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Abstract

The convergence profile of a discretized schame fan optimal control
problem constrained by ordinary differential equation with matrix coefficients is
examined. Various penalty parameters are consideredor the penalty function
method. It is observed that convergence is exhileid for these penalty parameters
after certain number of iterations with a predetermined interval of convergence.

1.0 Introduction.

Previous works, [Olorunsola, 1991] and [Ibiejugh882], have compared the results of various nurakric
methods  of optimal control problems and the aialyesults. Here, consideration is given only the
convergence profile of the discretized schemeofiiimal control problems constrained by défaial equation
with matrix coefficients, since earlier papey,[®lorunsola and Olotu, Ref, 8], has investigatsichilar problem
with real coefficients whose theoretical approds employed in this work. Also, an associatetrix operator
for the bilinear form expression is constructechgsi a modified form of Ibiejugba’s control openatzased on
Fletcher and Reeve’s idea on function minimizatjp852]. Sampled problem was examined to deternttiee
convergence profile for various penalty paramaterstants on the penalty function method. Withiregion of
uncertainty predetermined by a given constant.

Now a generalized two-dimensional constrainednogiticontrol problem is considered thus;

2.0 Generalized problem

Mi nj (x(t)T Px(t)+ u(t)TQu(t))it

Subject to x(t)= Ax(t)+cult) x©)=x 0<t<Z (2.1)
where, x(t), u(t)eR?, x(t)",u(t)” denote the transpose of(t) and u(t) and respectivelyP,Q are 2 by 2

symmetric matricesA andC are 2 b y 2 matrices not necessarily symmetric.
The constrained problem (2.1) can be turned intmnstrained problem via the penalty method [REf,

(Z,AZ), =Min,, , [ {x®)" Px(t)+ u)" Qu(t) + 1Jx(t) - Ax(t)- Cuxt)|*} 2.2)

4 >0, the penalty constant.
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3.0 Discretization

By discretizing (2.2), we have
X (t) = Ax(t)+Cu(t)
(X(k + 1) - X(k))/ A, = AX (tk ) +Cu, (tk) (3.1)
X(0)=0

We then have the discretized generalized probletimedorm;
minJ = 3.4, (x)" Px, (1) +uy Qu, ()

subject to(x(k + 1) - x(k))/Ak = AX, (tk)+ Cu, (tk)
x(0)=0 (3.2)

4.0 Penalty method’s application
MinJ (X' u, ,U) = Zn:{Ak (X(t)Y PX, (tk ) + u(t)T Qu, (tk ))+ lu[XK+1(tk+1) ~ X (tk ) - A (tk)_ CA,u, (tk )]2}

X, (6 IPA, + 4+ LA A+ 20PN IX(E) +u, (1) TQA, +4CTAAC Tult) + &, (1 X, ..)
:; +)§<T (tk )[ZCTAkTI['I+2CTAkTAk Au]uk(tk) (41)
+ X<+1T (tk X—Z/I— Mk]xk (tk) + Xk+1T (tk I_Mk] ]uk (tk)

Let Z, = (igiD andy, (t,) = x.(t,)

MK = PA, + i+ LAA, A+ 2pAA,
Nk =QA, +4C'AAC

Bk =2C™A, ' u+2C'A,' A, Au

Pk = -2u—-2LAN,

Ak = -2/CA,

Now, (4.1) becomes

3 (6) + N (1) £ (1) + Al (6 () + Bl ()% () + PR ()6} @2)

k=0
5.0 Construction of operator G
Writing in bilinear form we have,
(Zat)8Za 1) = 2 (0 () + N (o 6)+ v (1 )yal )

+ Akxle (tk )ukz (tk ) + Akule (tk )XkZ (tk ) + Bkyle (tk )XkZ (tk ) + Bkysz (tk )Xkl(tk ) (5' 1)
+ Pkyle (tk )ukZ (tk ) + PkykZT (tk )ukl (tk )}

G, G G, X, +G,u
where GZKZ(tk):( 11 12)(ij=( 1172 12 kz]

GZl GZZ ukZ G21Xk2 + GZZUKZ
Involving the derivative ok and simplifying, we have
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Zalt)GZe 0D = TIMK R0+ Nttt )+ 28 5 ()% )8, + 2875 (1))

106 (0 1) 20T (0K (6) # 2B (0 0 (1) + Bt (0% (6) + BA et xat) - (5.2)

+ B (Wl + R Mt a1+ Rox” () + RA Xeolt 1)+ Rk (a8
U ()% () + U €)% ()}

Setting u, ( ) 0, in (5.2) we have

(GMXKZ\J - (Vll\J
GZIXKZ V21

knzo{ XK:LT (thXKZ(tk)Mk +/‘0(K2(tk) +ZBK XKZ(tk)+/AK XKZ(tk)+ BKAKT ).(kz (tk )] +

