say that a relation eftilpe;

2DEX)=LEX) 22
is a functional differential equation of neutrapgy A function X is said to be a solution of (2.2) if there exists
t,0R,a>0 such thatxDC([t0 -h,t, +a], R”),t O(t,t,+a) and X satisfies (2.2) oft,,t, +a ]Givent, OR,@0C,
we sayx(to,w) is a solution of (2.2) with initial valué,,¢ if there exists ara> 8Such thatx(t,, @ )is a solution
of (2.2) on[t, —h,t, +a Jandx,(t,,¢) = ¢.
In system (2.2), assume thab(.,.):RxC - R" is defined by D(t,x) =x(t) - g(t, x ), where
a(t, ¢), L(t,.) are bounded linear operators frdthinto R" for each fixedt in [0,0], g(t,¢) is continuous for

(t,9) O[0,0)xC,g(t,@) = jhdsﬂ(t,S)co(S), Lt.o) = _I:dﬂ(t,S)co(S),lg(t,co)l <k|d,

Lt @) < L(t)]d. (t.¢) O[0,00)xC for some nonnegative constakit, continuous nonnegative and u(,.).7 € ,.)
are N X N matrix functions of bounded variation ¢nh,0] .

With the condition on (2.1), solutions of (2.1)istxand are unique and depend continuously onalniti
conditions. Furthermore if the solutior (t,,¢ ,@f (2.2) is designated by (t,t,)@, the variation of constant

formula yields the existence of &nX N matrix functionH (t, s, x,u) defined forO<s<t+h,t [0, ) continuous
in S from the right, of bounded variation i&, H(t,s,x,u)=0,t<s<t+h, such that the solutioX(t,,,u, f)
of (1) is given byx (t,,@u, f)=¢
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and
x(t,t

1o

u, ) =T(t,t,)@0) + j:o H(t,s X u)([_ohng(s, 8, x,u)u(s+ 9))ds

+ j;H (t, s, x,u) f(s,x(s), u(w,(s)),u(w,(s)),....u(w,(s))ds (2.3)
Using the unsymmetric Fubini theorem as in [10paipn (2.3) can be written as
x(t,t,,u, f) =T(t,t,)@(0) +fhd59j:+gH (t,s-6,6,%,u)B(s-6,6,xu)u,(s)ds

+ fo ([—Oh H (t’ s=6,x%, U)ngt (S -8,0,x, U))U(S)dS
+ fo H (t,s, x,u) (s, X(8),u(w,(s)),u(w,(s)), ..., u(w, (s)))ds (2.4)

whered,, denotes that the integration is in the Lebesgigtfgs sense with respect to the variablén B and

B (5,6,%.0) = {B(s, 8,x,u), for s<t 25)
0, for s>t
Define
att, x,u,) = fthg j:og H(t,s—6,xu)B(s-6,6,x,u)u, (s)ds (2.6)
Z(t,s,x,u) = [ H(t,s—8,xu)d,B (s-8,8,xu) (2.7)
and the controllability matrix
W(t,,t, x,u) =fOZ(t1,s, x,u) Z" (t,s,x,u)ds (2.8)

whereT denotes the matrix transpose.
The functionsw; () :[t,.t,] - Ri = 012,..,N are twice continuously differentiable and stridtigreasing ifit,,t, ]

Moreover,w (t) <t fortd[t,,t], and = 012,...,N .

Definition 2.1
Theset z(t) = {x(t), X, ut} is said to be the complete state of the system (2.1)attime t .

Definition 2.2
The system (2.1) is said to be relatively controllable on J if, for every initial complete state z(t,) and

every vector x, R", there exists a control function u(t) defined on [t,,t,] such that the solution of the system (2.1)
satisfiesx(t,) = X, .

