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Abstract

Sufficient conditions are developed for the relatie controllability of
nonlinear neutral systems with time-varying multiple delays in both state and
control. The results are obtained by using Schaudés fixed-point theorem.

1.0 Introduction

The primary motivation for the study of neutral tional differential equations is the applicatian t
transmission-line theory. It is known that the naixaitial-boundary hyperbolic partial differentiafjuation which
arises in the study of lossless transmission lixaesbe replaced by an associated neutral diffedesduation [11].
The problem of controllability of neutral functidndifferential equations has received much atteniio recent
years. Balachandran et al. [10] studied the cdatsdity problem for nonlinear functional differgat systems in
Banach spaces. Park and Han [7] derived a seffia¢isat conditions for the controllability of noinlear functional
integrodifferential systems in Banach Spaces wisened5] Han et al investigated the controllabiljiyoblem of
integrodifferential systems by considering thei@hitondition in some abstract phase space. Batatrha and
Sakthivel [2] discussed the controllability of neltfunctional integrodifferential systems in BahaSpaces by
using the semigroup theory and the Schaefer fixadtpheorem. Recently in [6] Fu studied the coltedmlity and
local controllability of abstract neutral functidndifferential systems with unbounded delay wheréag4]
Balachandran and Anandhi established a set ofcsuffi conditions for controllability of neutral fational
integrodifferential infinite delay systems in BahaSpaces. More recently, Umana and Nse [8] stuthiednull
controllability of nonlinear integrodifferential siems with delays in the state and control varable

The main purpose of this paper is to extend theltsesf [12], that is, inspired by the recent wan4, 6],
we will study the relative controllability of th@lfowing nonlinear neutral functional differentigystems with time
varying multiple delays in state and control:

LD6x)=FAOX=h)+ ZBOUE-H) + 16X, X(E-D),uO.U( )

x(t) = ¢(t), tOd[-h0].
Equations of this type have applications in thelgtaf electrical networks containing lossless traission lines;
electrodynamics; variational problems, etc [13]r @pproach, similar to one used by Do [9] for noedir neutral
systems, is to define the appropriate control &darresponding solution by an integral equatidris equation is
then solved by applying the Schauder fixed-poiabtem. The results extend those of [12] to nesyrsiems.

2.0 Preliminaries
Let n and m be positive integersR the real line(—o, o) . Denote byR", the space of real -
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tuples with the Euclidean norm defined W If J=[t,,t] is any interval ofR, the usual Lebesgue space of
square integrable functions froth to R" will be denoted by.,(J,R") .

Let h>0 be a given real number and I denote the Banach Space of continudtisxR™ - valued
functions defined on J with the norm |(xu)|=[X+|ul. where [X|=sup{x(t). tO[t,t]} and
Ju] =supfuct), tO[t,t]}.

That is,Q = C([-h,0], R")xC([-h,0], R" ) where C = C([-h,0], R" )is the Banach Space of continuoi’-
valued functions defined od with the supremum norm.

Consider the linear neutral systems with time-vagyinultiple delays of the form
200x) = £AOXE-h)+ LBOX-h) 1)
X(t) = ¢(t), tO[-h,0]
and the nonlinear system
%D(t,x)=gA(t)x(t-h)+§B.(t)x(t-h)+f(t,x(t),x(t—h),u(t),u(t—h) (2.2)
x(t) = ¢(t), tOd[-h,0]
where the operatoD is given by
D(t.¢)=¢(0)-g(t.¢) .
In general
D(t,X)=X(t)=g(t, X).
Here xOR" and U is an M-dimensional vector function wituOC _[-h,t; ]The nxn matrices A(t ) are
continuous and thenxm matrices B, (t ) are continuous anglt i a continuous vector function on the interval
[-h,0]. The n-vector functionsf and g are respectively continuous and absolutely contisu

For a functionx:[-h,t] - R", and tO[t,,t, ] we use the symbok to denote the function of-h 0]
defined by x (s) = x(t+s ) for sO[-h,0]. Similarly, for a functionu:[-h,t] -~ R" ,and t [I[t,,t,] we use the
symbol u, to denote the function ofi,,¢ defined byu,(s) =u(t+s )for sO[-h0].