(5.3)
i ()X ()8, (B0 JH) XA B+ U CDXGEIR +A) +A, Xua(t)R]
kZno{xK ( M)+ %, (t, )\/ (t.)+u,,{t V,} Define (5.4)
aft,)= (M, +,u+ZB )+ (wa, +B.08,7 () (5.5)
tt) =m0, 0.x(t, )+(/IAK +B,0, ., (t,) (5.6)
SO,  Au,(t) =X, {t)(P +A)+A, Xua(t,)R] (5.7

To obtain the componentll xK1 (k) =V11 k), Q( ) ( ) and f( ) 'll(tk) are both continuous functions
on [0,T] , i.e. Q(tk) is a function okaz(tk) and sz(tk) which are both continuous. So alsb(tk) is a function

of ;(kz(t) and Xx, ( ) Hence the difference of two continuous functidescontinuous And choosing
Xq(*)OD[0.T] Ox,(0) = x,,(T) =0.
We then have , by Gelfand and Formin,

(ERO CORANESHN SORAN LR

(tk) is continuously differentiable ofi0, T] with
STV ) = ) v) 59
i: (tk ) _v;l(tk) = Q(tk ) _Vll(tk ) or \);l(tk ) _Vu(tk ) = f (tk ) - Q(tk ) .

This is a second order differential equation ;
Vll(tk)_vn(tk): q(tk): f(tk)_Q(tk) (5.10)

with the initial conditionsv,,(0) = p, and\.}u(O) =r,
Solving (5.10) by Laplace transform and letting

LV} =Vals) Lol )} =ls)

Now, f(t,)-V,

11

We have SV(S)- ps-1,~Vols)=Qls) Vulg)= 2L BE o
and taking the inverse of Laplace transform, weshav
T
Vi (t,) = [als )sinhlt, - s, )ds, + p, cosHt, )+ r, sinhft,) (5.11)
0
But, Q(T)-V,(M) =0 (5.12)
Q(0)-v,(0)=0 (5.13)

0(0)= p, 0(0)= (M, + 2+28,)x,(0)+ (1, +4,7 8. Jx(0) =
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From (5.12)Q(T) =V,,(T)
v, (T)= T{Q(sk)sinh(T -5 )ds +[(M, + 4+ 28 ), (0)+ s, +8,8 Jxea(0) cost(T) + 7, sinn(T)

=[(M, +u+2B )% (T)+ (s +0,7B, ) (T)]

Therefore,
7, :ﬁ-l_-r{[q(sk )sinf‘(T _Sk)dsk _[(M K +,U+ZBk )XK2(0)+ (/IAK +AKTBk );(KZ(O)] COSKT)+ (5.14)
[(M, +1+2B )xco(T)+ (1, +2,7B, Jxo(T))
Butq(t,) = f(t)-2.(t)
[ 1(5)sinblt, - s )ds, =-sinn(T) (0)+] £ (5, Jcostfr, —s,)as, (5.15)
Now,
J a(s.)sinh(T - s, )ds, = -sinhT[x,, ), 4, B) + X, O)(4,'B,)]
+T£[xkz(sik)(AJuAJBk) X, (8)(ub, D) cosHT - s, )ds, (5.16)

_I{(M Kk THT ZBK )XKZ(S<)+ (Akﬂ+AKT Bk);(Kz(%)}Sinh(T - Sk)d3<
From (5.14) and (5.15), we have

1
T, =—
sinhT

{[ (MaK TUT ZB)XKZ(T)+ (AkTIU+ AkBk);(KZ(T)] _[(M Kk TUT ZBK )XKZ(O)
+ (gt + 5B, )% (0)cshT) —ﬁ{—sinhT[(AKT/.HAKTBk)xK2(0)+ X2 )1, A,)]
# I 1+ 8,786+ Xeal8) 0, 8,01 coHT =, s, = (M, +41+28 )., (s)
0] 1+0,7B, Jxea(s ) sinh(T -5 )} (5.17)
\/11(tk) ZG'u(tk) =T, Sim(‘k) +[(Mk +/J+23<)Xr<2(0) +(Ak/'1+AkT a)AK ;(KZ(O)] COShk
-Sini{x, O, 1+0, B) +X%, O, A} +l{m(a)(AJu+AJBJ+x;2<sK)<mJAk}esr(T—sK)dsK
~J{M, + 428, )x,,(s)+ (B, 1+ 8,8, Jxee(s ) sinh{T -5 s, (5.18)

