Journal of the Nigerian Association of Mathematical Physics
Volume 10(November 2006)511 - 516
© J of NAMP

Biomechanics of the brain; some remarks on Biot’s equations of consolidam theory with
deformation-dependent permeability

R. O. Ayeni, A. W. Ogunsola and A. O. Popoola
Department of Pure and Applied Mathematics
Ladoke Akintola University of Technology, OgbomosoNigeria
and
0. O. Eweoya
Department of Anatomy

College of Health Sciences
Ladoke Akintola University of Technology, OgbomosoNigeria

Abstract
I

We revisit models of hydrocephalus in the literatue. In particular, we
examine the class of models based on Biot's theonf consolidation with fixed
boundary forcing. Instead of fixed boundaries we tke free boundaries. We prove
existence and uniqueness of solutions. As in thexdid boundary forcing, we show
that in a free boundary, the pressure is higher whe the permeability depends on
deformation. On the other hand, the total filtration is lower. Unlike the fixed

forcing, the effect of the deformation on Eermeabilx reduces over time:

Keywords: Consolidation theory, variable permeability, femindary,
upper and lower solutions.

1.0 Introduction.

Models of hydrocephalus, which is characterizedekgessive accumulation of fluid in the brain, have
appeared in the literature over the past 2 decfdés- [6]). The fundamental premise of these medslthat a
correct description of hydrocephalus must take axdoount the sponge — like physical constitutiorthef brain
parenchyma. Based on this, the ventricular enlaegeris assumed to be the result of the squeezihgfdhe fluid
from the microscopic pores of the brain parenchyaraa consequence of the hydrodynamic loading duento
increase in the ventricular cerebrospinal fluid sgrge, whilist, the accumulation of the fluid olbset in
periventricular edema can be explained as thetreiltration through the ventricular walls [4Hence the brain is
treated as a porous medium.

In a recent paper Sivaloganathan et al. [4] ddrige single non-linear parabolic equation for the
unidirectional deformation of the brain tissue.

In this paper, we start with the single equatiod mstead of fixed boundaries we assume free larigxl
and we investigate the properties of the pressndefiftration. Of particular interest is the struct of the spatial
and temporal solutions.

2.0 Mathematical Model

The single equation that controls pressure andcitglprofiles is

N _,9 (ewﬂj, c>0, t>0 (see[4]) 2.1)

E_ & ox
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t(t)-p 2.2)

where V=
a
u _ potl) 2.3)
0X a
Here
p is pressure
u is velocity of the cerebrospinal fluid
f(t) is the forcing function
X is the space variable
t is time
a is the Lame coefficient
c measures the dependence of permeability on defama
Sivaloganathan et al. [4] use the following for bdary and initial conditions
v(odt =0 (2.4)
v(L,t) = w (2.5)
a
v(x,0)0=0 (2.6)

(2.4) and (2.5) assume a fixed boundary. In thpepawve assume moving boundaries

x(t) = AAL2 | x () = At? , 0<A<1
wherex, is the source of forcing function arddenotes the final boundary Both boundaries aretioms of time. In
this paper our boundary and initial conditions are

V(X,t) =0,t >0 (2.7)
V0. = % >0 (2.8)
v(x,t)=0,t<0 (2.9)

3.0 Similarity Solution

Let the similarity variable be

— X =
/7 - At% ’ \ f (/7)
1 a d (., df
So, (2.1) becomes -Zpnpft=—=——|e*—|, A<spn<1 3.1
(2.1) 5 A dn ( d”] n (3.1)
2 a 2
that is, L (3.2)
dn 2 A dn
f(\) =0,t>0 (3.3)
f(\)=0,t>0 (3.4)
f(1)=P2 t>0 (3.5)
a

We imposed boundary condition (3.4) to ensure a uniqugicol When (3.4) is used, is guessed so that
boundary condition (3.5) is finally satisfied. We continoehanges until (3.5) is satisfied.
We are interested in a solutiom(for which

f(/])—gsa,|f'(/7)—a1sa (3.6)

That is, both f and its derivatiy§n) are bounded.

Asnp<]

4.0 Existence and uniqueness of solution
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Theorem4.1
Problem (3.2) which satisfies (3.3), (3.5) and (3.6)a&asique solution

Proof
Letx; =7
X = 1(17)
X3 =T1(1)
Then
X =1
X =% (4.1)
2
X, =CEUX — o — XX,
a
Thus,
x =f,(x, %, x)=1
X =1, (%, %, %) =x, (4.2)

ox2y, 2 _

X =1, (x, %, %) =cex - T Ay y
sy T 2 a

Hence % i =123 j=1 2 3 are continuous and bounded. Hence by Theorem[2]lpfoblem (3.1) which
Xj

satisfies (3.2), (3.4) and (3.5) has a unique smiut

5.0 Properties of the Solution

The disease free case is given by c=0. In this.case
2 2
dif, And_, (5.1)
dn® 2a dn

2
As shown in the appendix thus a solution of (3513 lower solution for (5.1) sine@e> 0 and Z—ge’“ (%) >0
Now f(n) is a lower solution implies thafx,t) is a lower solution. Thug(x, t) is higher forc > 0 than forc
= 0 by equation (2.2). Alsg, is lower forc > 0 than forc = 0 by equation (2.3).
We have therefore obtained the same results @l@janathan et al. [7] by method of upper and lower
solutions. These important results are the follgwiWariable permeabilityq > 0) increases the pressure of the
cerebrospinal fluid and reduces its velocity.

6.0 Numerical computation
We display in Figures 1-3 the graphf@f) against) for various values of. In each case, a solution exists.
7.0 Discussion of the result
Now
tp) = PPy = PP
a a

There is no steady state. When t is lafg@) = 0 so the pressure is constant and cerebrospindl fhoves at
constant velocity.
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Figure 1: The graph of Ff{n) against 7N for fixed values c =
0, A= 1, Po= 2000, « = 23750 and
for various values of A
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Figure 2: The graph of f{n)) against n for fixed values
c =43, A=1 Po= 2000, «« = 23750 and
for various values of A
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Figure 2: The graph shows fin) against n
for varicous values of c at A = 0.1

Appendix

Definition [1]
A smooth function yis said to be an upper solution of the problem)(&Hich satisfies (3.2) and (3.4) iy
satisfies
2 2
_d Vo + M % <0
dn®  2a dn
Vo(A) > 0 (1) >0.This implies tha‘\ol(q)z f(n), A<p<1

A smooth function glis said to be a lower solution of (5.1) if the inatjties are reversed. In this c
u,(7) < (),
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