The following definitions of complete state andatale controllability of system (2.1) or (2.2) arsual.

Definition 2.1
The setz(t) ={x(t),x,u, }is said to be the complete state of the systefr) 2.timet .

Definition 2.2
The system (2.1) or (2.2)is said to be relatively controllable on J if, for every initial complete state z(0)

and x, OR" , there exists a control function u(t) defined on [t,,t,] such that the solution of the system (2x1]2.2)
satisfiesx(t,) = X, .
A nonantonomous linear homogeneous neutral diffedesquation is defined to be

d -
ED(LXt)—L(t,XI)- (2.3)

A function x is said to be a solution of (2.3) if there exist,(0R,a> sQch thatxOC([t,-ht, +a],R" ),
tO(,,t, +a) and X satisfies (2.3) ort,t,+a] . Givent,OR,¢0C, we sayX(t,,® )is a solution of (2.3) with
initial value (t,, @) if there exists ara > G&uch thatx(t,, ¢ )is a solution of (2.3) oft, —h,t, +a &nd x _(t,,¢) = @.

With the condition on (2.1) or (2.2) solutions @fX) or (2.2) exist and are unique and depend moatisly
on initial conditions. Furthermore, iT (t,t,):C - C,t>t, is defined byT (t,t,)@= x (t,.@ ], where x(t,@) is the
solution of (2.3), then the variation of constafttemula yields the existence of amxn matrix function X(t,s)
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defined for O0<s<t+h, t0][0,0 ) continuous in $ from the right, of bounded variation
s, X (t,8) =0t <s<t+h, such that the solutioX(t,, @,U) of (2.1) is given byx,_(t,,®,u) =@ and
0 t
XL, @U) =T (Lt)P0)+Y. [X (6,5 +h)A(s+h)@S)ds +[X (6,9 B(Ju(s-h)ds, t=t,(2.4)
i o i=0

1=0 7h
Observe that if we define thexn matrix X, as

X (9) = 0 if s<0
i s=0

we can sefl (t,5) X,(0) = X,(.,5)8 =X(t+8,s 3o thatX(t,s)=T(t,s)X,(0)=T(,s)l =T(t,s)
The corresponding solution of the nonlinear sysf21) is given by

Xt t, 2U, f) = T(LL)P0)+> Tx(t,3+h)A(S+h)¢(S)dS+ jX(t,S)i B (s)u(s-h)ds
i=0 iy to i=0

+ j X(t,s) f (s,X(s),x(s—h),u(s),u(s—h))ds (2.5)
Equations (2.4) and (2.5) czin be written respelgtias
X1, 0u) = TRLPO 3 [X(Es+h)A(S+MAIDS + 3 [ X(Es+h)B(s+h)u,(ds
i=0 -y i

0
+ it]hX(t,s+h)I3,(s+h)u(s)ds (2.6)
and
X(Lh,@u, 1) = TLLPO)+3 [X (s +h)A(s+h)gds + 3 [ X (L, s+h)B (s+h)u, (9ds
i=0 iy i=0 —py
+ _Zp:t]hX(t,s+ h)B(s+ h)u(s)ds+tj X(t,s) f (s,x(s),X(s—h),u(s),u(s—h))ds (2.7)
i=0 o s
Define
PO =TALPO+Y, | X (L 5+h)A(S+h)@Sds
a0 =3, [X (5B (s +u, (93

Y9 =3 X(ts+h)B(t+h)
i=0
and the controllability matrix

W(t,,t) = [Y(t,9)Y" (t,s)ds

to
whereT denotes the matrix transpose.
Then equations (2.6) and (2.7) become

x(t) = p(t) +a(t) + jY(t, s)u(s)ds (2.8)

and x(t) = p(t) +q(t) +jY(t,s)u(s)ds+tjx(t,s) f (s, x(s), X(s—h),u(s),u(s—h))ds (2.9)