In equation (2.1), setting
XKZ(tk)= 0- XKz(tk): 0

We have(GIZUkz(tk)J — (VIZJ
Gzzukz (tk ) sz
<ZK1’ AZKZ(tk )>H = kZ::.){ uKlT (tk )uKz(tk )Nk + AkT XKl(tk )uKz(tk )Pk + XKlT (tk)uKZ(tk) Pk

U (L)X )AL
= i{ XKlT (thuKZ(tk )R + uKZ(tk )A<] + ;(K]'T[UKZ(tk)AkPk] + uKlT (tk)uKZ(tk)Nk}

= kz:;{ XKlT (tk )\/12 (tk ) + ;(“T Vlz.(tk )+ uKlT (tk )\/22 (tk)} (5.19)
So, sz(tk) = GZZUKZ(tk) = uKZ(tk)Nk
Again define
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g(tk) = uKZ(tk)(Pk +A) and h(tk)= uKz(tk)AkT Pg(tk)—vlz(tk) and h(tk)—\/lz(tk) are continuous functions on
[O,T].

As before, V,,(t, )= }q(tk)sinh(tk -s,)ds, +ecsht, +1,sinht,

wheree, = g(0)=u,,(0)(R, +A) and V,(T)=g(T)

(5.20)

50,1, =[9(T) - [a(s.Jsinn{T -5, )ds, - g(0)coshT] /sinhT =[u,,(TXR, + A) - (s, )sinh(T - )ds,
-u,,(0)P, + ﬂ%cshT]/sinhT 0

But q(s) = h(sk) - 9(s,)- Therefore,

fq(sk)sinh(F -s,)ds, =-sinh(N)U,,(0)A,'R, +}UKZ(SK)AJRCOShCF -s)ds,

; (5.21)
~[Ue(8)(R.+ A) sinh(T - s )ds,
0
From (5.20) and (5.21),
Vlz(tk) = G12U k2 (tk) = eo Sinh([k) + ukz (O)(Pk + A<) COSh(k) - Sinh(r)(ukz (O)AkT Pk)
T T ) (5.26)
+ I (ukz (%)AkT Pk) COSh(r - %)d% - j (ukz (Sk)(Pk + A<) Smh(T - %)dsk
0 0
6.0 Data and analysis of sampled problems
Example5.1
1
Minimize [{x" (t)Px(t) +u'Qu(t)}
0
Such thatx(t) = Ax(t) +Cu(t), x(0) = x,
where,
P-15Q-21A-1_1C-21 —1u——1
5 1) 1 1) 1 1) 0o -1 7|5/ " 5/
conform to the specified format in terms of symmet not,
Table 1: Shows the convergence profile of Example 1
Penalty | Iteration | Objective Constraint Penalty
Constant Function Satisfaction Function
1 2 3 4 5
p=.0001 |1 5 10 5.001
2 3.6554451 7.115152 3.655163
3 3.568452 7.05019 3.569159
p=.0002 |1 5 10 5.001999
2 3.248526 5.669127 3.244966
3 2.225528 3.799845 2.226228
4 1.931005 3.392155 1.931683
p=.0003 |1 5 10 5.003
2 3.144416 5.39738 3.145815
3 2.079541 3.393059 2.080559
4 1.806033 2.9870036 2.08693
p=.0004 |1 5 10 5.004001
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2 3.211735 5.59364 3.213973
3 2.161946 3.662971 2.163441
4 1.8850631 3.207022 1.851913
p=.0005 |1 5 10 5.005001
2 3.244694 5.681146 3.247535
3 2.20644 3.787466 2.206568
4 1.89938 3.31896 1.881597

7.0 Conclusion and Comments

In Table 1, above, fou=.0001, the iteration exhibits some convergerscel terminates at the third
iteration as seen in columns 3,4 and 5 for theaibje function, constraint satisfaction and pnfunction
respectively.

For other various parameters0002< i <.0005 , the iterates exhibit better convergence praitel

terminate at the fourth iteration as seen paletity in column 3 where the objective functionualstarts at 5 for
each parameter and terminates at 1.931005, 1.806083631 and 1.89938 respectively [fier0002, u=.0003,
u=.0004, u=.0005. It is observed that the lowest objectivecfion value 1.806053 occurs at the fourth iterafiar
p=.0003. This indicates that the best approximataroper is attained at this parameter.

Based on the above finding , it is implied tHa tdeveloped scheme exhibits a convincing comeveey
profile for each considered parameter as exlubite the objective function values, constraialires and penalty
function values within a region of uncertaintyegetermined by the given bound -.8258 and +.32%8cked
arbitrarily.

In fact, this is a contribution to knowledge time area of optimal control problems constraibgd
differential equation with matrix coefficients.
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