3.0 Main Result

We are now ready to obtain the main result of plaiger. For this, we will take
P = (X X,Uy,U ,ery U .oy U ) O R™ x R x RVOM

and let|p| = [}| +[X| +|u| + |u| + ...t || + ... +]u, |

Theorem 3.1
Let the continuous function f satisfy the so called growth condition
f(t,
im &Pl 3.1)
L

uniformly in t00J, and suppose that the functiogs and L are continuous in their argument and continuously

differentiable with respect to argument
Furthermore, we assume that there exists a positimstantd such that for each pair of functions
(xu) OC [t ] C [t 1]

detw(t,,t,x,u)=d . (3.2)
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Then the system (2.1) is relatively controllable bn

Proof
Let
F=Cltt1xC,[t,t]
and define the nonlinear continuous operator

T:F - F by T(x,u) =(vy,v),
where
V(1) = Z7 (6,6 X UW (8, X, U)X, =T (8, 8)@(0) - ot x.u,)

- j:o H(t,, s x,u) f(s,x(s),u(w,(s)),u(w,(s)), ...,u(w, (s)))ds] (3.3)
for t0J, andv(t) = Ofor tO[-h,0];
y(t) =T(t,t,)@0) +a(t, x,u, ) + j; Z(t,s,x,u)v(s)ds
+ j:o H (t,, s, x,u) f(s,X(S),u(w,(s)),u(w,(s)), ...,u(w, (s)))ds] (3.4)
for t 0J, and y(t) = ¢(t) for t O[—h,0].

Let us introduce the following notations:
a = suy:{]Z(tl,t, x,U)|: (x,u) OF,t0 J}

a, = sud]w’1|(t0,tl, x,u): (x,u)0OF,t0 J}

a, = sud[T(tl,to)w(O)| +|q(t1, X, u10)| ((x,u)0F,t0 J}+|x1|
a, = supﬂH (t, s, x,u):u DCm[tO,tl]}

a, = suf] f (t, x(©), u(w, (1)), U(W, (), ..., u(w, (1)) (x W) OF,t 0 I}
b=ma{(t, -t,)a,.1]

c, =6baaa,(t —t)

c, =6a,(t, —t,)

G = (tl - to)al
d, =6aaab

d, =6a,
c=max{c,,c,}

d =max{d,,d,}

Then, [vt) < aafa +aa(t-t)] sb, ., +(d+ca)

and

YO = 2+ -taM, , , + € -taa s 5 (d+ea) (35)

It follows from the growth condition (9) that theggists a positive constatit such that, iﬂ p| <r then
d+dft, p)<r, forall tOt,,t,] (3.6)
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Let us define the se as follows:

Q={(xU) 0C, (t,t) X C, (t ) K, ., STIN+2)™
and
Jlu oo STN+ 2)7
Thus, if we take

"XI con(toty) < I'(N + 2)_1’

Jlu oo STIN+ 2)*
and moreover,
||ut0||%( = r(N+2)" then

tog.

|p| = |x(t)| + §|u(wi (t)|<r forall tOt,t] (3.7)
i=0

Thus we have proved that the nonlinear operdtonaps Q into itself. Since all the functions involved ihet

definition of the operatol are continuous, it follows that is continuous. Hence by the application of theefaz
Ascoli theoremT is completely continuous. Since the &tis closed, bounded, and convex, the Schauder fixed

point theorem guarantees thathas a fixed poin{x,u) 0Q It follows that
X(t) =T(t,t,)¢(0) +a(t, x,u, ) + [Z(t,s,x,u)ds + I H (t,s,%,U) f (5,5(8),u(w,(8)), u(Wi(s)),... u(w, (s)))ds
to to

Hence x(t ) is a solution of the system (2.1). Moreover, iteisy to verify that this solution satisfies theafi
condition x(t,) = x, . Hence (2.1) is relatively controllable dn

4.0 Conclusion

In the present paper sufficient conditions for teétive controllability of nonlinear neutral funanal
differential systems with distributed and multiplenped time varying delays in the control have bfsgmulated
and proved. In the proof of the main results welbwn Schauder’s fixed point theorem has been udeel method
presented in this paper is in fact quite genera emvers wide classes of nonlinear dynamical corgtystems.
Therefore, similar relative controllability resultsay be derived for more general class of nonlirddaramical
control systems.
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