It is easy to prove as in [3], that the system)(dslrelatively controllable ord if and only if W is nonsingular. It

is clear thatx, can be obtained if there exist continuousind u such that

u(t) =Y (L, OW™ (t, t)[x = p(t) - a(t,) - Il X(t,9) f(s,x(s),x(s—h),u(s),u(s—h))ds]  (2.10)
and

x(t) = p(t) +q(t) + jY(t, sju(s)ds+ jY(t, s) f (s, X(s), X(s—h),u(s),u(s—h))ds (2.12)
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We now find the conditions for the existence oftsucandu . If o, OL,(J),i =12,...,p, the|a| is the L, norm of
a,(s). Thatis,|a,| = [|a;|ds. We introduce as in [1] the following notations:
to
k, =max{|X (t,s)|:t,sssts<t},
k, = maxY(t,s)t1},
to<s<ty

3 =3k, max|[Y" t, Wt t)

to<t<ty

Xt Ol
b, = 3k er]|

¢ =max{a,b},

d =3k, max|y’ (tl,t)|||[vv*(to,t1}

to<t<ty

d, =3[/ p(t,)| +at,).
d =max{d,,d,}.

(%] +|p(t,)] +a)]

3.0 Main result
Theorem3.1

Let measurable functionsg : R*" - R'and.L, functions a,. J - R',i =12.....,p besuch that

|f (t,x xt‘u,ut)| < iZ:a'i ()@ (x,u)

for every (t,x,x u,u)dJ*xR™™.
Then the relative controllability of (2.1)implies the relative controllability of (2.2) if

lim sup¢ —Zpl: ¢ Sup{g(x,u) :[(x,u)| <} =oo . (3.1)
Proof
Define T:Q -~ Q by T(x,u)=(y,v),
where

v(t) =y (G DWW (k1) [x - P(t) —at) = [T X (&, 9) f (s,x(5), x(s—h),u(s), u(s—h))ds] ~ (3.2)
and
y(t) = p(t) +q(t) +j;Y(t, s)v(s)ds+ j; X(t,s) f(s,x(s),x(s—h),u(s),u(s-h))ds (3.3)

By our assumptions, the operaibis continuous. Clearly the solutian and x to (2.10) and (2.11) are fixed points
of T. We shall prove the existence of such fixed pdiytsising the Schauder fixed-point theorem.

Let ¢(r)= Sup{g(x,u) :[(x,u)| < r}. Since (3.1) holds, there exists> si@ch tha;{p:c,(,l/i (r)+d<r, .

Now let Q_ ={(xu) 0Q:|(x,u)[| < r}.
If (x,u) 0Q, then from (3.2) and (3.3) we have

M= YT oW GO + ) +law)] +[ [XE.9) z a,(9@(x(s),u(s))ds]

< Loy s @ Sep ) s <k
X, ;Y Tk g 3k 3

and

||y||s|p(t)|+|q(t)|+_£; v . 9)Mlds +f0 ||X(t,s)||iZ:: a, @ (x(s),u(s))ds
=gkl Lol < Skb+E v <5+ E e+
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HenceT mapsQ, into itself. Since all the functions involved imetdefinition of the operator are
continuous, it follows thafl is continuous. By the Ascoli-Arzela theoref(Q, i compactinQ. SinceQ, is
closed, bounded and convex, the Schauder fixedt fweorem guarantees thathas a fixed poin{x,u) 0Q, such
that T(x,u) =(x,u). It follows that, for (x,u) = (y,v ),we have
x(t)=p(t) +q(t) +j:0 Y(t,s) u(s)ds+j:0 X(t,s) f (s,x(s),x(s—h),u(s),u(s—h))ds.

Thus the solutions of (2.10) and (2.11) exist. Hethe system is relatively controllable dn

4.0 Conclusion

Using Schauder’s fixed point theorem sufficientditions for the relative controllability of nonline
neutral functional differential systems with timarying multiple delays in the state and controlehbeen derived.
The results extend those of [12] to neutral systems
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